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GIAI THUONG ABEL VINH DANH SU KET HQP
CUA TOAN HQC VA KHOA HQOC MAY TiNH

Theo Tap chi Tia sdng

Céng trinh ctia Laszl6 Lovéasz va Avi Wigderson, nhiing nguoi thang gidi Abel 2021, da
g6p phan tao ra nhiing 1tng dung tir an ninh mang dén khoa hoc mang hidi.

1. GIAI ABEL 2021

Hai nha tién phong clia 1y thuyét tinh todn da thang gidi Abel 2021, mot trong nhiing
gidi thuéng danh gia nhat ctia toan hoc.

Nha toan hoc Hungary Laszlé Lovasz va nha khoa hoc may tinh Avi Wigderson sé cling
chia sé gidi thudng tri gia 7,5 triéu kroner Nauy (tuong duong 886.600 USD) “cho nhiing
déng gép mang tinh nén ting ctia ho cho 1y thuyét khoa hoc may tinh va toan rdi rac, ciing
nhu vai tro dan dau ctia ho trong viéc dua nhiing linh vic nay tré thanh trung tam clia toin
hoc hién dai”, Vien Han lam Khoa hoc Nauy cho biét nhu vay trong mot thong bao vao ngay
17/3/2021.

Laszlé Lovasz (trai) va Avi Wigderson cliing nhan gidi Abel 2021 (ngudn: AbelPrizea).

Avi Wigderson, hién lam viéc tai Vien nghién cttu Tien tién (IAS) & Princeton, New
Jersey, noéi véi Nature rang giai thuéng nay da ton vinh 1y thuyét tinh toan chi khong chi
cho méi phan nghién ctu ciia ong. “Toi nghi né vo cling c¢6 ¥ nghia véi linh viie khoa hoc
nay”’, ong noi.
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“Ngay nay ngay cang khé khin trong viéc phan biét toin hoc thuan tiy va toan hoc iing
dung-va to6i nghi dé 1a mot dieu tot”, Lovasz, hién lam viéc tai truong dai hoc Eotvos Lorand
6 Budapest, noi.

Cac thuat toan — von bao gom nhiing phuong phap don gidn ma tré em hoc & truong,
nhu phép chia s6 dai — ting la trung tam clia toan hoc it nhat 1a tit thoi ky Hy Lap cb dai.
Nhung ké tit khi xuat hién may tinh vao thé ky 20, tam quan trong trong nghién ctiu da
thay doi tit cau héi “mot thuat todn co thé giai quyét bai toan nay khong?” thanh “it nhéat
la vé nguyen tic, mot thuat toan co thé giai quyét bai toan nay trén mot may tinh thong
thuong va trong mot khoang thoi gian hgp 1y khong”?

Lovasz va Wigderson déng vai tro trung tam trong nhing phat trién d6, Peter Sarnak,
mot nha 1y thuyét s tai IAS, néi. “Ly thuyét vé tinh phiic hop ciia cac thuat toan va nghién
ciu ve toc do gial cac bai toan da duge phat trién trong nhitng nam 1960 va 1970, va ca hai

nguoi ho déu ching té duge rang minh 1a nhitng nguoi ding dau”.

2. TU TOAN HOC DEN TINH TOAN

Lovasz sinh nam 1948 tai Budapest, 16n 1én trong mot moi truong ma nhitng dia tré tai
nang dugc khuyén khich gidi nhitng bai toan kho. Paul Erdds, mot trong nhitng nha toin
hoc xuat sic ctia ky nguyén hién dai, da truyén cdm hiing cho Lovasz. Cong viéc nghién ciiu
ctia Erdds tap trung vao toan hoc clia cac doéi tuong roi rac va st lien hé gitta ching — vi du
nhu cac nit trong mot mang luéi — hon 1a vao céc bién lién tuc von dic trung trong nhicu
linh virc nhu hinh hoc, nha toan hoc Péter Pal Palfy tai Vién nghién citu toan hoc Alfréd
Rényi & Budapest noi.

Nha todn hoc Lész16 Lovasz (ngudn: AbelPrizea).
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Lovasz bat dau su nghiép tai thoi diém khi cac chii dé trong toan roi rac nhu 1y thuyét
mang lu6i — tliing bi cdc nha toan hoc “thuan tay” coi thuong — tré nén quan trong ca trong
cac linh vuc khac ctia toan hoc va tng dung nhu phan tich di lieu 16n. Ong quan tam dén
nghién citu co ban ciing nhu nhiing ing dung ctia né, va lam viéc toan thoi gian cho Microsoft
trong vong bay nam khi giit cac vi trf nghién citu hoc thuat. Ong da giai quyét nhing bai
toan 16n vé 1y thuyét toan hoc ctia mang luéi nhu tinh toan sb cac cach cé thé dé t6 mau
cac diém nat ma van ddm bao cho hai diém canh nhau luon luén cé6 mau sic khéc nhau.

Mot trong nhitng két qua xuat sic nhat ctia Lovasz 1a mot thuat toin ma ong tao ra
cting v6i hai nha ly thuyét s6 Ha Lan, hai anh em Arjen vd Hendrik Lenstra. Thuat toan
mang tén LLL nay da chia mot vecto 16n dudc tao ra tit nhitng s6 nguyen thanh tong cia
nhitng vects ngan nhat c6 thé ciia dang nay. N6 ¢6 nhiéu ting dung trong nhiéu linh viuc ciia
toan hoc thuan tay va trd thanh cot 16i v6i nghién ctiu vé ma hoéa dit lieu. Cac khéa mat ma
dugce thiét 1ap trén co s cac vertor nguyén duge xem 1a c6 nhiéu hita hen cho an ninh mang
tuong lai bdi vi khong giong nhu nhitng khéa mat ma thuong duge st dung trong truyén
thong hién nay, né duge cho la khong dé bi pha bdi cac méy tinh lugng ti.

Lovész la chi tich Hoi toan hoc qudc té tit nam 2007 dén 2010. Ong ciing la chii tich
Vien Han lam KH Hungary tit nam 2014 dén 2020, va trong sudt nhitng nam d6 da di dau
trong mot nd lyc tdo bao nhung cudi ciing that bai - nd lyc ngin cin chinh phtt Hungary
tiép quan cac vien nghién citu ctia Vien han lam. Ong va nhiéu nha khoa hoc khac cho ring

diéu nay c6 thé lam gidm tinh doc lap clia cdc nha nghien ctu.

3. TU TINH TOAN DEN TOAN HOC

Wigderson sinh ra tai Haifa, Isracl nam 1956. Ong nghién ctu tai Israel va My va lam
viéc tai nhicu co s nghién ctiu trude khi chuyén téi IAS vao nam 1999, noi ong lam viec
tit d6 dén nay. Giai Abel ma ong nhan dugce ghi nhan déng gép ctia ong cho nhiéu linh vie
thiic tién ctia khoa hoc may tinh, trong d6 ong “tan cong” vao bat ky bai toan ndo vdéi cac
cong cu toan hoc bat ky ma ong tim thay, ngay cd cong cu tit cac linh vic xa x6i. Dam mé
ctia Wigderson cho linh vic nghién citu ctia minh rat dé “lay nhiém” cho nguoi khac, Sarnak
n6i. “Khi ong ay néi véi anh, anh hoan toan cdm thay 1a ‘Chda oi, t6t hon 1a minh nén gac
lai nhitng gi minh dang lam va bit dau tim hiéu vé diéu do’”.

Mot trong nhitng thanh cong néi tiéng bac nhat ciia Wigderson la syt phan loai vai tro
clla ngau nhién trong tinh toan. Trong nhiéu truong hop, nhu tim kiém duong thoat khoi
mot mé cung, thi viec tung mot dong xu ngau nhién ciing c6 thé 1a mot thuat toan gitp tim
ra duong nhanh chéng, mic dit cac 1y do vi sao tim duge thi lai khong ré rang. “Rat nhicu
chuong trinh chay nhanh hon néu nhu anh cho phép ching thuc hién sy Iya chon ngau nhién
dé”, Sarnak noi.

Cung v6i nhitng cong sy trong nhitng nam 1990, Wigderson chiing t6 1a néu viéc sit dung
mot thuat toin ngdu nhién dudng nhu dat hiéu qua thi phai ton tai mot thuat toan phi
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ngau nhién gan nhu hiéu qua. Diéu nay dem lai mot sy cam doan vé mét 1y thuyét rang céc
thuat todn ngau nhién thuc sy tim duge cac gidi phap dung.

Mot cong trinh 16n khéac cia Wigderson dang ngay mot tré nén phit hop véi nén kinh té
thong tin. N6 bao ham giao thitc phi kién thitc, mot cach cho phép ngudi ta xac nhan ducge
sy ding dan ciia mot tuyén bd ma khong can tiét 16 bat ky thong tin ndo vé nhitng gi tuyén

bé do6 néi ra.

Nha toan hoc Avi Wigderson (ngudn: AbelPrizea).

Giao thiic phi kién thiic 1a trung tam trong nhing loai tién s6 nhu Bitcoin, va c6 thé
gitip xac dinh dugc danh tinh clia mot ca nhan. Bing viéc tra 16i nhitng cau héi clia ngusi
tham tra, ngudi ta c6 thé dua ra mot giao thitc phi kién thic c6 mat khau chinh xac, vi du
nhu vay, ma khong can tiét 16 chinh mat khau dé. Wigderson va cong su da chiing minh vao
nam 1991 la tat ca nhing tuyén bd toan hoc vé ban chat c¢6 thé duge dién dich theo mot
cach cho phép mot giao thitc phi kién thiic — “cé thé la didu gay ngac nhién nhat, nghich 1y
nhat” ctia nhitng két qua nghién citu, Wigderson noi.

Ké tit khi thanh lap giai Abel vao nam 2003, Lovéasz la ngusi Hungary thit ba va Wigder-
son 1a nguoi Israel thit nhi thing gidi. V6i ngoai lé clia Karen Keskylla Uhlenbeck vao nam

2019, moi ngudi thang gidi nay deu la nam.
Thanh Phuong tong hop
TS. Nguyén Quang (DH Duy Tan) hié¢u dinh
TAI LIEU THAM KHAO
[1] https://www.nature.com/articles/d41586-021-00694-9.

[2] https://www.abelprize.no/.
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UNG DUNG CUA NGUYEN LY DRICHLET
TRONG CAC BAI TOAN CHUNG MINH
BAT PANG THUC

Nguyén Viin Pat - K434 SPT
Khoa Todn, PHSP Ha Noi 2

Tém tat. Bat diang thitc 1a mot trong nhiing chii dé khé nhung vo ciing hap dan ctia
Toan So cap. Chiing ta cé nhiéu phuong phap dé chitng minh bat ding thitc nhur: “phuong
phap don bién, phuong phap dung hé s6 bat dinh, phuong phap quy nap tong quat, phuong
phép sit dung cac bat ding thic co dién...” Trong bai viét nay, chiing toi sé gidi thiéu téi
ban doc mot phuong phap thii vi dé chitng minh céc bai toan bat dang thitc, dé la phuong
phéap tng dung nguyén Iy Dirichlet. Day la nguyén ly thuong dugc biét téi vdi tén goi la
“nguyén ly ngan kéo” , va dugc dé xuat lan dau tién bdi nha toin hoc nguoi Diic, Johann
Peter Gustav Lejeune Dirichlet vao nam 1834. Nguyén Iy nay dugc phat biéu nhu sau: “Néu
ching ta ddat n+1 dé vat vao n ngdn kéo thi thé nao cing cé moét ngan kéo
chita it nhat hai doé vat”. Noi dung ctia nguyeén 1y nay hét sic don gidn v dé hiéu song
né lai 1a mot cong cu hiéu qua va sau sic dé chiing minh céc bai toan vé bat dang thiic véi

cac cach tiép can doc dao.

1. MO DAU

1.1. Doi nét vé nha todn hoc Johann Peter Gustav Lejeune Dirichlet

Nha toan hoc Dirichlet tén day du 1a Johann Peter Gustav Lejeune Dirichlet, sinh ra tai
Duren, ving dat nam gitta Cologne va Aachen (nay thuoc Cong hoa Lién bang Dric) vao
ngay 13 thang 2 nam 1805. Ong la ngudi con thit bay va ciing la con 1t ciia Johann Arnold
Lejeune Dirichlet (1762-1837) cung vo 1a Anna Elisabeth (1768-1868). Cha ctia Dirichlet 1a
mot buu dién vien, nha 14i buon va ciing ty vién hoi dong thanh phd  Duren véi chite danh
la chinh tiy Poste.

Dirichlet bat dau hoc tiéu hoc tai mot truong Tu thuc & qué nha. O d6, ong da duge
huéng dan hoc tiéng Latin, day dudc coi nhu 1a mot bude chuan bi cho qua trinh hoc tap &
truong trung hoc, noi ma viéc nghién citu cac ngon ngit co xwa nhu 13 mot phan thiét yéu
ctia viec dao tao. Tai niang toan hoc Dirichlet boc 16 tit rat sém. Khi chua day 12 tudi ong
da st dung nhitng dong tién ma ban than tu kiém duge dé mua sach vé toan hoc, va khi
ho néi rang ong khong thé hiéu ching, ong da tra 16i rang, dit sao di nita ring ong ciing sé
doc chiing cho dén khi thuc syt hiéu moi van dé ma ban than dang tim hiéu. Gia dinh ciia
Dirichlet séng dua chti yéu vao viéc budn ban nén b6 me Dirichlet déu ki vong sau nay ong
tréd thanh mot thuong gia. Tuy nhién, Dirichlet da phan déi diéu nay va 6ng mong mudn co6
theé tiép tuc dugc tiép nhan kién thitc khoa hoc & cac bac hoc cao hon. Bé6 me ctia Dirichlet
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da dong ¥ va giii ong t6i truong trung hoc ¢ Bonn nam 1817. Sau hai nam Dirichlet chuyén
tdi truong trung hoc Jesuiter tai Cologne. Tai day, ong da c6 nhiing su tién bo dang kinh
ngac trong Toan hoc duéi su huéng dan ctia nha béac hoc ndi tiéng bac nhat lac bay gio
Georg Simon Ohm (1789-1854), ngudi véi nhitng phat hién vé dinh luat Ohm (1826) trong
dién hoc. Duéi sy huéng dan tan tinh cia Ohm cung vé6i sy cham chi ciia ban than, Dirichlet
da c6 mot nén tang kién thiic rong 16n vé toan hoc trong giai doan nay. Dén nam 16 tudi,
Dirichlet da hoan thanh xong cac chuong trinh ¢ truong trung hoc va sin sang vao dai hoc.
Tuy nhién, nhan thay nén gido duc & cac truong dai hoc Ditc vio thoi diém nay chua that sy
cao nén ong da quyét dinh hoc ¢ Paris. Mot diéu thd vi 1a vai chuc nam sau, Dic trd thanh
mot trong nhitng trung tam gidao duc dai hoc tot nhat thé gisi va Dirichlet chinh 13 nguoi sé
déng vai tro chii chét cho sut thay doi nay.

T
g - i

Nha toan hoc Peter Gustav Lejeune Dirichlet (1805-1859) (nguon: Wikipedia).

Dirichlet lén duong sang Phap, v6i hanh trang 1a cudn sach “ Disquisitiones Arithmeticae”
(mot cuén sach chuyen khao vé Ly thuyét s6) clia hoang t1t clia cac nha toan hoc, Johann
Carl Friedrich Gauss (1777-1855). Day 1 tdc pham da mang t6i rat nhidu cdm hing cho
ong trén con duong nghién citu toan. Duéi sy gitip d6 cia b me, 6ng da tdi Paris vao thang
5 nam 1822 dé hoc toan tai Collége de France va Faculté des Sciences. Trong thoi dé, ong
da tham du bai gidng clia cac gido su noi tiéng ctia Phap thoi bay gio nhu S. F. Lacroix
(1765-1843), J. -B. Biot (1774-1862), J. N. P. Hachette (1769-1834), va L. B. Francoeur
(1773-1849). Sau mot nam séng yen tinh trong sy tach bigt, chi tan tam t6i nhitng sy nghien
citu clia minh, cudc séng ciia Dirichlet da c6 mot sy thay ddi co ban vao mila he nam 1823.
Tuéng Maximilien Sébastien Foy (1775-1825) dang tim mot gia su rieng dé day ngon ngit
Dtc va van hoc cho céc con ctia minh. Tuéng Foy tiing la mot nhan vat quan trong trong
quan doi ctia Napoléon va da nghi huu sau that bai clia Napoléon tai tran danh Waterloo.

Nam 1819, ong duge bau vao Ha vién, noi 6ng 13 nha lanh dao cia phe ddi lap cho dén khi
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qua doi. Duéi su giéi thiéu ctia Larchet de Charmont, mot ngusi ban cii ctia tuéng Foy va
ngudi ban cia cha me Dirichlet, ong da duge giéi thiéu véi gia dinh Foy va ong da nhan
duge cong viec gia su véi mitc luong t6t, dé ong khong con phai phu thudce vio sy hd tro tai
chinh ctia cha me. Dirichlet duge tuéng Foy doéi xit rat tot, ong duge tra luong cao va duge
d6i xit nhu mot thanh vien trong gia dinh.

Cong trinh khoa hoc dau tién ctia Dirichlet mang tén “Mémoire sur ['impossibilité de
quelques équations indéterminées du cinquiéme degré ”, ngay lap tic da tao tiéng vang lén
trong cong dong Toan hoc chau Au lac bay gio. Bai bdao da dua ra chiing minh cho mot
truong hop diic biét ctia dinh 1y cudi ciing ctia Fermat-dinh 1y ndi tiéng nhat trong nganh 1y
thuyét s6. Dinh 1y nay duge phat biéu nhu sau: “Khong ton tai cac sd nguyén x, ¥y, z khac 0
sao cho phuong trinh 2" +y" = 2" v6i n 1a s6 nguyén duong 1én hon 2.” Trudng hop n = 3 va
n = 4 da dugc chitng minh bdi Euler va Fermat. Dirichlet da cung cap ching minh cho mot
truong hop dac biet ciia dinh 1y trén véi n = 5. Ong da trinh bay cac két qua trong bai bao
cua minh tai Hoc vién Paris vao thang 7 nam 1825. Nha toan hoc Adrien-Marie Legendre
(1752-1833) dugc duge chi dinh lam phéan bién cho bai bao ctia ong. T cac két qua clia ong,
Legendre da hoan tat ching minh dinh 1y 16n Fermart trong truong hop n = 5. Trén thuec
té, Dirichlet da c6 thé hoan thanh chiing minh ctia riéng minh vé truong hop n = 5 véi cac
lap luan dugc mé rong tit cac két ching minh trong bai bao dau tién ctia ong. Diéu dang
chi ¥ la sau nay, ong da dua ra ching minh vo cting dep cho dinh Ii noi tiéng trén trong

truong hop n = 14.

Mémoire sur I'impossibilité de quelques équations
' indéterminées du cinquieme degré.

(Par Mr, Lejeune Dirichlet, professeur en mathématiques.)
Lu a I'académie royale des sciences (institut de France), le 11, Juillet 1825, par l'auteur.

(D’aprés le rapport de MM, Lacroix et Legendre, ce mémoire a é1é approuvé,
et doit étre imprimé dans le recueil des mémnoires de savans ¢étrangers ¥). )

On sait que la théorie des dquations indéterminédes des degrés supé-
rieurs au second, est encore trés peu avancée; il est vrai qu'il y a une
infinité d’équations de tous les degrés dont on peut démontrer I'impossi-
bilité en faisant voir que quelles que soient les valeurs que l'on attribue
aux indéterminées, les deux membres de I'équation proposée ne peuvent
jamais donner le méme reste lorsqu'on les divise par un certain nom-
bre ou module; mais lorsqu'une €quation ne peut pas &tre traitée par
ce moyen, il devient difficile de prouver qu'elle est impossible, et on n’y
est parvenu, jusquida présent, que pour un trés petit nombre d'équations.

Bai bao khoa hoc dau tién ctia Dirichlet (nguon: [14]).

Vao ngay 28 thang 11 nam 1825, tuéng Foy qua doi. Sy kién nay da khién Dirichlet quyét
dinh tré vé Dtc. Tuy nhién, c6 mot van dé déi véi Dirichlet vi dé gidng day ¢ mot truong
dai hoc Dtic, ong can mot bang “Tién si Khoa hoc (Habilitation)”. Mac du Dirichlet c6 thé
dé dang nop luan an Tién si Khoa hoc, nhung diéu nay khong duge phép vi ong khong co
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bing Tién si, ciing nhu khong thé néi tiéng Latinh, mot yéu cau vao dau thé ky XIX. Van
dé nay da duge gidi quyét mot cach thau dao bang viec Dai hoc Cologne trao cho Dirichlet
bang tién si danh du, do d6 cho phép onh nop luan an Tién si khoa hoc clia minh vé da thiic
véi mot loai uGe s6 nguyén t6 dic biet cho Dai hoc Breslau (Silesia, bay gio 1a Wroclaw, Ba
Lan). Tt nam 1827, Dirichlet gidng day tai Dai hoc Breslau. Nhung chi sau d6 mot nam,
ong chuyén dén cong tac Truong Cao dang Quan su. Ngay sau d6, ong duge bo nhiem lam
gidgo su tai Dai hoc Berlin, noi ong van lam viéc tit nam 1828 dén nam 1855. Ong van giit
chitc vu ctia minh trong Truong Cao ding Quan su, cong viec giang day va cac nhiem vu
hanh chinh khac khién cho cuoc séng clia 6ng c6 phan ngot ngat. Dirichlet bat dau do chin
trong su nghiép toan hoc ctia minh chinh tai Berlin. Nhiéu cong trinh toan hoc xuét sic
ctia ong da dudce cong bd trong giai doan nay. Nam 1855, khi Gauss mat, Dirichlet chuyén
t6i Dai hoc Gottingen, Ditc. Ba nam sau do, ong t6i Montreaux, Thuy Si. Trong khi & day,
Dirichlet bi dau tim va dude dua vé qué nha. Ong qua ddi vao ngay 05 thang 05 nam 1859.

Nha Vat 1f hoc Georg Simon Ohm (1789-1854) (nguon: Wikipedia).

Dirichlet da c6 nhiing déng gép to 16n cho toan hoc. Ong c¢6 nhiéu cong trinh khoa hoc
c6 gia tri quan trong trong nhiéu linh viyc khac nhau ctia toan hoc nhu Ly thuyét s6, Giai
tich, Hinh hoc ... Phan trén ctia bai viét da dé cap tdi nhiing déng goép ctia 6ng cho Dinh 1y
cudi ciing ciia Fermat duge thyc hién vao nam 1825. Trong khodng thoi gian nay, Dirichlet
ciing da xuat ban mot bai bao lay cadm hitng tit cong trinh ctia Gauss vé luat thuat nghich
toan phuong. Nam 1837, ong da chiing minh dugc phéng doan vé s6 nguyeén t6 ctia Gauss:
“Néu a,b la hai s6 nguyén to cung nhau thi sé ¢é vo han so nguyén to c¢é dang ax + b vdi
x > 0.”. Ly thuyét s6 giai tich c6 thé duge cho 1a bt dau véi cong trinh ciia Dirichlet, va
dic biet 1a v6i bai bao cia Dirichlet vao nam 1837 vé sit ton tai clia cac sd6 nguyén to trong

mot cap s6 cong nhat dinh. Ngay sau khi xuat ban bai bao nay, Dirichlet da xuat ban them
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hai bai bao nita vé Ly thuyét so giai tich, mot bai vao nam 1838 va bai tiép theo vao nam
sau. Nhitng bai bao nay gidi thieu chudi Dirichlet cling nhu mot vai khai niém va kién thiic
co s6 cho huéng di méi mé nay ctia Ly thuyét s6. Nam 1837, ong da dua ra dinh nghia hién
dai ctia ham s6, ma ching ta vAn st dung dén tan ngay nay: “Néu bién y lien quan tdi bién
x vdi bat ki gid tri so duge gan cho x, cé6 mot quy tdc tuong wng vdi moi gid tri duy nhat cla
y dudc xdc dinh thi khi dé y duoc goi la mot ham sé ciia bién doc lap x.”

Trong co hoc, 6ng nghién ctu trang thai can bang ctia mot sd hé dong luc va 1y thuyét
thé vi. Nhitng nghién citu nay bat dau vao nam 1839 véi cac bai bdo dua ra phuong phap
tinh tich phan boi va Dirichlet da 4p dung diéu nay vao bai toan vé lyc hap dan ciia mot
ellipsoid doi vé6i cac diém ca bén trong va bén ngoai. Sau d6, ong quan tam t6i bai toan
chitng minh tinh én dinh clia hé mat troi thong qua phuong trinh céc ham diéu hoa. Cong
viéc nay da dua Dirichlet dén van dé nghién cttu nghiém ctia mot phuong trinh dao ham
rieng véi cac diéu kién bién cho trude. Sau nay, mot trong nhitng bai toin chii chot trong
phuong trinh dao ham riéng mang tén ong, “bai todn bién Dirichlet”. Ong cling ndi tiéng véi
cac bai bao vé diéu kien hoi tu ctia chudi lugng giac va viee stt dung chudi dé biéu dién céc
ham tuy §. Truée d6, nhitng chudi nay da duge Fourier sit dung hiéu qué trong viéc giai cac
phuong trinh vi phan. Cong trinh vé cac chudi lugng gidc ctia Dirichlet duge xuat ban trén
Tap chi Crelle nam 1828. Vé cuoc doi va céc cong trinh clia Dirichlet, ching to6i gi6i thieu

ban doc t6i tai lieu tham khao [6] va cac bai béo lién quan trong do6.

1.2. Nguyeén lyj Dirichlet va mot so vi du

Vi so thuce 0 tuy 1 va cdc s6 nguyén duong Q, ton tai s6 nguyén p va q véi 0 < q < Q

théa man

Day 1a mot trong nhitng dinh If kinh dién trong linh vic xap xi Diophantine clia nganh Ly
thuyét s6. Trong cac bai bao [3] va [4], dé chiing minh phién ban nhiéu chiéu va phién ban
phiic ctia dinh 1y néi trén, Dirichlet da dé xuat nguyen ly:

“Néu ching ta dat n + 1 do vat vao n ngan kéo thi thé nao cing cé mot ngan kéo chia
it nhat hai do vat”.

Ké tit d6, nguyen 1y nay thuosng dudc biét dén vé6i tén goi 1 nguyen 1y ngan kéo Dirichlet
hay ngén gon la nguyeén 1y Dirichlet. Day 1a mot cong cu rat hieu qua diing dé ching minh
nhiéu két qua sau sic trong toan hoc. Nguyén 1y nay trong nhiéu trudng hgp gitp ngudi ta
dé dang ching minh dugc sy ton tai ma khong dua ra duge phuong phap tim dude vat cu
the. Bay gio, ching ta sé dén véi chitng minh nguyeén 1y Dirichlet bing viéc st dung phuong
phéap phan chiing.

Chatng minh nguyén lyj Dirichlet. Gia st tat ca cac ngan kéo chi c6 1 do vat thi ta mdéi dat
duge n do vat, trai véi gid thiét 1a c6 n + 1 vat can phai dit vao n ngin kéo. Do d6 diéu gia

st 12 sai. Vi vay phai ¢c6 mot ngian kéo chita it nhat hai do vat. Nguyén ly dude chiing minh.
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C& phat biéu va chiing minh ctia nguyén 1y nay la vo ciing don gidn. Tuy nhién né c6
nhing ting dung hét stic quan trong, bao triim lén nhiéu nganh ctia Toan hoc, dic biét 1a
Toan roi rac. Tiép theo, ching toi sé trinh bay t6i ban doc hai vi du dé minh hoa cho nhing
ting dung cua nguyén ly Dirichlet.

Vi du 1.1. Nam 1995 dé ky niem 20 nam ngay gidi phong Mién Nam, tai mot thanh pho
nguoi ta to chic budi 16 gdp mat nhiing nguoi 20 tuoi. Ngay 30 thdng 4 nam dé, trong mot
buoi gap mat cé 400 thanh nién. Ching minh ring cé it nhat 2 nguoi trong sé ngudi tdi du

c6 cung chung mot ngay sinh.

Loi giai. Nam 1995 c6 365 ngay. Chiing ta coi mdi ngay nhu mot “ngan kéo” va danh s6 tir
1 dén 365 (ngan kéo cudi cuing 1a ngay 31 thang 12 nam 1995). Chung ta “dat” nhitng thanh
nién c6 ngay sinh tuong tng cic ngan kéo d6. Nhung s6 thanh nién dén diy 1& 16n hon s
ngin kéo, theo Nguyen 1y Dirichlet ¢6 it nhat hai nguoi dude dit vao ciing mot ngan kéo.

Diéu d6 c6 nghia 1a ho sinh cling mot ngay.

Vi du 1.2. Trong mot khoi lap phuong cé canh 1 nhot 2001 con ruoi. Chitng minh ring luon

c6 ba con dugc bao bdi hinh cau ban kinh 1—11

Loi giai. Ta chia khdi lap phuong canh 1 thanh 1000 khéi lap phuong nhé canh 0, 1. Dudng
chéo chinh 16n nhét cta khéi lap phuong nhé bing v/3 - 0, 1. Vi thé né nam trong hinh cau
ban kinh v/3 - 0,05. Cha ¥ rang

V3:0,05<1,8-0,05
1

=0,09 < —
) <117

do d6 khéi lap phuong ndm trong hinh cau ban kinh . Vi s6 rudi la 2001, con s6 khoi lap
phuong nhé 14 1000, theo nguyén 1y Dirichlet ton tai mot khoi 1ap phuong nhé chita 3 con
ruoi, hay néi cach khac chting duge nhét trong hinh cau ban kinh 1—11

Trong phan tiép theo clia bai viét nay, chting to6i sé trinh bay mot s6 ménh dé 13 hée qua
tryc tiép ctia nguyén 1y Dirichlet va ching déng vai tro quan trong ching viéc chiing minh
bat déng thiic, diic biet 1a mot 16p cac bat dang thite déi xing ba bién. Nhitng tng dung clia
cac ménh dé nay thong qua cac bai toan bat dang thitc xuat hién trong céc ky thi Olympic
Toan ciing dugc trinh bay trong phan nay. Cac bai tap tu luyén danh cho ban doc sé duge

trinh bay ¢ phan cudi clia bai viét.

2. UNG DUNG CUA NGUYEN LY DIRICHLET TRONG CAC BAI TOAN
CHUNG MINH BAT DANG THUC

V6i mot s6 thue bat ki, né chi c6 thé 1a sé thue am hodc s6 thuc khong am. Vi vay, ti
nguyén ly Dirichlet, chiing ta thu dugc mot meénh dé sau.
Meénh dé 2.1. Trong 8 s6 thuc bat ki a,b, ¢ luon tim duge hai so co tich khong am.
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Day la ménh dé rat quan trong dé chitng minh bat dang thic. Dé ap dung duge ménh
dé trén, véi xuat phat diém la ta can xac dinh “diém roi” (tic la dang thiic ctia bai toan).
Chung t6i xin trinh bay t6i ban doc “§ tudng chinh” trong céc bai toan chiing minh bat ding
thiic c6 st dung Meénh de
Y tuéng 1:

i) Ta tim diéu kién xay ra dau ding thiic clia bai toan, gia st
a=b=c=k.

ii) Theo Menh dé[2.1] trong ba s6 (a — k), (b — k), (¢ — k) ton tai hai s6 cing ddu. Khong
(

mat tinh tong quat ta giad st (a — k), (b — k) cting dau. Khi dé, ta duge

(a—k)(b—Fk)>0.
iii) T gia thiét (a — k)(b — k) > 0 ta bién doi dé suy ra bat ding thiic can chiing minh
hoiic bat déng thitc tuong duong véi bat déng thitc can ching minh.

Dé minh hoa cho ¥ tuéng dugc néi & trén, dau tién ching ta sé dén véi bai toan sau,
nam trong dé thi chon Dai tuyén thi hoc sinh giéi Qubc gia mon Toan ciia tinh Yen Bai,
nam 2012.

Bai toan 1. Cho cdc s6 thuc duong a,b,c. Chitng minh rang
a? +b* + ¢ + 2abc + 1 > 2(ab + be + ca). (1)

Loi giai. Theo Menh dé [2.1{ thi hai trong ba s6 (a — 1), (b—1) va (¢ — 1) cuing dau. Khong
mat tinh tong quat, ta gia si
(a—1)(b—1)>0.

Nhan ca hai vé clia bat dang thic trén véi 2¢, ta duge

0<2c(a—1)(b—1)
=2c(ab—a—b—1)
= 2abc — 2ca — 2bc — 2c,

diéu nay tuong duong véi
2abc > 2bc + 2ca — 2c.

Cong hai vé ctia bat dang thic trén véi a® + b? + ¢? + 1, ta suy ra
2,12 2 2,32, 2
a”+b"+cc+2abc+1>a”+b +c+ 2ca+ 2bc—2c+ 1.
Do d6, dé chitng minh bat dang thic , ta chi can chiing minh

a? +b* + ¢ — 2ca + 2bc + 2¢ + 1 > 2(ab + be + ca) = 2ab + 2be + 2ca,
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hay

A+ b+ —2c+1>2abs (a—0b)*+ (c—1)*>0.

Bét déng thic trén luén ding. Ta duge diéu phai chitng minh. Ding thitc xay ra khi va chi
khia=b=c=1.
Nhan xét.

(1)

Bét déng thiic 13 mot hé qua tric tiép clia bat dang thitc Schur (xem bai viét “Bat
dang thiic Schur vi mot s6 van dé lien quan” trén tap chi Todn hoc va Sinh vién s6 4).
Day la mot bat dang thic déi xing gitta ba bién. Do d6, ta du doan dau dang thiic c6
thé x4y ra khi ba bién bang nhau, ttc la a = b = c. Khi do, tu (1), ta duge
2a® +3a* + 1 =6a*> < 2a¢* —3a®> +1=0
s(a—-12*2a+1)=0&a=1.

Vi vay, dang thitc & (1)) xay ra khi va chi khi @ = b = ¢ = 1. Dén day, ta c6 thé ap
dung Y tudng 1 duge trinh bay & tren dé dua ra 1o gidi cho Bai toan .

Ap dung bat ding thic (1)) v6i a = zy,b = yz va ¢ = xz véi z,y, z > 0, ta dudc
(2y)* + (y2)* + (22)° + 2(2y) (y2) (22) + 1 > 2 (2Pyz + 2’z + 2yz?) .
Diéu nay tuong duong véi
o2y 4+ P2+ 22 2002 1 > 2ayz(a -y + 2).

Néu zyz = 1 thi bat ding thic trén tré thanh

1 1 1
E+E+§+322(:€+y+z)' (2)

Bét dang thiic 14 truong hop dac biet clia bai toan sau, ndm trong Dé thi chon hoc
sinh giéi Qubc gia mon Toan 16p 12 (VMO) nam 2006, bang B.
“Tvm s6 thuc k ldn nhat sao cho sao cho bat dang thic

1 1 1

;+?+;+3k2 (E+1)(z+y+2).

ding moi so thuc duong x,vy, z théa man dieu kién xyz = 1.7
Stt dung bat dang thiic trong Bai toan , ta c6 thé ching minh két qua sau day.
Cho a, b, c 1 cac s6 thuc duong. Khi d6

a) a®+b* + ¢ + a*v*c* + 2 > 2(ab + be + ca).

b) a* +b* + * +2abc+3 > (a+1)(b+ 1)(c+ 1).
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Bai toan 2 (Dé thi Olympic Toan clia Iran, vong 2, nam 2002). Cho cdc s6 thuc duong

a, b, c thoa man
a® +b* + ¢ + abe = 4. (3)

Chatng minh rang
a+b+c<3.

Loi giai. Vi a, b, c 1 cac s6 thye duong nén tit dang thiic ctia dé bai, ta dudc
0<a®<4,0<b*<4,0<c®<4.

Do do
0<a<2,0<b<2,0<ec<?2.

Theo Ménh dé trong ba s6 (a — 1), (b —1),(c — 1) ton tai hai s6 cing dau. Khong mat
tinh tong quét, gid st (a — 1), (b — 1) cing dau. Khi dé

(a—1)b—-1)>0<ab—a—-b+1>0.
hay
a+b—ab< 1. (4)
Ap dung bat dang thic AM-GM, ta c6
a’? + b2 + & + abe > 2ab + & + abe.

Theo gia thiét thi a®+b?+c?+abc = 4. Do do, tit bat dang thiic trén va chi ¥ ring 0 < ¢ < 2,

ta suy ra

2ab+ ¢ + abc < 4 < 2ab+ abe < 4 — 2
Sab2+c¢)<(24¢)(2—¢)
S ab+c<2. (5)

Cong vé theo vé clia bat déng thiic va , ta dugc
a+b+c<3.

Bat ding thic dugc ching minh. Dang thiic x4y ra khi va chi khi a =b=c = 1.
Nhan xét.

(1) Ngoai lai giai sit dung nguyén ly Dirichlet nhu da trinh bay, ching ta cé thé dua ra
mot 101 gidi doc ddo khac cho Bai toan [1| bang phuong phap luong giac hoa. That vay,
tu (3) ta co

27,2 27,2

9 ab a®b 9 a“b

2¢c-—+—"=4—-a"—b+ —.

c+02—|—4 a —|—4
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Diéu nay tuong duong véi

(C+ﬂ02_16—&?—4§+a%2_QL—ﬁM4—F)

2 4 4
Tt dang thic trén va chd ¥ ring 0 < a, b, ¢ < 2, ta dudc

—ab+ /(4 —a?) (4 — b?)
5 :

CcC =
Vi0 < a,b,c <2 mneén ton tai cac goc A, B,C € (O, %) sao cho

a=2cosA,b=2cosB,c=2cosC.

Khi do, ta co

9 cos (' — —4 cos Acos B + \/(4—24cos2A) (4—4cos B)

B —4cos Acos B+ 4sin Asin B
N 2
= —2(cos Acos B — sin Asin B)

= —2cos(A+ B) = 2cos(m — (A + B)).

Do dé
cos C' = cos(m — (A + B)).

ViA B,Ce (0, g) nén tit dng thic trén, ta duge A + B + C = w. Tt day, theo mot

két qua quen thuoc trong lugng giac, ta c6

cos A+ cos B +cosC <

NN GV]

Vi vay
a+b4c=2(cos A+ cos B +cosC) < 3.

Ta duge diéu phai chitng minh.
(2) Ban doc c6 thé thit sitc theém v6i bai toan tong quat ctia Bai toan [2 nhu sau:
“Cho a,b,c va k > 1 la cdc s6 thuc duong théa man diéu kién
k(a® 4+ b* + ¢*) + abc = 3k + 1.
Chiaing minh rang a +b+c < 3.7

Y tuéng 2:

Mé rong ¥ tudng theo Meénh dé ta biét rang v6i 3 bién a, b, ¢ va s6 thuyc k bat ki thi
trong 3 86 (a — k), (b — k), (¢ — k) ¢6 hai s6 hodc cung bang 0 hodc cung dau. Gia sit hai s6
d6 1a b va c. Khi d6 (b — k)(c — k) > 0. Tu do, ta suy ra

V4 =k +b+rc—k)?>=20—k)(c—k) <k*+(b+c—k)>
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Nhu vay, mot bai toan bat dang thitc c6 gid thiét a + b + ¢ = s (hodc thuan nhat thi
chuan hoéa) v dang thiic xay ra khi n6 biang mot gia tri m nao dé thi ta co thé st dung
danh gia tren dé lam giam s6 bién ctia bat dang thic ban dau. Cu thé 1a ta sé chon k = m

(dé dam bao dau bing) va nhu thé ta sé co

V+<m?’+(b+c—m)P=m*+(s—a—m) (6)
Bai toan 3 (Dé thi Olympic Todn ctia Ba Lan, nam 1996). Cho cdc s6 thuc duong a,b,c
théa man a + b+ c = 1. Chitng minh rang

a b c 9
<

—. 7
a2+1+62+1+c2+1—10 (7)

Loi giai. Theo ménh dé khong giam tinh tong quat ta co thé gia sit hai s6 b — % va c— %

cing dau. Khi do, ta c6
1 1
b—=)(c—=)>0
COICHE

Tu day, st dung bat déng thic (6)), ta duge

1 1\? 2 2
2 2
< - ) == Z_ .
b*+c¢ _9+<b+c 3) 9+<3 a) (8)

Chu ¥ ring bat dang thic (7)) tuong duong véi

a 1 b 1 c 1
<|z-— + = — - —
a?+1 (2 bQ+1> (2 02—1—1) 10

P12 Al-2 1

TOWAD) 2@+ 10

I Gl VA Gl VI §
212 +1)  2(2+1) 10

hay

2 24+ 10a +1
T L L S (9)

(b—1? (=12
= a?+1  ba2+5

1
b2+ 1 2+1 —5

Ap dung bat ddng thitc Cauchy-Schwarz va , ta suy ra

(b—1? (=1 _ [(b=1)+(c— 1)

b2 +1 A+1 — 4+ +(c2+1)

(b+c—2)?

(0% +c2)+2

(1—a-—2)>

RN RN

91 +a)? 9+ 18a+9a?
19+ (2-3a)2 23— 12a + 9a?

(10)
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Tu (9) va (L0), ta thay rang dé ching minh bat dang thic (7)), ta can ching minh bat dang
thic sau

9 + 18a + 9a? S a?+ 10a + 1
23 —12a4+9a2 — 5a?+5

Bét déng thiic trén tuong duong véi

(94 18a 4 9a°) (5a® + 5) — (a® 4 10a + 1) (23 — 12a + 9a%) >0
& (45a* + 90a® 4 90a® + 90a + 45) — (9a* + 78a° — 88a® + 218a + 23) > 0
& 36a" +12¢° + 178 — 1284422 > 0
& 18a* + 6a® + 79a” — 64a + 11 > 0
& (18a* — 6a”) + (12a* — 4a”) + (99a® — 31a) — (33a — 11) > 0
& (3a —1) (6a® + 4a® + 3la — 11) > 0
& (3a—1) [(6a® — 2a%) + (6a® — 2a) + (33a — 11)| >0
& (3a—1)*(2a* 4+ 2a 4 11) > 0.

Bat ding thitc cudi luon ding vi

2a* +2a+ 11 =a’ + (a + 1)* + 10 > 0.

Do d6, ta dugce diéu phai chiing minh. Dang thitc x4y ra khi va chi khi

(1)

1
= b = = —.
a c 3

Stt dung nguyén ly Dirichlet két hop véi gia thiét, ching ta nhanh chéng thiét lap duge
bat dang thic (8). Tuy nhién, céc dai lugng b va ¢? lai xuat hien dusi mau sb clia céc
biéu thic trong (7). Do d6, dé c6 thé tan dung mot cach triet dé bat déng thic (),
chiing ta can mot bat dang thitc ¢ dién nao dé dé khi ap dung lam xuét hien duge
tong b? + ¢2. D6 1a nhitng goi ¥ dé ching ta st dung bat déng thitc Cauchy-Schwarz:

2 2 2
a +b_> (a+0)

(11)

x Yy Tty
véi a,b, z,y > 0. Tuy nhién, vé phai ctia bat dang thic (7)), chua xuat hién dang cta
bat dang thic Cauchy-Schwarz. Diéu nay dan t6i 1a ching ta can phai bién ddi bat
déng thic (7)) thanh bat dang thic (9). Sau khi st dung (8) va (13)), ching ta da don
duge tit mot bat dang thiic ba bién vé mot bat déng thitc mot bién. Dén day, moi thi
da tré nén don gian hon rat nhiéu bang phuong phéap bién déi tuong duong.

Ngoai 1oi gidi duge trinh bay ¢ tren, dé ching minh bat déng thic (7)), ta ¢ thé sit
dung “phuong phép tiép tuyén” nhu sau.

Tu gid thiét clia dé bai, ta thiy rang 0 < a,b,c < 1. Xét ham s6
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v6i 0 < x < 1. Khi do, ta c6

f'(x)

_1+x2—2x2 1 — 2

(1+22)" (422"

Phuong trinh tiép tuyén tai diém (1, f (3)) ctia d6 thi ham s6 f(z) la

18 3 36z + 3
25 50 50
Do do6, ching ta can chiing minh v6i 0 < z < 1 thi
T . 36z + 3'
1422~ 50
Bét déng thic trén tuong duong véi

(12)

50z < (14 2?) (362 + 3)
& 502 < 362 + 3 + 362° + 32
& 362° +32° — 142 +3 >0
& (3 —1)*(4az +3) > 0.

Bét ding thic cubi luon dang vi 4z + 3 > 0 v6i Vo > 0. Ap dung bat déng thiic

“_ . b I <18+3+18b+3+18+3
a2+1 2+1 2+1-25 50 25 50 25 50
—§(a+b—i—c) g—ﬂ
25 50 10

Day la diéu phai ching minh.

Bai toan 4 (Dé thi Olympic Toan ctia Nhan Ban, nam 1997). Ching minh rang vdi moi so
thue duong a, b, c ta deu cé

(b+c—a)*  (c+a—0b)? (a+b—2c)? >3

a2+ (b+c)? VP+(c+a)? AE+(a+b? 5

(13)

Loi gidi. Dat
(b+c—a)*  (c+a—0)?* (a+b—c)?

3
3 b = —.
a2+(b+6)2 b2+(C+CL)2 02+(a+b)2 va g(a, ,C)

fla,b,c) = =

Ta sé chiing minh rang f 14 ham thuan nhéat bac 0. That vay, v6i moi s6 thuc ¢, ta c6

Flta, tb, tc) — (tb + tc — ta)? (tc + ta — tb)? (ta + tb — tc)?
) (ta)2 + (tb + tc)2 (tb)z + (tc + ta)2 (tC)Z T (ta T tb)2
_ - (b+c—a) t? - (c+a—b)? 2 (a+b—c)?
_t2.a2+t2.(b+c)2 t2-b2+t2-(c+a)2 t2'02+t2-(a—1—b)2
=% f(a,b,c).
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Vi vay f 1a ham thuan nhat bac k = 0. Vi f va ¢g déu 13 hai ham thuan nhat cing bac nén
bat dang thrc

(b+c—a)*  (c+a—0b?* (a+b—c)?
a?+(b+c)? 4+ (ct+a)? A+ (a+b)?

3
> =
-5

la bat dang thic thuan nhat, hon nita né con la bat dang thic déi xing cé diéu kien. Do
do, ta c¢6 thé chuan hoa
a+b+c=1.

Khi do6, ta thay rang

(b+c—a)*  (c+a—-0b?* (a+b—2c)?

a?+b+c)? b+ (c+a)? A+ (a+b)?
:(1—a—a)2 (1—b—10)? (1—c—c)?

a?+(1—a)? P+(1-02 A+ (1-c)?

 (1-2a)? (1 — 2b)2 (1 —2¢)?
@2+ 1—-2a+a2 24+1-204+02 2+1—2+2
(1 —2a)? (1 — 2b)2 (1 —2¢)?

— . 14
2a2—2a—|—1+2b2—2b+1+202—20—|—1 (14)

Theo ménh dé , khong giam tinh tong quat ta co thé gia si hai s6 b — % va ¢ — % cling

dau. T day, ta dude
1 1
_ —_Z) >0
(0=5)(-=5) =0

Két hop diéu nay véi bat dang thic (), ta suy ra

1 NN 1 /2 2
V4t <-4 (bte—=z) ==4+(=- . 1
+c_9+<—|—c 3) 9+<3 a) (15)

Ap dung bat ding thitc Cauchy-Schwarz va bat dang thiic (1)), ta duge

(1 — 2b)? (1-20? _ [(1—2b) + (1 — 2¢))?
202 —2b+1 22 —2c+1 ~ (202 —2b+ 1) + (2¢2 —2¢+ 1)
_ Ra-b-op
22 42¢2—2(b+c) +2
B 4a?
22+ 2¢2—2(1—a)+2
2a?
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T (15]) va . ta dugce

(b+c—a)*  (c+a—0b?* (a+b—c)?
24+ (40?2 b+ (c+a)? A+ (a+b)?

(1 —2a)? n 18a?
242 —-2a+1 94?2 —-3a+5
4a® —da + 1 18a?

~ 2a%2 —2a+1 +9a2—3a—|—5

_ (4a® —4a +1) (9a® — 3a + 5) 4 18a* (2a® — 2a + 1)
B (2a2 — 2a + 1) (9a2 — 3a + 5)

_ T2a* —84a® +59a® — 23a+ 5

~ 18a* — 24a3 + 25a% — 13a + 5

Chu y rang

72a* — 84a® + 59a* — 23a + 5 23
"18a* — 24a3 + 25a%2 — 13a+5 ~— 5
& 5 (72a* — 84a® 4+ 590 — 23a + 5) > 3 (18a* — 24a® + 25a* — 13a + 5)

& 153a* — 174a” 4+ 110a* — 38a+5 > 0

& (153a* — 51a°) — (123a® — 41a) + (694 — 23a) — (15a — 5) >0
& (3a—1) (51a® — 41a®* +23a — 5) > 0
& (3a—1) [(51a® — 17a%) — (244 — 8a) + (15a — 5)] > 0
& (3a—1)*(17a* — 8a+5) > 0

Bat ding thitc cudi luon ding vi

17a*> — 8a+5=9a> +4(a — 1)>+ 1 > 0.

Do dé, ta dugc diéu phai ching minh. Déng thitc xay ra khi v chi khi a = b = c.
Nhan xét.

(1)

Diém dang chd ¥ trong 15i giai trén la viec gid sit a + b+ ¢ = 1. Ta hoan toan co thé
gid st bat ki mot biéu thic nao khéc, chang han a + b + ¢ = 3 hoiic abc = 1 hosc
ab+bc+ ca = 3... Tuy nhién ta can chii ¥ xem viéc chuan héa biéu thitc nao cho hgp
Iy dé c6 chitng minh don gidn nhat.

Chéang han trong Bai toan [4| tac gid chon a + b+ c = 1 dé c6 thé suy ra mot bat dang
thiic khac ma tng dung dudc nguyen 1y Dirichlet vao ching minh bat dang thic do.
Ta cling c6 thé chuan héa a + b+ ¢ = 3 dé ching minh bing phuong phap hé sé bat
dinh (véi loi giai nay, ban doc tham khao trang 68 tai licu [7]).

Bai toan [3| va Bai toan {{1a hai vi du tuong déi kinh dién ctia “phuong phap tiép tuyén”
trong chiing minh bat ddng thitc. Yéu td quan trong nhat dé c6 thé sit dung phuong
phap nay la chuyén duge bat déng thitc vé dang

flar) + flaz) + .. + f(an) = m,
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hoac
flar) + flaz) + .. + f(an) < m,
hay néi cach khac 14 tao lap cac ham dic trung dé xét tinh 16i 16m va chon diém roi.
Diéu nay gidong v6i phuong phap ma tac gid dang néi dén & bai viét, ca hai phuong
phap déu can phai chon duge diém roi dé gidi quyét cac bude tiép theo clia bai toan.
Tuy nhién, wu diém ctia nguyén 1y Dirichlet trong cac vi du nay 1a hoc sinh Trung hoc
C6 s6 hoac Trung hoc Pho thong nhung chua cé kién thiic vé dao ham, khao sat ham
s6 thi van st dung dudc.
Bai toan 5. Cho a,b,c > 0 va khong dong thoi bang 0, théa man
ab+ bc + ca = 1.

Chatng minh rang

1 1 1
- -
a+b b+c c+a

5)
> —. 17
=5 (17)
Loi giai. Tu gia thiét a,b,c > 0 va ab+ bc + ca = 1 ta suy ra
0<ab<1,0<bc<1,0<ca<.

Theo ménh dé , khong giam tinh tong quét ta co thé gia si hai s6 @ — 1 v b — 1 ciing
dau. Khi do, ta co

(a—1)b—-1)>0=ab—a—-b+1>0<1+ab>a+0.
Vi ab < 1 nén ta dudce
2>1+ab>a+b>0.

Chi ¥ rang néu a +b = 0 thi @ = b = 0. Diéu nay suy ra ab + bc + ca = 0. Diéu nay mau
thuan vdéi gia thiét ctia dé bai. Do d6 a + b > 0. Vi vay, ta c6
1—ab

ab+bct+ca=1<1—ab=bc+ca=cla+b)<c= :
a+b

Tu day, ta duge

1 n 1 n 1 1 . 1 n 1
a+b b+c c+a a+b 1—ab 1 —ab
b+ a+

a+b a+b
1 +a+b+a—|—b
a+b 14a2 1+a?

Do do6, bat dang thitc can ching minh tuong duong véi bat dang thic

1 +a+b a+b 5
a+b 14+ 14a%2 2
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hay

1+1+1>5
(a+0b)2 1+ 1+4+a*> "~ 2(a+b)

(18)

Theo bat dang thitc AM-GM, ta c6

1 n 1 _1 b? L a?
148 1+4+a2 1+ b2 1+ a2

b2 a?
>1—— 41— —

ST

b a
=1—-41—=

2+ 2
:2_a—i—b

2

Vi vay, ta can chitng minh

1 5 a+b 5
@102 7T 2 T 2a+b)

1 2 _1> 5
<:’(a+b)3+a+b 27 (a+0b)?

Dt ¢ = —5 > 5 thi bat dang thic trén tré thanh
1_5
2242 — = > =42
2= 2

& 2% -5 +4r—-1>0

& (22° —2?) — (42° —2z) + (22— 1) > 0
& (2r—1) (2 —22+1) >0

& (r—1)*(2zx—1) >0.

Bét dang thiic cudi luon ding véi Vo > 5. Ta duge diéu phai ching minh. Déng thic xéy
ra khi va chi khi a = b= 1,¢ = 0 va cac hoan vi tuong ing.

Nhan xét.

(1) Mac dut bat dang thiic la mot bat dang thitc doéi xing giita ba bién a,b, ¢, tuy
nhién déng thiic x4y ra khong tai a = b = ¢ ma tai a = b, ¢ = 0 va cac hoan vi tuong
tng. Hon nita, do vai tro ciia a, b, ¢ 1a nhu nhau nén ching ta van c6 thé ap dung duge
nguyeén ly Dirichlet trong bai toan nay. Tu gid thiét dau bai, ching ta c6 gidm bién
ctia bat dang thic (17) tit ba bién xudng con hai bién bing viét riat ¢ tit ding thic
ab + bc + ca = 1. Vlec stt dung ki thuat “Cauchy ngugc dA ” la tu nhien dé don vé
trai clia bat dang thic (18]) vé bicu thiic chi con chita blen ——. Thuec ra, trong chiing

minh trén, nguyén 1y Dirichlet chi déng vai tro trong viéc tlm duoc chan duéi cho bién

1

r = atb
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(2) Sit dung phuong phéap tuong ty nhu trong chiing minh bai toan trén, chiing ta c6 the

chitng minh bai toan sau day.

“Chiing minh ring

1 n 1 n 1 S )
a?+b b2+ A+a? T2
vdi a,b,c > 0 va khong dong thoi bing 0, théa man ab + bc +ca = 1.7

Ngoai ting dung trong chitng minh mot 16p cac bat déng thic ba bién dang déi xing,
nguyen 1y Dirichlet con 14 mot cong cu tot trong viee ching minh 16p toan bat diang thic
lien quan t6i chia doan thing. Ching ta sé di tim hiéu tng dung nguyén 1y Dirichlet d6i véi

bai toan nay qua ménh dé sau day.

Ménh dé 2.2. Cho n+ 1 diém va mot doan thing cé do dai d dugce chia thanh n phan bing
nhau. Khi dé, néu ta dat n+1 diém vao doan thdang cho trudc dé thi phdi co it nhat 2 diém

thuoc cung mot doan nho.

Dudi day 1a mot sd bai toan minh hoa dé ban doc c¢é thé hiéu r6 hon trong viéc 4p dung
Menh dé vao chiing minh 16p bai toan bat dang thic lien quan t6i chia doan thang.

Bai toan 6. Ching minh ring mai bo gom 11 so6 thuc khdc nhau trong khodng [1,1000] c6

thé chon dugc 2 s6 x va y, ma ching théa man bat dang thic sau

O<zx—y<l1l+3Jxy.

Loi giai. Ching ta xét can bac ba clia cac sd trong bo s6 da cho xq,xs,...,z1;. Tu dicu
kién da cho, ta suy ra
1< ¥x; <10, 1=1,2,...,11.

Chung ta chia khodng [1,1000] ra mudi phan bang nhau. Khi do, ¢6 it nhat mot trong hai
sO ¥/x1, /Ts, ..., Y711 nam trong cing mot doan nhoé. Néu cac sd do 1ayz; va YT, F ] va
x; > x; thi ta dugc

0 < Jx; — \/—SE<1 (19)

T bat déng thiic trén, ta dugc
0< (47— ) <
Két hgp bat dang thitc nay véi (19)), ta co
0<ax;—x; < 143wz (Vo — Jx;) < 1+ 3yT:7;.

Ta duge diéu phai chitng minh.
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Nhan xét. Bai toan khong con dung v6i bo 10 s6 thue trong khoang [1,1000]. Phéan vi du:
bo s6 13,23, ...103. Néu ¢ # j va ¢ > j ching ta c¢6 (i — j)® > 1, nhu vay
i +ij + 5% > 1+ 3ij.

Nghia la

i—j=(i—j)i®+ij+j%) > 1+3ij.
Diang thitc xay ra khii = j + 1.
Bai toan 7. Trén doan thding [0,1] ddt bon s6 khdc nhau: a,b,c,d. Ching minh ring trén
doan thang nay tim dugc mot s6 x sao cho théa man bat ding thic sau day

1 1 1 1
< 40. 20
T—d z=0 o=d k-4 (20)

Loi giai. Bén diém chia doan thang do dai 1 thanh 5 phan. Theo Nguyén 1y Dirichlet ton
tai hai diém canh nhau c6 khoang cach khong nhé hon 0,2. Ta cho d6 14 a va c. Khi dé, ta

chon x = ¢ (trung binh cong cla hai s6 a va c). Ta c6

lz —al >0,1 < < 10,
|z — al
1
|t —b >0,1 & —— < 10,
|z — 0]
1
|z —¢|>0,1< < 10,
|z — ]

1
v —d| >0,1¢ & —— < 10.
|z — d]

Cong vé theo vé clia bén bat dang thiic trén ta duge diéu phai ching minh.

3. BAI TAP TU LUYEN

Két thic mot vai bai toan minh hoa & trén cé 1é ching ta da hiéu va biét duge phan nao
vé tng dung ctia nguyeén 1y Dirichlet vio chiing minh bat déing thitc. Dé hiéu sau hon vé tng
dung nay, tac gia xin dua ra mot sé bai tap cho ban doc c6 thé thit stic.

Bai toan 8. Cho cdc s6 thuc duong a,b,c. Chiing minh rdng

2(a® +b* + ) +abc +8 > 5(a+ b+ c).
Bai todn tong qudt: Cho a,b,c va k > 1 la cdc so thuc duong. Chiing minh ring
k(a* +b* 4 c*) +abc+ 3k +2> (2k +1)(a + b +c).

Bai toan 9. Cho cic s6 thuc duong a,b, c. Chitng minh rdng

3 3 3
a . b N c >1
2a + b 2b + ¢ 2c+a) T 9
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Bai toan 10. Cho cdc so thuc duong .y, z théa man
r+y+z+1=4xyz.

Chitng minh rang
zy+tyztzezx+y+z.

Bai toan 11. Cho cdc so thuc duong a,b, c sao cho

a’ +b* + ¢ + abe = 4.
Chiaing minh rang

ab + bc + ca — abc < 2.

Bai toan 12. Cho a,b,c la cdc s6 thuc duong théa man a + b+ c = 3. Chitng minh ring

1 1 1 9 9 9
?+b_2+§za +b° + c°.

Bai toan 13. Cho cdc so thuc duong a,b, c. Ching minh ring
(a® +1)(* + 1)(c* + 1) + 4 > 4(ab + be + ca) + (abc — 1)2.
Bai toan 14. Cho cdc so thuc a,b, c théa man a + b+ c = 1. Ching minh ring

a? b2 c?
<1
6a2—4a—|—1+6b2—4b+1+602—4c+1 -

Bai toan 15. Cho 7 so thuc bat kyj. Chimg minh ring gitia ching cé thé chon dugc hai so,

2 N
chang han x va y, sao cho

&

r—Y <

0< —_—
T 14ay 3

Bai toan 16. Xét bon so bat ky trong khodng

[f—ﬁ V34

2 2

Chatng minh rang ton tai hai so6 trong cac so da cho a va b, sao cho
lav4d — b2 — bv4 — a?| < 2.

Bai toan 17. Cho tap X = {1,2,3,...,81}. Chiing minh rang trong 3 phan ti tuy 4 cia X

luon cé hai phan ti a,b sao cho
0< a—vVb<1.
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Loi cam on

Tac gid chan thanh cdm on ThS. Phan Van Loc, nguoi da tryc tiép va tan tinh huéng

dan tac gia trong qua trinh viét bai bao nay. Tac gid chan thanh cdm on ThS. Ha Tuan

Diing da c6 nhitng gép ¥ va chinh sita dé cai thién phién ban dau tién ciia bai béo nay.
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PHUONG TRINH HAM CAUCHY
VA MOT SO VAN DE LIEN QUAN
Quidch Ding Duy va Nguyén Thanh Nga - K45 TTA
Khoa Todan, DHSP Ha Néi 2
Biii Ngoc Diép - Cwu sinh vién K38E SPT
THPT Tay Ho, Ha Noi

Tém tat. Trong bai viét ndy, chiing toi sé trinh bay mot so cac két qua nghién vé “phuong
trinh ham Cauchy” va cac iing dung ctia né trong viéc gidi quyét mot 16p phitong trinh ham

“kiéu cong tinh” xuat hién trong cac ky thi Olympic Toan.

1. MO DAU

Mot trong nhitng phuong trinh co ban trong Ly thuyét phuong trinh ham 13 phuong
trinh ham Cauchy:

flx+y) = f(x)+ fly), Vr,y€eR, (1)

trong d6 f : R — R 1a ham s6 can tim. Day la phuong trinh c¢6 nhiéu ting dung khong chi
trong Ly thuyét phuong trinh ham ma con & cac linh vige khac nhau ctia Toan hoc, bao gom
Hinh hoc, Giai tich thuc va phitc, Phuong trinh dao ham riéng, Giai tich ham va Ly thuyét
tai chinh. Phuong trinh nay dudc nghién citu lan dau tién béi nha toan hoc Adrien-Marie
Legendre (1752-1833) vao nam 1794 va sau d6 la Carl Friedrich Gauss (1777-1855) vao nam
1809. Tuy nhién, nha toan hoc ngudi Phéap, Augustin-Louis Cauchy (1789-1857) la ngudi
dau tién da tim ra dude 16p nghiém lién tuc ctia phuong trinh (cing v6i mot vai phién
ban khac cia nd) vao nam 1821. Tt d6 trd di, phuong trinh (1)) thudng duge biét dén ten goi
la “phuong trinh ham Cauchy” (ngoai ra phuong trinh cling thuong dugce goi 1a “phuong
trinh ham cong tinh”). Cu thé trong tai liéu [5], ong da chiing minh rang néu f 1a mot ham s6
lien tuc tir R vao R va thoa man (1)) v6i moi bién s6 thuc z,y thi f(x) = ax véia = f(1). Si
dung két qua nay, Cauchy da nghién cttu nghiém ciia cac phién ban khac nhau ctia phuong
trinh ham . Ké tir sau céac két qua ctia Cauchy, phuong trinh da thu hat duge sy quan
tam nghién cttu ctia nhiéu nha toan hoc trén thé giéi. Darboux [8] da cai tién cac két qua
ciia Cauchy bang viéc thay gid thiét tinh lién tuc ctia ham f trén R béi tinh don diéu hodc
bi chan trén mot khoang. Fréchet [10], Blumberg [2], Banach [I] ciing mot s6 nha toan hoc
khac da nghién cttu phuong trinh trong truong hgp f la ham do duge Lebesgue. Sau do,
Kormes [13] da gia st rang f 13 mot ham bi chan trén mot tap do duge véi do do duong va
ciing thu duge két qua 1a f(x) = ax v6i a 1a mot hing s6. Mehdi [15] da cai tién cac két qua
nay véi gia thiét f 13 mot ham s6 bi chan trén mot tap Baire loai hai. Mit khac, vao nam
1905, Hamel [I1] d&a nghién cttu phuong trinh (1)) ma khong c¢6 bat ki diéu kién nao ciia ham
f. St dung co s6 Hamel, ong da chiing t6 ring ton tai cac nghiém phi tuyén cta ([I)). V@ cac
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két qua nghién citu lien quan t6i phuong trinh ham Cauchy, ching toi gidi thieu ban doc t6i
bai bao [I8] va cac tai lieu tham khao trong d6. Ngoai cac ting dung trong nhiéu linh vuyc
khac nhau ctia Toan cao cap, phuong trinh ham Cauchy con déng mot vai trdo quan trong
trong viéc gidi quyét mot 16p phuong trinh ham “kiéu cong tinh” (day 1a céc phuong trinh
ham ¢6 thé dua duge vé dang (I))). Dang toan nay thudng xuyéen xuét hién trong cac ky thi
Olympic Toan so cap trong nhitng ndm gan day. Khong nhitng thé, phuong phap nghién citu
cua Cauchy trong viéc tim nghiém lién tuc ctia phuong trinh cling 1a phuong phap mau
mic va thuong duge dimng dé gidi quyét cac bai toan vé phuong trinh ham trén tap sé thiec.

Nha todn hoc Augustin-Louis Cauchy (1789-1857) (nguon: Wikipedia).

Tiép theo, chiing toi sé gidi thieu t6i ban doc cac két qua nghién citu ctia Cauchy doi véi
nghiém ham lién tuc ctia phuong trinh (1)). Cac két qué nay sé dugde trinh bay chi tiét thong

qua bai toan sau day.

Bai toan 1. Twm tat cd cdc ham s6 f : R — R, lién tuc trén R va théa man

fle+y)=f@)+fly), zyekR (2)
Loi giai. Gia st f 1a ham s6 thoa méan he thic ctia dé bai, khi d6 ta ¢6 (2)). Thay z =y =0
trong , ta dugc
f(0) =2f(0) & f(0) = 0.

Ta sé chitng minh hé thic sau bang phuong phap qui nap toan hoc theo n
f(nz) =nf(x), VereR,¥YneN. (3)

Vi f(0) = 0 nén ta thay ring ding thic trén ding véi n = 0. Gia sit dang thic (3) ding véi
n =k véi k € N*, tc la
f(kx) =kf(x), VYxeR.
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Khi do, ta co

f(k+Dz) = f(kx + 2)
= f(kx) + f ()
=kf(z)+ f(z)
=(k+1)f(x), VreR.

Do dé dang thic dang véi n = k + 1. Theo nguyén ly quy nap toan hoc, dang thic (3]
ding v6i Vn € N. Nhu vay, ta da ching minh duge déng thic . Thay y bdi —z trong
va st dung f(0) = 0, ta dugc

f(=x) = f(z), VxeR.
Béi vay f 1a mot ham s6 18. Khi d6 v6i Vn € Z va n < 0, stt dung déng thiic ta co
f(nz) = f(=n(-2)) = —nf(-z) = nf(z), VreR.
Két hop dang thic tren véi (3), ta duge
f(nz) =nf(x),Ve e R, VneZ. (4)

V6i n € N* stt dung (4)), ta c6

Diéu nay suy ra

f(ir) :%f(x),VxE]R,VnEZ. (5)

n

V6i Vm,n € Z van > 0, st dung va ta dugc

Do do, ta co

flrz) =rf(z), VeeRVreQ
Thay = = 1 trong ding thiic trén, ta dugc

fr)=rf), vreQ (6)

—+00

V6i moi x € R, ton tai day s6 hitu ti {r,} = sao cho

lim r, = .
n—+00
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Vi f la mot ham s6 lién tuc nén ta co6

n——+00 n——+oo
= lim [r,f(1)] = f(1) lim 7, = f(1)z.

Do do, ta co
f(z) =ax, VzeR,

trong d6 a = f(1). Thi lai ta thady ham s6 nay théa man céc diéu kién ctia bai toan. Vay
ham s6 can tim la
f(z) =ax, VzeR,
v6i a 1a mot hang s6.
Nhan xét.

(1) Trong bai toan trén, néu ta thay gia thiét ham s6 f lien tuc trén R béi ham s6 f lien
tuc tai mot diém x, thi két qua trén van ding. That vay, néu ham s6 f lién tuc tai
mot diém zo thi

lim f(t) = f (20) -

t—xo

Do do, ta dugc

lim f(u) = lim f((u—2+20) + (2 = 0))
= tlij;lof(wr (z — 20))

= Jim £(t) + f (x ~ w0)
= Flan) + f (= 20) = (@)

Diéu nay chitng t6 f 13 mot ham s6 lién tuc trén R. Nhu vay, néu f 13 mot ham sb xac

dinh trén R, cong tinh va lién tuc tai mot diém zo € R thi f lién tuc trén R.

(2) Néu ta thay gid thiét ham s6 f lien tuc tréen R bdi ham s6 f don diéu tren R thi két
qua trén van dung. That vay, tit két qua ciia Bai toan 1] ta co

f(z) =ax, VreQ, (7)

trong d6 a la mot hing s6. Ta sé chiing minh trong truong hop f 1a mot ham don
diéu tang. Truong hgp f la mot ham don diéu giam, cach ching minh la tuong tu. Véi

z € R, ton tai hai day s6 hitu ti {u,}/ 5 va {v,}'2 sao cho

u, <z <wv,, VneN"

va
lim uw, = lim v, =x.
n—+400 n—-4o0o
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Vi f 1a mot ham s6 don diéu tang nén ta c6
fluy) < f(z) < f(v,), VYneN.
Két hop diéu nay véi ta dugc
au, < f(z) <av,, VneN"-
Chu y rang

lim (au,)=a lim w,=az, lim (av,)=a lim v, = az.
n—-+oo n—-+oo n—-+oo n—-+oo

Cho n — +o00 trong bat ding thiic trén ta duge
ar < f(z) <ax, VreR

Diéu nay chiing t6 rang
f(z) =ax, VzeR,
v6i a 1a mot hang s6.

(3) RO rang, tit két qua ctia Bai toan , ta thay rang néu f 13 mot ham s6 di tit tap so tu
nhién N hoiic tap s6 nguyén Z hoac tap s6 hitu ty Q va bo di gia thiét f 1a mot ham
so lien tuc thi két qua bai toan trén van dung.

Trong phan sau ciia bai viét nay, ching toi sé trinh bay mot s6 két qua lién quan t6i Bai
toan . Nhiing ting dung ctia phuong trinh ham Cauchy (dac biét 1a phuong phap cing nhu
két qua clia Bai toan [1)) thong qua cac bai toan xuat hién trong cac ky thi Olympic Toan sé

dude trinh bay ¢ phan cudi ctia bai viét.

2. MOT SO KET QUA LIEN QUAN TOI PHUONG TRINH HAM CAUCHY

Mot cau héi duge dit ra sau khi gidi quyét Bai toan (1| d6 1a: “két qua ciia Bai toan con
ding néu ta thay gid thiét f : R — R thanh f 14 mot ham sé bi chan trén mot doan nao
d6?” Dé tra 16i cho cau hoi nay, chiing ta sé dén véi bai toan sau day.

Bai toan 2. Tim tdat cd cdic ham f: R — R bj chan trén doan |a;b] va théa man

flx+y)=f(z)+ fly), Vr,yeR (8)

Loi giai. Gia st ton tai ham f : R — R bi chin trén doan [a;b] va thoa man . Vi f bi

chin trén [a;b] nén ton tai sé thuc M sao cho
—M < f(x) < M, Vx € [a;].

Bay gio, ching ta sé chiing minh rang ham s6 f cling bi chén trén doan [0; b — a]. That vay,
v6i Vz € [0;b — a] thi z + a € [a; b]. Diéu nay suy ra

—M < f(x+a) < M.
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Két hop bat dang thic tren véi (§)), ta duge
—2M < f(z) = f(xr 4+ a) — f(a) <2M, Vz€[0;b—al,

hay
|f(z)| <2M, Vz €[0;b—al.
Diéu nay chiing t6 f 1a mot ham s6 bi chan trén doan [0;0 — a). Ddt b —a = d > 0 thi khi
d6 f cling 1a mot ham s6 bi chin trén doan [0;d]. Tiép theo, ta dat
c=—% g(x)=f(z)—cx, VreR.
Khi do, ta ducc

gz +y)=flz+y) —cler+y) = flz) —cx+ fly) —cy = g(x) + 9(y), Vz,yeR. (9)
Cha ¥ rang
g9(d) = f(d) —cd = f(d) = f(d) =0
Do dé, thay y = d trong @D, ta suy ra

gl +d) = g(z) + g(d) = g(x), VYreR.

Diéu nay ching té, g 14 mot ham tuan hoan chu k¥ d. Hon nita ¢ 13 ham bi chin trén doan
[0;d]. Vi vay, g 1a mot ham s6 bi chin trén R. Gia st 3y € R sao cho g (zo) # 0. Stt dung
két qua ctia Bai toan , ta ¢

g(nxo) = ng(x), Vn €N,
T day, ta dugce
g (nzo)| = n|g (z0)],Vn €N

Vi ¢ 1a ham s6 bi chan trén R va g (79) # 0 nén tit ddng thitc trén, ta c6

Jm g (nao)| = lim g (zo)|n = |g (2o)| lim n=+oo.

Do d6 |g (nzo)| 16n tuy ¥ (chi can chon n du 16n), trai véi diéu kién bi chan ctia ham g. Vi
vay dieéu giai sit 1a sai. T day, ta dugc

g(x) =0, VzeR
Diéu nay ching t6

f(z) =ax, VzeR,

v6i a 1a mot hang sd. Thit lai ta thay ham sd nay théa man cac diéu kién ctia bai toan. Vay
ham s6 can tim 1a

f(z) =ax, VzeR,
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v6i a 1a mot hing s6.
Stt dung két qua clia Bai toan [l ching ta cé thé tim dugc nghiem ham lién tuc ciia
phuong trinh ham nhan tinh:

flzy) = f(2)f(y), Y,y €eR (10)

Tuy nhieén, dé tim dudc nghiém lien tuc ctia phuong trinh (10)), ching ta can két qué cia

bai toan sau day.

Bai toan 3. Twm tat cd cdc ham s6 f : R — R, lién tuc trén R va théa man

fle+y) = f@)f(y), zyeR (11)
Loi giai. Gia st f la ham s6 thoa man he thic clia dé bai, khi d6 ta ¢6 (11]). Ta thay ring
ham s6 f(z) = 0,Vz € R 1a nghiem cta (11). Ta xét truong hop f(z) khong dong nhéat bang
0. Khi do, ton tai 7y € R sao cho f(xg) # 0. Thay y bdi g — z trong , ta dugce
fw0) = f (e + 70— 2) = f(&)f (x0— ), VaeR
Vi f(z0) # 0 nén tit dang thic trén, ta dugce
f(z) #0, VreR.

Trong , thay = bdi 7, thay y béi § va két hop vé6i két qua trén, ta co

=1 (e 2 =1 ()G =[G >0 weem

Diat g(z) = In f(z). Khi d6, g(x) 1a mot ham s6 lién tuc trén R va

g(@+y) =Inf(z+y)=[f(z)f(y)
—In f(z) + I £(y) (12)
=9(x)+9(y), Yr,yeR
T day, theo két qua ciia Bai toan , ta dugc
g(x) =bx, VzeR,
v6i b 1a mot hang s6 tly §. Diéu nay suy ra
f(z) = 9@ = et = (eb)x =a", VxeR,
v6i a = €’ > 0 1a mot hang s tiy y. Thit lai ta thay ham s6 f(z) = a® thoa man céac dieu
kién ctia bai toan. Vay cédc ham s6 can tim la
f(z) =0, VzekR,
va
f(z) =a", VzxeR,
véi a > 0 tuy y.
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Bai toan 4. Tim tat cd cic ham so f: R\{0} — R, lién tuc trén R\{0} va théa man
flry) = f(0)f(y), 2,y € R\{0}. (13)
Loi gidi. Gia st f 1a ham s6 thoa man he thic ctia dé bai, khi d6 ta c6 (13). Khi d6, thay
y =1 vao , ta dugc
f(@) = f2)f(1) & f(@)[f(1) =1 =0, = eR\{0}. (14)

Dén day, ta xét hai truong hop sau.
Truong hop 1. f(1) # 1. Tu (14)), ta dugc

f(z) =0, zeR\{0}.
Nghiém nay théa man cac diéu kién ctia bai toan.

Truong hop 2. f(1) = 1. Khi d6, thay y béii trong (13)), ta c¢6

1= (1) = f (z - i) ~ i) (é)  zeR\{0}

Diang thiic trén ching toé
f(x) #0, Vo e R\{0}.
Trong thay y bdi x va két hop vé6i két qua trén, ta duge

f (@) =f@)f(@)=[f@)] >0, zeR\{0}.

Do do, ta co
f(x) >0, Vz>0.

a) Xét x,y € (0,+00). Khi do, dit
r=e"y=¢e", u,veR
Tu , ta dugc
f(e)=f(e"e")=[f(e") f(e"), Vu,veR.
Dat g(u) = f (e*) thi ding thiic trén trd thanh
glu+v)=gu)-gv), YuveR.
Chi y rang g 1a mot ham s6 lien tuc trén R. Tir két qua clia Bai toan [3| ta ducc
g(u) =a", VueR,

v6i a > 0 tuy y. Do do, ta co

=g =gt =2 VYre (0, +00),

trong d6 a = Ina.
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b) Xét x,y € (—00,0). Thay y bdi x trong va ap dung két qua phan a, ta duge
[f@)]? = f2)f(2) = £ (2°) = (&*)" = (|a]*)’
Vi f(z) # 0,Vx # 0 va f(z) 1a ham lién tuc trén (—oo,0) nén tit dang thiic trén ta c6
f(z) =|z|*, V€ (—o00,0),

hoac
f(z) = —|z|*, Vz € (—00,0).

Két hop céac két qua 6 phan a va b, ta dudc

flx) =lz|%, Vo e R\{0}

hoac

_J l=l* Vo e (0,400),
fle) = { —|z]%, Va € (—00,0),

trong d6 o € R tuy y. Thit lai, ta thay cac ham s6 nay déu thoa man diéu kién bai toan.

Vay, nghiém ham clia Bai toan [4] 13 mot trong cdc ham s6 sau:
f(@) =0, VzeR\{0},

f(x) =lz|*, Vo e R\{0},

va

) =], Vo e (0, 400),
flo) = { —lz|¥, Vx € (—o0,0).

3. UNG DUNG CUA PHUONG TRINH HAM CAUCHY

Dau tién, ching ta sé dén v6i bai toan sau la Bai todn s6 1 trong dé thi Olympic Toan
hoc Quoc té (IMO) nam 2019.
Bai toan 5 (IMO 2019). Twm tat cd cac ham sé f : Z — Z théa man

f(2a) +2f () = f(f(a+D)) (15)
vdi moi s6 nguyén a va b.

Loi giai. Gia st f 1a ham s6 théa man heé thic ctia dé bai, khi d6 ta co . Thay b =0
trong ta dugc
f(2a) +2f(0) = f(f(a)), Va€Z.

Thay a = 0 trong (15 ta c6

fO)+2f(b) = f(f(b), VbeLZ
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Tt hai ding thic tréen, ta duge
f(2a) +2f(0) = f(0) +2f(a), Vae€LZ.
Diéu nay suy ra
f(2a) = 2f(a) = f(0), VaeZ
Két hgp dang thiic trén véi ta thu dugc
2f(a) +2f(b) = f(0) = f(f(a+b), VabeLZ
Thay a = 0 va thay b béi a + b trong dang thiic trén, ta c6

2f(a+b) + f(0) = f(fa+b)), Va,beZ.

Vi vay, ta dugc

2f(a) +2f(b) = f(0) = f(f(a+1D))
=2f(a+0b)+ f(0), Va,beZ.

Do dé
fla)+ f(b) — f(0) = f(a+1b), Va,beZ. (16)
Dat g(z) = f(x) — f(0), tit dang thifc trén, ta suy ra

g(a+b)=g(a)+g(b), Va,beZ.
Tit ddng thiic trén va nhan xét 3 ¢ Bai toan 1] ta dugc
g(x) =kx, Vrel.

Do do
flz) =kx+1, VxelZ,

trong d6 [ = f(0). Thay két qua nay tré lai ta dugc
2k(a+b)+3l=k(a+b)+ (k+1), Va,beZ
Dong nhat hé s6 hai vé é dang thiic trén, ta dugc
2k = k*

va

3= (k+1)L.

T do, ta dugce

k=2 val e Zla mot hing sob.
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Vay ham s6 can tim 13

flz)=2x+1, VzelZ,
trong d6 | € Z 1a mot hang s6.
Nhan xét.

(1) Bai toan [5|1a mot bai todn dé va c6 theé duge xem 1 mot hé qua tryc tiép cia bai toan
. R6 rang néu ta thay gid thiét f 13 mot ham s6 di tit Z vao Z bdi f 13 mot ham s6
di tit Q vao Q hoac f 1a mot ham s6 lien tuc trén R hoac f 13 mot ham s6 don diéu
tren R thi két qua ctia Bai toan [5| van ding. C6 thé thay rang Bai toan |p| da dugc xay
dung tit chinh Bai toan [1]

(2) Du6i day 1a mot s6 bai toan lien quan.

i) Tim tat cd cac ham s6 f : R — R lién tuc trén R va théa méan

{J@+y))={f@)}+{fW)}, VYryeck

Trong do6 [t] 1a s6 nguyen 16n nhat khong vuot qua ¢ va {t} =t — [t].

ii) Tim tat ci cdc ham s6 f: R — R lién tuc trén R va thoa man
flet+y+ay) = f@) + f(y) + fzy), Vo,yeR.

Tiép theo, chiing ta sé dén v6i bai toan sau, ndm trong Dé thi chon hoc sinh gidi Qubc gia
mon Toan 16p 12 (VMO), bang B nam 2006.

Bai toan 6 (VMO 2006, bang b). Tim tat cd cdic ham s6 f : R — R, lién tuc trén R va
thoa man

fle—y)fly—2)f(z—2)+8=0, Vz,y,z€R. (17)
Loi giai. Gid st f 1a ham s6 théa man he thiic ctia dé bai, khi d6 ta c¢6 (17)). Thay = béi &
y bdi —£, va z = 0 trong (17)), ta dugc

ozf(%+%)f6é>f(%>+8=f@ﬁ(—g)+& Vi€ R,

F) (—f) _ 8 WieR

Vi f2(—%) > 0,—8 < 0 nén tit dang thic trén, ta dugc

hay

f(t) <0, VteR.
Do do, tu ,tasuyra
(=@ = yll-fly = 2)][-flz—=z)] =8

i
S logy{[-f(z = y)l[-fly = 2)][-f(z — x)]} =log, 8 =3
+1logy(—f(y — 2)) +logy(—f(z —x)) =3

& logy(—f(z —y))
& [logy(—f(z —y)) = 1] + [logy(— f(y — 2)) — 1] + [logy(—f(2 —2)) = 1] =0, Vz,y,z €R.
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Dit logy(—f(x)) — 1 = g(z) thi f(z) = —29@+1 v& g(z) la mot ham s6 lien tuc tren R. Khi
d6, déng thic trén tré thanh

gx—y)+g9ly—2)+g(z—2)=0, Vry,zeR
Diéu nay tuong duong véi
9@ —y)+gly—2)=—g(-(r—y) - (y—2)), Yr,yzek

Do do, ta ducc

g(u) +g(v) =—g(—u—v), Yu,veR. (18)
Trong , thay u =v =0, ta cé

29(0) = —g(0) = 3¢(0) = 0 < g(0) = 0.
Thay v = 0 vao , ta dugc

g(u) = —g(—u), YueR.
Két hop diéu nay véi (18), ta suy ra
g(u) +g(v) =gu+wv), Yu,veR.
Chi ¥y rang g 1a mot ham s6 lién tuc trén R. Do d6, ap dung két qua ctia Bai toan , ta dugc
g(x) =ax, VreR.

Vi vay, ta co
flz) = =290t = 2941 vz e R.

Tht lai, ta thay ham s6 nay thoa man cac diéu kién ctia bai toan. Vay ham s6 can tim 1a
f(z) = =2t vz € R.
Nhan xét.

(1) T gid thiét ctia dé bai, chiing ta c¢6 thé chiing minh f(r) < 0,Vz € R theo huéng
tiép can nhu sau. Gia st ton tai a,b € R sao cho f(a) > 0, f(b) < 0 thi khi d6, ta c6
f(a)- f(b) < 0. Theo dinh ly gia tri trung gian thi ton tai z¢ € (a, b) sao cho f(zg) = 0.
Thay y bdi x — xy trong , ta dugce

0= f(xo)f(x—x0—2)f(z—2+x0) +8=28.

Diéu nay 1a vo 1i, do do
f(z) <0, VzeR,
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hoac
f(z) >0, VreR.

Tuy nhién, néu f(x) > 0,Vz € R thi
fle—y)fly—2)f(z—2)+8>8>0, Vz,y,z€eR.
Diéu nay mau thuan véi gid thiét. Vi vay, ta co

f(z) <0, VzreR.

(2) Mot cau héi duge dat ra trong 161 gidi trén 1a: “tai sao ching ta logarit co s6 2 ca hai
vé ctia dang thiic ma khong logarit theo co s6 khac?” Thuyc ra, chiing ta logarit
theo co s6 nao ciing thu duge két qua nhu 15i giai trén. Tuy nhien, dé thuan tieén trong
viéc bién doi phia sau va chii ¥ ring 8 = 23 nén chiing ta mdéi logarit cd hai vé theo co
s6 2. That vay, néu chung ta logarit ca hai vé clia theo co s6 8 thi ta c6

1

(0 1)) = 5| + [1om(= 7ty = ) = 5| + [loms(=1z =) - 5] =0,

v6i moi ,y, 2 € R. Dat logg(—f(2)) — L = g(z) thi f(z) = —8/@+3. Khi do, ta dugc

%
glx—y)+9ly—2)+g(z—2)=0, Vr,y,ze€R.
Lap luan tuong ty nhu 161 giai trén, ta suy ra
g(x) =bx, VzeR

Vi vay, ta co

f([[’) _ _8g(m)+% _8b$+% _ —S%MH_% _8%(am+1) _ _2az+1

, VreR,
v6i a = 3b.
Bai toan 7 (VMO 2016). Tim tat cd cdc so thuc a dé ton tai ham sé f : R — R théa man
) f(1) = 2016.

i) Vdi moix,y € R,

fle+y+ fy) = f(z) + ay. (19)
Loi giai. Néu a = 0 thi tir ta duocc
flz+2017) = f(z), Vaz,yeR.
Do d6, f 1a mot ham tuan hoan chu ki 2017. Vi f(1) = 2016 nén

f(z) =2016, Vz€R.
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Ta xét truong hgp a # 0 thi trong hoan vi vai tro ctia z va y ta dugc
fe+y+fz) =fly) +ax, VryekR (20)

Néu f(z) = f(y) thi tu VA ta suy ra x = y hay f la mot don anh. Trong cho
y =0 taco

flz + £(0) = f(a), Ve € R.

Vi f la don anh nén
z+ f(0) =a,Vz € R.

Do do, ta ¢6 f(0) = 0. Trong thay z = 0, y = 1 ta dugc a = f(2017). Tiép tuc thay y
béi —@ trong ta dugce

f(x—@w(#)) — f@)— f() = 0= f(0), VzeR

Vi f la ham don anh nén

Diéu nay suy ra

Trong thay y bdi —@ ta dugc

o= 220 (L)) ) - 1) vevem (22)

Stt dung két hop véi ta co
f($+fg)_y_f@)

a

) — f(2) - f(y), VayeR.

Do do, ta dugc
Trong thay x béi x + y ta dugc

flx+y)=flx)+ fly), Vo,yeR
Tu nhan xét cua Bai toan , ta dugce
f(n) =nf(1) =2016n, Vn e N".

Do dé
a = f(2017) = 2016 - 2017.
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Khi d6 ta c¢6 ham s6 f(x) = 20162 théa man diéu kien bai toan. That vay, véi
f(z) =2016x, VzeR

thi
f(1) = 2016
flz+y+ f(z)) = 20162 + 2016.2017z = f(y) + ax, Yo,y €R

Vay a = 0 vd a = 2016 théa man diéu kién dé bai.
Nhan xét.

(1) Trong bai todn nay dé tinh dugc gid tri cia ham s6 tai diém x = 0 chiing ta da st dung
tinh don anh ctia ham s6. Viéc nhan ra f don anh la dé dang. Sau khi da tinh dudc
£(0) thi viec thé cac gia tri nhu thé nao dé cé thé “tan dung” duge két qua f(0) = 0 1a
tu nhién. Ching ta nhic lai cac tinh chat co ban ctia mot ham s6 thuong duge dung
xuyeén sudt trong cac bai toan gidi phuong trinh ham. Ham s6 f di ti mién xac dinh
D C R vao R dugce goi 1a don anh néu f(x) = f(y) thi x =y véi Vz,y € D. Ham s6 f
duge goi 1a toan anh néu véi z € R ton tai x € D sao cho z = f(z). Ham s6 f 1a song

anh néu né dong thoi 1a don anh va toan anh.

(2) Trong Bai toan , G truong hop a # 0, ta da ching minh duge f 1a mot cong tinh va
do d6 két qua ctia Bai toan [l van dude stt dung trong bai toan nay. Néu bai toan co
them gia thiét f 1a mot ham s6 lien tuc hoic don diéu trén tap xac dinh thi ta c6 thé
két luan ham s6 f(z) = 2016z, Vr € R, 1a nghiém ctia phuong trinh trong trudng hop
a # 0 vi ham s6 f 1a mot ham cong tinh va f(1) = 2016. Cha § ring néu phuong trinh
ham ctia bai toan la mot phuong trinh ¢6 dang “d6i xtng” gitta cac bién (vi du nhu
Bai toan [7)) ta thuong dimng phép thé thay z bdi y va thay y bdi z, tiic 1a hoan ddi vai
tro clia x, y trong phuong trinh ban dau dé c6 thé ching minh dudc tinh don anh ctia

ham s6 can tim.

Két qua ¢ phan nhan xét ctia Bai toan |1/ tiép tuc duge sit dung trong bai toan tiép theo nam
trong D& thi chon doi tuyén Qudc gia du thi Olympic Toan Qudc té ctia My (USA TST)
nam 2012.

Bai toan 8 (USA TST 2012). Tim tat cd cac ham so f: R — R théa man

fle+v?) =f@)+yfly)l, Ya,yeR. (24)

Loi gidi. Gia st f 1a ham s6 thoa man he thic cta dé bai, khi d6 ta ¢6 (24). Thay z = 0
Vao , ta dugc
FW) =F0)+yfy)l, VYyeR. (25)

Thay y béi —y vao ([25)), ta co
f?) =f0)+]-yf(=y)l, VyeR.
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Két hop dang thic tren véi ([25), ta duoe

wfWl=1-yf(=y)l, VyeR.
Diéu nay suy ra
Wl =1f(=y)l. vy €eR,
hay ta co
) = fA(~y), YyeR (26)
Thay = béi —y? vao ([24), ta duge
FO) =f(=y") +lyf)l, YyeR.

Két hgp déang thiic trén véi (25)), ta dugc

£0) = f(=v*) + f (v?) — f(0), VyeR.

Diéu nay tuong duong véi

21(0) = F (%) + f (7). WyeR

Do do, ta dugc
2f(0) = f(—x) + f(z), VreR (27)

Tu va (27), ta c6
[2f(0) — f(2)]* = f*(z), VzeR.

T dang thic trén, ta duge
41%(0) = 4f(0) f(z) + f*(z) = f*(z), Vz€eR.

Vi vay, ta co

FO)f(0) = f(2)] =0, VreR (28)
Néu f(0) # 0 thi ([28), ta duoc

Két hop két qua nay véi (24), ta duge

f(0) = f(0) +|yf(y), VyeR

Do dé, ta co
lyf(y)| =0, VyeR

Diéu nay 1a vo li. Nhu vay, ta thu duge
7(0) = 0.
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Ap dung két qua nay cho (25), ta duge
) =lyfly)l, YyeR. (29)
Vi f(0) = 0 nén tix (27)), ta c6

f(=z)=—f(x), VreR.

Tu va (29), ta duge
fle+y®)=fl@)+f(y*), Va,yeR

Do dé6
flx+y)=f(z)+ fly), VoreR,Vy=>0. (30)

Vé6i Vo € R va Vy < 0 ta c¢o
fla+y)=—f-z—y)=—f(-=

Két hop diéu nay véi ta dugc
flx+y)=f@)+ fly), VYryeR
Nhu vay, f 1a mot ham cong tinh. Tu ta thay rang
f(z) >0, Vz>0.
Do dé, véi Vx > y, ta co
f@)=fle—y+y) =flz—y)+fly) = fly).

Diéu nay ching t6, f 13 mot ham s6 tang. Ap dung nhan xét & Bai toan |1} ta dugc flz) =
ar,Vz € R, trong d6 a 1a mot hang s6. Cha y rang f(z) > 0,Ve > 0.Ti day, ta duge a > 0.
Thit lai, ta thidy ham s6 f(z) = ax, Vo € R, trong d6 a 1a mot hing s6 khong am thoa man

dieu kién dé bai. Vay ham s6 can tim 1a
f(x) =azx, VreR,

v6i a 1a mot hing s6 khong am.
Nhan xét.

(1) Néu “thoat nhin” vao Bai toan |8 thi ta cAm thiy mot chat “ban khoan” vi day la
phuong trinh ham c6 chita dau gia tri tuyét déi. Nhung néu quan sat ki them mot
chit, ta thay rang ca hai vé clia phuong trinh nay déu chita cic ham chdn déi véi bién
y. Diéu nady goi ¥ ngay cho ta viéc thay y bdi —y trong phuong trinh , dé tir do
thu dugce dang thiic (26]).
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(2) Sau khi ching minh dang thic (27)), ta da “coi ”f(z) va f(—=z) la nhiing bién s cla
mot hé phuong trinh gom hai phuong trinh va . Tt day, bang phuong phap
thé, ta da tim ra dugc ding thic quan trong . Phan ching minh f 14 mot ham
cong tinh va don diéu 6 phan cudi cliing 13 co ban va kha quen thuoc.

(3) Dudi day 1a mot s6 bai toan lien quan.

i) Tim tat ca cac ham s6 f: R — R thda man

f@®=y?) =af(x) —yfly), Vo,yeR,

ii) (Dé thi Olympic toan ctia Romania 2006). Gia st r, s € Q 1a hai s6 cho trude. Tim

tat ca cac ham s6 f : Q — Q théa man

fle+fly)=fx+r)+y+s, VryeQ.

iii) (IMO 1992). Tim tat ca cac ham s6 f: R — R théa man
f*+fW) =y+(f)? VoyeR.

Chiing ta thay ring ca bon Bai toan [ [6] [] va[§ déu ¢6 chung mot “mo hinh” d6 1a chiing
minh ham s6 can tim 1 cong tinh va st dung nhiing két qua thu dude 6 Bai toan . Dé két
thiic mot 16p cac bai todn c6 mo hinh nhu vay, ching ta sé dén véi bai toan sau day nam
trong D& thi chon doi tuyén Qudc gia ctia Viet Nam du thi Olympic Toan Qudc té (VN
TST) nam 2004.

Bai toan 9 (VN TST 2004). Twm tat cd cac so thuc a sao cho ton tai duy nhat ham so
f: R — R thoa man

fF@@+y+fW) =f@)P+ay, Va,yeR (31)

Lai giai.

Ta thay rang néu a = 0 thi c¢6 hai ham s6 thdéa man phuong trinh la f(z) =0 va
f(z) = 1. Tiép theo, ching ta sé xét a # 0. Do vé phai 1a ham bac nhat theo y nén c6 tap
gia tri la R, do d6 ta dugc

{f@+y+f@)lyeR} =R

Diéu nay dan dén

{2?+y+f(y)|lyeR} =R
Do d6 {f (y)|y € R} = R, hay f Ia toan 4nh. Vi vay, ton tai b € R sao cho f(b) = 0. Ta sé
chitng minh néu f(x) =0 thi z = 0. T lay y = b ta duoc

f (@2 +0) = [f (@) +ab, VxeR. (32)
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Tu thay = béi —z ta co
f(@*+0) = [f (—2)] +ab, Vz€R.

Két hop véi ta dudc
[f @] =[f(-2))’, VzeR

Diéu nay suy ra

|f (@) =1f(=2)], VzeR. (33)
Tit (33) suy ra f(—b) = 0. Tt (1) lay y = —b ta duoc:
f@2=0)=[f@) —ab, VreR (34)
Tir (32) va B4) ta co
f (2 +0b) — f(2*—b) =2ab, VzeR (35)

T lay « = 0 ta dudc
f () = f (=b) = 2ab.

Vi f(b) = f(=b) nén 2ab = 0. Do d6 ta phai c6 b = 0. Vay ta thu duge tinh chat f(0) =0
va néu f(x) =0 thi z = 0, ciing tt tinh chat nay ta c6 néu x # 0 thi f(z) # 0. T cho
y = 0 ta dugc

f(@*) =1f (z)]?, Yz eR. (36)

fFO=F0=f1=1L

a’>=f*(2) = f(2%) = f(4) =f((¢§)2+2) — f(2)+a=2a.
Do dé, ta phai ¢6 a = 2. Khi d6 tré thanh

F@E+y+f)=1f (@] +2y, Vz,yeR (38)

Tu lay y = —M ta dugc:

, @) HOIRA
f(x—T—i-f(—T))—O, Vo € R.
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Vi vay

Do do, ta ducc

2 2
; (_ f @) ) e M@ e (39)
Tir (B8) thay y bai — WL ta duge:

f <x2— VoL, , (—@)) SF@P- P Yeyer ()

Tu st dung (39) ta co

f (.TQ . [f (éy)] _ yQ +f (_M)) = [f (;L')]Q _ [f (y)]27 Vr, y e R.

Vi vay, ta dugc
f (:v2 - y2) =f ($2) —f (yz) , Vo, y € R. (41)

Tu lay = = 0 ta dugc
f(=v)=—f(¥"), WyeR,

Tu day, ta suy ra
ft)=—f(=t), vi=0. (42)

Véi t < 0thi —t >0, st dung ta thu duge f(—t) = —f(t). Két hop véi (42)) ta co

f(=t)==f(t), VLeR,

hay f 1a ham s6 1é tren R. Tu day két hop véi ta dugc:

flx+y)=fx)+ fly), véi x>0,y <0 (43)
TfI ciing co6:
fle+y) = f(z)+ fly), vé6i =<0,y >0. (44)
Néuz >0 vay > 0 thi
flaty)=Ffla-(-y)=f()-f(-y)=F(=)+f(y). (45)

Néu z < 0 va y < 0 thi theo ta co f(—x —y) = f(—z) + f(—y), suy ra
—fla+y)=—f)-fW=[fl@+y)=f(@)+f(y) voiz <0,y <0.  (46)
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Tic (@), (@), (). (1) ta duoe

flat+y)=f@)+f(y), Vz,yeR (47)
St dung va ta c6 két qua sau
[+ =f((x+y)°), VeyeR (48)

Chu ¥ rang
[f @+ ) =[f (=) + f ()]

= f2x)+2f () fy)+ [ (y), VYo,yeR (49)
fF(@+y)?) = f (2 + 22y + °)
= f(2*) + f Qzy) + f (V)
= f2(x)+2f (xy) + 2 (y), Ve,yeR (50)

Tu (48), va (50)), ta c6
flzy) = f(2)f(y), Vz,y€eR
Vi f(=y®) = —f(¥*), Vy € R, nén
f(r)>0, VzeR".
Tw do, véi x > y > 0, ta dugc

f@) = fly)=flx—y) >0, Vo>y>0.

Do f 1a mot ham 1é nén diéu nay ching t6 rang, f 14 mot ham tang trén R. T tinh cong
tinh ctia ham 6 f, ta duge f(x) = ax, Vo € R. Két hgp v6i tinh chat nhan tinh cia ham s6
f, ta thay rang

a=0 hodac a=1.

Vi f(1) = 1 nén ta c¢6
f(z) =z, VrxeR.

Thit lai ta thay ham s6 f(x) = z,Vr € R théa man diéu kién ctia bai todn. Vay a = 2 1 gia
tri can tim.
Nhan xét.

(1) Bai toan nay thuoc 16p cac bai todn xac dinh tham s6 dé phuong trinh ham da cho c6
nghiém hodc mot 16p nghiem théa man mot diéu kién nao d6. Quan sat thay rang néu
f(z) = x 1a nghiém ham thi sé dan dén a = 2. Va ching ta mong mudn chitng minh
rang day 1a ham s6 duy nhat. Diéu kién vé tinh duy nhat nghiém da gitp ta loai bo
dugce truong hop a = 0.
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(2) Chung ta thay ring vé mat y tudng xay dung, két ciu cling nhu hinh thitc, thi Bai

toan so |§| va Bai toan s6 [7] c6 nhiéu nét tuwong dong. Day 1a mot bai toan hay va kho,

dé giai quyét dugc bai toan nay, hoc sinh phai nim vitng cac tinh chit co ban cta

ham s6, két hop v6i kinh nghiém khi sit dung cac phép thé gidi quyét cic bai toan ve

phuong trinh ham. O ching minh phan cudi clia bai toén, ching ta tiép tuc st dung

két qua thu duge tur Bai toan

(3) Bai toan sb @ thuc ra la két qua tdng quat clia bai toan dudi day, duge dang trong
phan dé ra ki nay cta tap chi “The American Mathematical Monthly” (AMM) thang

2, nam 2001.
(AMM, 2001). Tim tat ca cac ham s6 f : R — R thoa méan

FE+y+f)=f @] +2y,
v6i moi z,y thuoc R.

Bai toan 10 (IMO 2002). Tim tat cd cic ham s6 f : R — R théa man

(f(@) + fS W) + f(1) = floy — 2t) + flet +yz), Va,y,zteR.

(51)

Loi giai. Gia st f 1a ham s6 théa méan he thic ctia dé bai, khi d6 ta ¢6 (B1). Thay z =y =

z =0 vao , ta duge
2f(0) = 2f(0)(f(0) + f(t)), VteR.

Thay t = 0 vao ding thtc tren, ta suy ra

(0) =0,
2£(0) = 4f*(0) & 2f(0)[1 —2f(0)] = 0 & 1
FO) = 3.
Dén day, ta xét hai truong hop sau.
Truong hop 1. f(0) = % Khi do6, tu , ta dugc
1
1=f(0)+ f(t) = 3 + f(t), VteR.
Do do 1
Truong hop 2. f(0) = 0. Khi d6, thay z =t = 0 vao (1)), ta ¢
fley) = f(@)f(y), Vz,yeR.
Thay = y = 1 vao ding thic trén, ta suy ra
f(1) =0,
fO =1 fMl-f1)]=0s
) =1
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Néu f(1) = 0 thi trong thay y = 1, ta dugc

f(x) = f(z)f(1) =0, Vz,yeR

Tiép theo, ta xét f(1) = 1. Trong layz=0vay=t=1taco

f(=2)+ f(z) =2f(2), Vz€R.

Thay z bdi —z trong dang thitc trén, ta dudc

f(2)+ f(=2) =2f(=2), VzeR.
Do do, ta co
f(2) = f(=2), VzeR.
Diéu nay ching t6 f 1a mot ham s6 chén. Tiép theo, thay y bdi z va z = ¢ = 0 trong (51)),
ta dudce
f(z%) =[f(@), VzeR

Déng thiic trén suy ra
f(z) >0, VzeR. (54)
Ta sé chiing minh hé thiic sau bang phuong phap qui nap toan hoc theo n
f(n)=n* VneN. (55)
Vi f(0) = 0 nén ta thiy ring ding thic trén ding véi n = 0. Gia sit dang thiic ding
véin =k véi k € N*, tidc 1a f(k) = k. Khi d6 thay z = k,y = z = ¢ = 1 trong (51)), ta dugc
flk=1)+ f(k+1)=2[f(k)+1].
Diéu nay tuong duong véi
flk+1) =2[f(k) +1] = f(k—1)
=2(K*4+1) — (k—1)
=22+ 2K+ 2k —1
=k +2k+1=(k+1)>%

Do d6 déng thic dtng v6i n = k + 1. Theo nguyén 1y quy nap toan hoc, dang thiic (55))
ding v6i Vn € N. Nhu vay, ta da chiing minh duge dang thic (55). Cha y ring, f 14 ham so
chn. Vi vay tu (7)), ta duge

f(z) =2* VrclZ

Mat khac, v6i n € N*, tu ta dugc

1=fﬂ)=f@%%)f(%)zfmrf(%):n”f<%).
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Do do, ta co

Do do, ta co

Thay y b6i x, z béi t trong (51)), ta ¢6

f(@@+9) =[f@)+ fW)])? Va,yeR. (57)

Xét v > v > 0. Khi d6, ton tai xg, yo sao cho
v:yg, u:xg—i—yg.
Thay x = xg,y = yo vao va sit dung , ta dugc

flu) = f (x5 +y3) = [f (z0) + f (o))"
=[f (%)]2 + 2f (wo) f (o) + [f (?Jo)]2
> [ (x3) = f(v).

Diéu nay chitng t6 f 1a mot ham don diéu tang trén R*. V6i 2 € RT, ton tai hai day s6 hitu
ti {u, },25 va {0,125 sao cho

0<u, <zx<w, VneN*
va

lim uw, = lim v, =x.
n—400 n——400
Vi f 1a mot ham s6 don diéu tang tréen RT nén ta c6
fluy) < f(z) < f(v,), VYneN.

Két hop diéu nay véi ta dugc

ui < f(z) <v?, VneN.

n’

Cho n — +o0o trong bat ding thic tréen ta dugc
2? < f(r) < 2%, Vo eRY

Diéu nay chiing t6 rang
f(z) =2 VoecR".
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Vi f 1a mot ham s6 chin nén ta c6
f(z) =2% VreR.
Thit lai, ta thiy cac ham s6 f(z) = 0,Vz € R, f(z) = 3,Vz € R va f(z) = 2?,Vz € R déu

théa man diéu kién ctia dé bai. Vay cac ham s6 can tim 1a

flx) = %, Vz € R,

f(z)=0, VzekR,
va

f(z) =22 VrecR.
Nhan xét.

(1) Ta thay rdng qua trinh tim nghiem f(z) = z%,Vo € R trong bai toan trén giéng het
v6i qua trinh tim nghiem lien tuc & Bai toan [I] Tic 1a, ching ta bt dau tim nghiem
trong tap s6 tu nhién N, sau d6 md rong két qua dé len tap s6 nguyén Z, roi dén tap
s6 hitu ty Q va cudi cung la tap s6 thuc R. Ro rang 1a tinh trit mat ctia tap sb6 hitu ty
trong tap s6 thic déng vai tro then chdt trong viec mé rong két qua tir Q lén R trong
ca hai bai toan.

(2) Cha y rang tren R, ham 22 ¢6 ham ngugc 14 /7. Do d6, ngoai cach lap luan dé tim
nghiém f(x) = 2 nhu trinh bay trong 15i giai trén, ching ta c6 thé thuc hién mot

cach ngan gon nhu sau.
Gid st ton tai z > 0 ma 0 < f(x) # 2% Ta xét hai truong hgp sau.
i) Néu 0 < f(z) < 22, thi khi d6 lay s6 hitu ti @ thoa man
x>a>\/f(z)
Vi f 1a ham don diéu tang tréen R* nén ta duge
f@) > fa) =a* > (\/f(2))* = f(z), VzeR"
Diéu nay 1a mau thuan.

ii) Néu f(x) > 22 thi chiing minh tuong ty nhu truong hop trén, ta ciing suy ra diéu

mau thuan.
Do d6 diéu gia sit 1a sai. Vi vay, ta dugdc
f(z)=2° VreR
(3) Déang thitc trén c6 thé duge lay cam hing tit ding thiic ndi tiéng sau day
(% +2%) (¥ +£°) = (zy — 2t)* + (at + y2)?,
Day la déng thiic thuong duge st dung dé nghién citu téng ciia hai binh phuong trong

Iy thuyét so.
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L3i cam on
Tac gid chan thanh cAm on ThS. Ha Tuan Diing, ngudi da tryc tiép va tan tinh hudéng

dan téc gid trong qua trinh viét bai bao nay.
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NGUYEN LY BAO HAM VA LOAI TRU
SU DUNG TRONG CAC BAI TOAN PEM

Nguyén Vin Dat - K434 SPT
Khoa Todan, PHSP Ha Néi 2

Tém tat. Trong Iy thuyét to hop, ta da biét dén véi nguyén Iy cong, day la mot nguyén
Iy don gian dé dém s6 phan tit ctia mot hop cac tap hop vdi gia thiét cac tap hop khong c6
s tring lap cac phan tit duoe biéu dién dudi dang tap hop nhu sau

|AUB| = |A| +|B|.
Nguoc lai, néu A va B la cac tap hop c6 chita cac phan tit chung thi ta c¢6 cong thiic
|[AUB| = |A| +[B| - [AN B,

nghia la dé dém tong s6 phan ti ciia hai tap hop nay, ta phai “loai trit” di mot lan s6 phan
tit thuoc ca hai tap hop. Phuong phap dém & trén la mot dang don gidn ciia nguyén Iy bao
ham va loai trir, mot phuong phéap rat co ban dé giai quyét cac bai toan dém. Trong bai viét
nay, tac gia muén gidi thiéu chi tiét hon téi ban doc vé nguyén ly nay ciing nhu mot vai ing

dung ctia né dé giai quyét mot s6 bai toan dém.

1. NGUYEN LY BAO HAM VA LOAI TRU

Nguyén 1y bao ham va loai trit duge xem nhu nguyén 1y tong quét ctia nguyen 1y cong.
Nguyeén 1y nay duge biét dén dudi nhiéu dang khac nhau. Dang kinh dién ctia nguyén 1y nay
dugc phat biéu thong qua Dinh 1y sau:

Dinh 1y 1.1 (Nguyén Iy bao ham va loai trit dang kinh dién). Cho Ay, Ay, ..., A, la cdc
tap hiu han. Khi do

AT UA UL UA = ) A= ) JANAl+ .+ (=) AN AN, N A,

1<i<n 1<i<j<n

Ban doc c6 thé dé dang chiing minh Dinh Iy bang phuong phap quy nap hay bang
chinh phuong phap dém s6 phan ti ctia hop n tap hop A;,i = 1,n & trén véi luu ¥ s cac
giao clia k tap hop lay tit n tap hop biang CF.

Dinh Iy sau phat biéu mot dang tdng quat clia nguyen 1y nay dua tren trong luong clia

cac vat v6i tinh chat cho truée ndo do.

Dinh 1y 1.2 (Nguyén Iy bao ham va loai trit dang tong quat). Xét n vt ay,as, . .. ,a, vdi
cic trong lugng w(ay),w(as), ... ,w(a,), moi vt a; da cho cé thé nhan mot s6 tinh chdt nao
dé trong cdac tinh chat Ay, As, ..., A,. Kij hiéu:
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i) M(r) la tong trong luong ciia cdc vat cé chinh xdc r tinh chat,

i) M(Ay,Asy, ..., Ay,) latong trong liong ciia tat cd cdc vat cé tinh chat Ay, Ay, .. ., Ay, -
Khi do .
M(r) =Y (1) "CiSk,
k=r
Va4
Sy, = > M(A;,, Ay, .. Ay,

1< <i9<... <1 <n

Ban doc ¢6 thé tim hiéu vé cach chitng minh Dinh Iy nay trong tai ligu [6].

Bén canh do6, ta cling da biét, xét vé mat tap hop, mdi két qua ctia mot phép thit hitu
han (chinh 1a cdc bién ¢6 ngdu nhién) ciing 13 mot tap hgp con ctia khong gian mau, vay
nén trong 1y thuyét xac suat, Nguyén ly bao ham va loai trit con duge biét dén thong qua

cong thic sau:

P(AJUAU...UA) = Y P(A)— Y P(ANA)

1<i<n 1<i<j<n

+.o o+ (=D)"P(AIN AN N A,

trong d6 Ay, As, ..., Ay, 14 cac bién ¢b lien quan dén cing mot phép thit va P(A;) 1a x4c suat

clia bién ¢d A; tuong tng.

2. UNG DUNG CUA NGUYEN LY TRONG CAC BAI TOAN DEM

Trong muc nay, tac gid tap trung vao viéc gidi thiéu nguyén 1y bao ham va loai trir dang
kinh dién va cach van dung nguyén 1y dang nay trong cac bai toan dém & cap trung hoc co
s8, trung hoc phd thong hay céc Ky thi chon hoc sinh giéi cap Tinh, Quéc gia, Khu vuc va
Quoc té.

Hon nita, khi gidi cac bai toan dém, ta hay giap cac bai toan c6 dang “Dém xem c6 bao
nhiéu phan ti ctia mot tap X cho truée, khong théa man bat ky mot tinh chat nao da cho”.
Khi d6, néu ta “dong nhat” tap Ay vé6i tinh chat a; nao dé trén tap X va goi N 1a tong s6

phan tt ctia X, N 1a s6 cach can dém thi ta c6 cong thiic sau day

v6i Ny 1a tong phan tit clia tit ca cac giao clia k tap hgp lay tit n tap hop da cho.
Cu thé, gia st ta can dém s6 phan tit trong tap hop X khong théa man bat ky tinh chat
ag, k=1,2,...,n. Khi do, ta ky hiéu

X, = {x € X|z théa man tinh chat ozk} )

Khi d6, phan bu ctia X}, 1a
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X, = {z € X|z khong théa méan tinh chat ay} .
Goi N 1a s6 phan tit can dém, ta co
N=|XinXon..NX,|=|X|-|X;UXoU...UX,| (1)

Cong thiic nay dude st dung rong rai dé giai 16p cac bai tap vé dém sbé phan ti thda méan
cac tinh chat sd hoc, xac dinh nghiém nguyén, dém s6 toan anh, tim s6 x4o tron ciia mot
hoan vi c6 n phan ti,. ..

Dé minh hoa cho nhiing tng dung ciia nguyen 1y bao ham va loai trit, tiép theo ching
toi sé dua ra mot s6 cac vi du ma 6 dé nguyen 1y nay déng vai tro chti chét trong viec giai
quyét cac bai toan.

Bai toan 1. Tim s6 cdc so nguyén trong tap X = {1,2,...,10000} théa man rang cic so
dé khong chia hét cho bat cii s6 nao trong 3, 4 va 7.

Loi giai. Goi goi X1, X5, X3 lan luct 1a céc tap hgp s6 chia hét cho 3, 4 va 7. Khi do6, ta
thay rang X1, X, X3 lan luct 1 cac tap hop s6 khong chia hét cho 3, 4 va 7. Vi vay, ta can
di tinh X7 N X5 N X3 1a tap hop cac s6 khong chia hét cho ca 3, 4 va 7. Theo cong thitc (),
ta co

N=|XNXNX;3|=|X|—|X;UX,U X3

Ap dung nguyen 1y bao ham va loai trit, ta dugc
| X7 U X, U X3
= |Xq| + | Xo| + | X3 = [ XiNXo| — [ XoN X3 — [ XiN X3+ XiNXoN X3 (2)

Ta thay rang
(3,4) =47 =037=0347 =1

Do do, ta co

XlﬁXQZ{x]:cff—Svéfol}: x]x512},

{
{y|y52l},
{

Xzﬂng{z|zf4Vazf7}: z|zf28},

Xlﬂng{y|yf3véyf7}

va
Cht ¥ rang, véi mdi s6 nguyén m thi céc sd trong X chia hét cho m 1a [12%] (phan nguyen
cla mmﬂ). Vi vay, ta dugc

| X1| = 3333, | X,| = 2500, | X3| = 1428,
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X1 N X,| =833, | X N X;| = 476, | X2 N X3| = 357,

X1 N X, N X3 =119, |X]| = 10000

Tt cac két qua trén, ta dugc
N = 10000 — 3333 — 2500 — 1428 + 833 + 476 + 357 — 119 = 4286.
Nhan xét.

(1) Sit dung ki thuat tuong ty, ta co thé gidi bai todn tong quét sau.

“Cho n la s6 nguyén duong va k s6 nguyén duong ai,as, ...,a; doéi mot nguyén to
ciing nhau. Tim cac s6 nguyén duong a < n sao cho a khong chia hét cho a; véi moi
1=1,2,..., K"

(2) Nhan xét i) doi hoi gia thiét ay, as, . .., ar doi mot nguyen t6 cing nhau. Loi gidi cla
bai toan sé thay ddi ra sao néu ta boé di gia thiét d6? Cau héi nay, tac gia xin danh

cho ban doc.

Bai toan 2. Cho m qud cau doi mot khdc nhau va n cdi hop doi mot khdac nhau (m > n).
C6 bao nhiéu cdch bé tat ca cdc qud cau vao trong cdc hop sao cho hop nao ciing cé it nhat
1 qud cau (khong ké thit tu cdc qud cau trong moi hop)?

Loi giai. Goi A 1a s6 cach boé cau vao hop théa man dieu kién bai toan. V6iméii = 1,2,...,n
ta ki hieu A; 1a s6 cach bd cau vao hop ma A; khong chita qua cau. S 1a tap hop tat ca cac
cach bd cau vao hop. Khi dé, ta duge

n

U4l

=1

Al = 15[ =

Ta dé thay s6 cach bé ngau nhién x qua cau vao y hop véi diéu kién s6 lugng cau trong moi
hop khong han ché va khong ké thit tu cac qua cau trong médi hop 1a y®. That vay, qua cau
thit nhat c6 y cach bo vao hop, qua cau thit hai c¢6 y cach bd vao hop(hop nao ciing dugc,
ké c& hop c6 cau),... Tuong tit nhu vay thi dén qui cau tht 2 ciing c¢6 y cach bd vao hop.
Theo quy tac nhan thi c6

y-y-y=y"*

cach bo hét qua cau vao hop. Tu trén, ta suy ra véi i, = 1,2,...,n, ta co
|S| =n" |A)| = (n—1)" (b6 m qua cau vao n — 1 cai hop khéac hop A;),
AN Ajl = (n—2)" (bdm qua cau vao n — 2 cai hop khac hop A; va A;,Vi # j).

Twong tu nhu vay, ta duge
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Khi d6, ap dung nguyén 1y bao ham loai trit dang tdng quat ta dugc:

n

(=S -1 Y () > [n— (n—1)]"

i=1 1<i1<ig<n 1<) <ip<...<ip_1<n

=Cln—1)"—=C%(n—2)" +...+ (=1)"2C 1.

Vi vay, s6 cach bd théa man yéu cau bai toan 13

Al =n™ - Cln —1)™ +C%(n —2)™ + ...+ (=1)"2Cr!

=Y -y -

—

~
I
o

Nhan xét.

(1) Khi gidi bai toan nay, hoc sinh c6 thé dé mi#c sai lam nhu sau.

“Dau tien b vao moéi hop mot qua cau. Khi do, ta c6 A” céch, sau d6 phan phdi
ngau nhién m — n s6 cau con lai vao n cai hop thi c6 n™ ™ cach va két luan c6 tat ca
Ay - n™7" cach.”

Tuy nhién, cach giai tren da méc sai lam vi ta “khong ké thit tu clia cac quéa cau trong
mdi hop”. Do d6, dé giai quyét bai toan nay thi ta can sit dung nguyén 1y bao ham va

loai trur.

(2) Ban chat cia bai toan trén 1a cau héi “Co bao nhiéu toan anh f: X — Y, trong d6 X
c6 m phan tit con Y ¢6 n phan tit, m > n.” Ban doc c¢6 thé tham khao them & tai lisu

[5] vé ting dung nguyeén 1y bao ham va loai trit vao bai toan dém sb cac toan anh.

Sau day 14 mot s6 bai toan st dung dang don gidn ctia nguyén 1y bao ham va loai trit
v6i nhiéu hon hai tap hop.

Bai toan 3. Trong mot l6p co 40 sinh vién dang ky lam khéa luan, trong do:
e 20 sinh vién du diéu kién lam khéa luan chuyén nganh Todn gidi tich,

e 21 sinh vién di dieu kién lam khéa luan chuyén nganh Hinh hoc,

22 sinh vien di dieu kién lam khéa ludn chuyén nganh Todn ting dung,

8 sinh vién di dieu kién lam khéa luan chuyén nganh Todn gidi tich va Hinh hoc,

11 sinh vién di dieu kién lam khéa luan chuyén nganh Hinh hoc va Todn ing dung,

5 sinh vién di dieu kien lam khéa lugn cd 3 chuyén nganh.
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Biét rang moi sinh vién trong l6p di dieu kién dang kij it nhat mot chuyén nganh. Tim s6

sinh vién du dieu kien dang kij cd 2 chuyén nganh Todn gidi tich va Todn 1ing dung.
Loi giai. Goi A, B, C lan lugt 14 tap hgp s6 sinh vién du diéu kién dang ky lam khoéa luan
chuyén nganh Toan gidi tich, Hinh hoc, Toan ting dung. Khi dé theo dé bai, ta c6
|AU BUC| =40,
|A| = 20, |B| = 21, |C| = 22,
va
|JANBNC|=5,|[ANB|=8,|BNC|=11.
Ap dung nguyen 1y bao ham va loai trit cho 3 tap A, B, C' va sit dung cac két qua & tren, ta
dugc
JAUBUC| =|A|+ |B|+|C|—|ANnB|—|BNC|—|ANC|+|ANnBNC|

<40=20421+22—-8—-11—-]|ANC|+5

S |ANC|=20+21422—-8—-11+5—-40=09.
Vay ¢6 9 sinh vién du diéu kién dang ky lam khoa luan 2 chuyén nganh Toan gidi tich va
Toan ting dung.

Nguyén 1y bao ham va loai trit ciing dude sit dung cho mot s6 bai toan dém s6 chudi bits,
xau nhi phan. Ching ta cting dén véi bai toan sau, ndm trong Dé thi Cao hoc ctia Dai hoc
Cong nghé Thong tin Thanh phd Ho Chi Minh vao thang 5 nam 2001.

Bai toan 4. Tim so cdc chudi 8 bits théa man diéu kién: bit bat dav bdi 1 hay 2 bit két thic
bdi 0.

Loi giai. Goi A 1a s6 chudi 8 bits ¢6 bit bat dau béi 1, B 1a s6 chudi 8 bits c6 2 bit két thic
bdi 0. Bay gig, ta di tinh N(A), N(B). Goi

S = 5159535455565758
1a chubi 8 bits ¢6 bit bat dau bdi 1. Vay sy ¢6 1 trudng hop, s; (i = 2,3,...,8) ¢6 2 truong
hop 1a 0 hoac 1. Theo nguyén 1y nhan, ta cé
N(A)=1-2-2-2.2.2.2.2=2T.
Tuong tu, ta duge
N(B)=2°,N(AnB) = 2°.
Theo nguyén 1y bao ham va loai trit, s6 cdc chudi théa man bit bat dau bdi 1 hay 2 bit két
thic béi 0 1a
N(AUB)=N(A)+ N(B) - N(ANnB)
=27 +2° - 2° = 160.
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Nhan xét. Ban doc c6 thé dung cach lam tuong tu dé giai cac vi du sau.

Vi du 1. C6 bao nhiéu xau nhi phan do dai 10 ho#c 1a bat dau bdi 00 hodc 1a két thic béi
117

Vi du 2. C6 bao nhieu xau c¢6 do dai 10 duge tao ra tit tap {a,b, ¢} thda man it nhat mot

trong hai dieu kien:
e Chita dung 3 chit a va ching phai ding canh nhau
e Chtta dung 4 chit b va ching phai ding canh nhau

Hudng dan gidi Vi du 2. Ta goi A 1a s6 xau c6 do dai 10 c6 chita dung 3 chit a ditng canh
nhau, B 1a s6 xau c6 do dai 10 c6 chiia dung 4 chit b diing canh nhau. Khi d6 AU B 1a s6
xau ma ta phai tim. Tu day, ta duge

5!

N(A4) =827, N(B)=7-2°, N(ANB) = 5

=4-5=20.

Ap dung nguyen 1y bao ham loai trit va tim ra duge sb xau la 2476.
Nguyén 1y bao ham va loai trit ciing duge sit dung hiéu qua trong viec dém s6 nghiém

nguyén khong am ctia mot phuong trinh. Sau day la mot vai bai toan minh hoa.

Bai toan 5. Tim so nghiém nguyén khong am cia phuong trinh
r+y+2z=10

vo1 0 <2 <2,0<y<40<2<6.

Loi giai. Goi A la tap tat ci cac nghiém nguyén khong am ctia phuong trinh
z+vy+z=10.

Khi do, ta ducc
Al = Crir = 03?4:110—1 = 0122 = 66.

ntk—1
Tiép theo, goi:
e Ay la tap nghiém véi x > 2,y > 0,2 > 0,
e A, la tap nghiem véi z > 0,y > 4,2 > 0,
e Aj la tap nghiem véi z > 0,y > 0,z > 6.
Khi d6 theo nguyén 1y bao ham va loai trit, s6 nghiém théa man dé bai 1a
[Ay N Ay N Ag| = |A] = |Ay] — [Ag| — |Ag] + | Ay 0 Ag|+[Ag N As|+ A3 N Ay — Ay N Ay N Agl.

Ta thay A; 1a tap nghiém véi z > 2,y > 0,2 > 0, dit

/ / /
r=x-3y =y,7 ==z
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V6i cach dat trén, phuong trinh da cho tuong duong véi
¥+y+2 =7,
trong d6 2’ > 0,y > 0,2’ > 0. Diéu nay suy ra
|A;| = C; = 36.
Twong tu, ta duge
|A; N Ay N As| =0,
|Ag| = C2 = 21, |A3| = C2 = 10,
|AiN Ay =C] =6, |A;NA3| =0, |A NA3| =CF=1.
Vay s6 nghiém théa man yéu cau bai toan la
Ay N AyN A3 =66—-36—21—10+6+1+0—0=6.

Nhan xét. Bai toan trén ta c6 thé tim nghiém nguyén khong am bang phuong phap liet

ké nhu sau:
0<z<2=zx¢cA={0;1;2},

0<y<4=1xe€ B={0;1;2;3;4},
0<z<6=x¢eC=1{0;1;2;3;4;5;6}.

Khi d6 bo nghiém (x,y, z) thda man yéu cau bai toan gom
(0;4:6), (1;4;5), (13 3;6), (2: 2;6), (2; 3;5), (2;4; 4).

Nhin qua ta c6 thé thay lam cach liét ké nay rat nhanh, tuy nhién véi nhitng bai nhicu
nghiém thi ta lai khong thé liet ke dugce hét, hodc 1a mat nhiéu thoi gian. Vi vay uu diém
ctia nguyén 1y bao ham va loai trit ¢ day 1a ta c6 thé gidi v6i nhitng bai toan nhiéu nghiem,
ho#ic nhitng bai tong quat dén n nghiem.

V6i nhitng bai toan dém s6 duge 1ap tit mot bo s6 cho truée, nguyén 1y bao ham va loai
trit ciing phat huy nhiéu wu thé. Dé minh hoa cho diéu nay, chiing ta ciing dén véi bai toan
sau, nam trong Dé thi hoc sinh gidi toan Quoc gia clia Viet Nam (VMO), bang B, nam 1995.

Bai toan 6. Héi tu cdc chit s6 1,2,3,4,5 ¢6 thé lap duge bao nhiéu sé cé 10 chi s6 théa man

dong thoi cdc dieu kién sau:
i) Trong moi s6, moi chit s6 c6 mat ding hai lan,
ii) Trong méi s6, hai chit s6 giong nhau khong dimg canh nhau.

Loi giai. Goi s 1a tap s6 can tim va A 13 tap gdm tat ca cac s6 c6 10 chit s6 lap dudgc tit céc

chit s6 1,2, 3,4,5 thoa man diéu kién i) ctia dé bai. Khi do, ta ¢

10!
|A| = 5 = 113400.
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Ki hieu A; 1a tap hop cac s6 thuoc A sao cho méi s6 déu c6 2 chit s6 ¢ ditng canh nhau
(i=T,5). V6ii,jk=1,23,4,5 ta dugc

9!
|A;| = — = 22680,

8!
AN Ay = S5 = 5040,

7!
|A; N A; N Al = = = 1260,

!
|A; N A; mAkmAt]_ o = 360,

|A1ﬂA2ﬂA3ﬂA4ﬂA5|:5':120

Theo nguyén 1y bao ham va loai trit ta co:

s=1A1= Y A+ Y JANAl— > JAnA N4

1<i<n 1<i<j<n 1<i<j<k<n
+ > JANANANA] - AN AyNA3N AN A
1<i<j<k<t<n

= 113400 — 5 - 22680 + 10 - 5040 — 10 - 1260 + 5 - 360 — 120 = 39480.

Nhan xét. Bai toan trén ta cling c6 thé giai bing cach 4p dung nguyen 1§ bao ham loai
trit dusi dang tong quat dude dua ra é Dinh Iy , khi do6 ta sé dugc cong thic tinh nhu
sau:

n

— 14| - Z<—1>"*r.c:si

i=r

! 7!
= 113400 — 01 + cg -G~

6!
s
St -C 39480.

4
+C 550

521

Bai toan 7. Cho ba chit s6 1,2,3. T cdc chit s6 trén cé thé lap duoc bao nhiéu sé6 gom n

chit s6 (n > 3) sao cho méi s6 dé, c6 mat cd ba chit s6 1,2, 3.

Loi gidi. Goi X 1a tap hgp tat ca cac s6 thdéa man yéu cau bai toan, Y 1a tap cic s6 gom n
chit s6 dugce 1ap tit ba chit s6 da cho, Y; 1a tap hop cac s6 thuoc Y ma trong s6 d6 khong co
mat chit s6 i (i = 1,2,3). Ta can tim

X[ = Y] -1 UY2U Y3
Theo bai ra, ta co
|Y| = 3", |Y;| = 2",
YiNYs| = |YanYs[ = [YiNnYs =1,
YiNnYaNYs|=0.
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Ap dung nguyeén 1y bao ham va loai trir ta dugc:
YIUYaUYs| = Y|+ [Yo + [¥3] — [Yi N Y| = [YaN Y3 — [Yi N V3] + [YiNYa N Y3
=3-2"-3.
Tu day, ta suy ra
| X|=3"—-3-2"+3.

Nhan xét. Bai toan trén la mot dang bai tong quéat v6i n chit s6 nén khi ding ki thuat

nay ta co thé gidi duge mot so bai toan tuong tu sau:

(1) Cho 4 chit 86 1,2,3,4. Tit cac chit s6 trén c¢6 thé tao duge bao nhieu sé6 khac nhau c6
2015 chit s6(n > 4) sao cho mdi 86 d6 c6 mat ca bon chit s6 1,2, 3, 4.

(2) Cho k chit 86 1,2,...,k. Tit cAc chit 86 trén c6 thé tao duge bao nhiéu s6 khac nhau

c6 n chit s6 (n > k) sao cho mdi s6 d6 ¢6 mat cd k chit s6 1,2,..., k.

Ngoai viec duge st dung trong cac bai toan dai s6, nguyén 1y bao ham va loai trit con ting
dung linh hoat trong hinh hoc.

Bai toan 8. Trong hinh vuong cé dién tich bang 6, dat ba da gide cé dién tich bang 3. Chiing

minh rang luon tim duge hai da gidc ma dién tich phan chung cia ching khong nhé hon 1.

Lsi giai.

<

Goi 3 da giac lan lugt 1a A, B, C. Khi d6, theo nguyén 1y bao ham va loai trit, ta co
JAUBUC| = |A|+|B|+|C|—=|ANB|—|BNC|—|ANC|+|AnBNC|. (3)
Theo gia thiét, ta ducc
Al = |B| = |C] = 3. (4)
Ta thay rang A, B, C nam trong hinh vuéng c6 dién tich bang 6 nén
|JAUBUC| <6.

Do do tur (3) va () ta c6 bat dang thiic sau
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9—|ANB|—|BNC|—|ANC|+|ANnBNC| <6,
hay
|JANB|+|BNC|+|ANC|>3+[|ANnBNC|. (5)
Do |[ANBNC|>0neén tu (5)), ta co:
|ANB|+|BNC|+|ANnC| > 3. (6)
Tu (6], theo nguyen ly Dirichlettén tai it nhat mot trong 3 s
|ANB|,|BNC|,|ANC

16n hon ho#ic bang 1. Vay ta luon tim duge hai da gidc ma dién tich phan chung ctia ching
khong nho6 hon 1.

3. KET LUAN

Nguyén 1y bao ham va loai trit duge sit dung nhiéu trong cac bai toan dém kinh dién béi
sit linh hoat ctia n6. Céc bai toan duge dua ra trong bai bao cho thiy cac phuong phap dém
diing t6 hop, chinh hgp hay hoan vi sé phat huy hiéu qua néu c6 su két hop ciia nguyen 1y
nay. Ban doc ciing ¢ thé tim hiéu them mot s6 ing dung ctia Nguyén 1y bao ham va loai
trit trong bai toan Bé thu, bai toan xép khach clia Lucas hay mot s6 bai toan khac. Dé két
thiic bai viét nay, tac gia xin giéi thieu mot s6 bai toan dé ban doc thit stic.

Bai toan 9. C6 15 qud cau doi mot khdc nhau, trong dé cé 4 qud mav vang, 5 qud mau
zanh, 6 qud mau dé. C6 bao nhiéu cdch chon ra 10 qud sao cho trong cdc qud cau con lai cé

di ba mau.

Bai toan 10. Trong mot doi tuyén hoc sinh gioi cua mot truong THPT c6 27 hoc sinh.
Khoi 10 c¢6 10 hoc sinh, khoi 11 ¢6 9 hoc sinh, khoi 12 ¢6 8 hoc sinh. Héi c6 bao nhiéu cdch
chon ra 11 hoc sinh dé lap thanh mot nhém tham du truong hé sao cho moi khoi cé it nhat

mot hoc sinh.

Bai toan 11. C6 bao nhiéu zau nhi phan do dai 10 hodc la bdt daw bdi 00 hodc la két thic
boi 117

Bai toan 12. Cho hai tap X,Y vdi |X| = n,|Y| = k,n > k. Hay dém so toan dnh tu X

200 Y .

Bai toan 13 (Olympic Toan Quoc té, 1991). Cho S = {1,2,...,280}. Tim s6 tu nhién nhé
nhat n sao cho moi tap hop con n phan ti& cia S déu chia 5 so tu nhién nguyén to cung
nhau tung doi mot.

Ban doc c6 thé tham khdo trong tai liu [6] vé nguyén ly Dirichlet.
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Bai toan 14 (VMO, Bang A, 1995). Cho s6 nguyén n > 2 va mot da giac deu 2n dinh.
Nguoi ta to tat ca cic dinh cia da gidgc déu dé bdi m mau sao cho: Moi dinh dugc to bdi
mot mau va moi mau duge duing dé to cho ding hai dinh khong ké nhau. Hai cdch té mau,
théa man cac dieu kién trén dudc goi la tuong duong néu cdach to mau nay coé thé nhan duoc
ti cach to mau kia nho mot phép quay quanh tam cia da gidc da cho. Héi c6 tat cd cé bao

nhiéu cach t6 mau doi mot khong tuong duong?

Bai toan 15 (VMO, 2012). Cho mot nhém gom 5 co gai, ki hieu la Gy, Ga, Gz, Gy, Gs, va
12 chang trai. C6 17 chiéc ghé dugc zép thanh mot hang ngang. Ngudi ta xép nhém nguoi da

cho ngoi vao cdac chiéc ghé dé sao cho cic dieu kién sau dudc dong thoi théa man:
i) Moi nguoi ngoi ding 1 ghé.
ii) Cdc co gai zép theo ding thi tu 1, 2, 8, 4, 5.
iii) Gitta Gy, Gy c6 it nhat 3 chang trai.
iv) Gitta G4, G5 c6 it nhat 1 chang trai va nhiéu nhat la 4 chang trai.
Héi c6 tat cd bao nhiéu cach zép nhu vay? (Hai cich xép dugc coi la khdc nhau néu ton tai
mot chiéc ghé ma ngudi ngoi & chiéc ghé dé trong hai cach zép la khdc nhau,).
L3i cam on
Tac gid chan thanh cAm on ThS. Pham Thi Huong, nguoi da tryc tiép va tan tinh huéng
dan tac gid trong qua trinh viét bai bao nay.
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CUC TRI CO DIEU KIEN VA UNG DUNG

(_‘ wuyén J[(\
q oan

c"ﬂ“’ 2 Cap Nguyén Thi Giang va Vii Thi Thanh Héing - K44B SPT
Khoa Toan, PHSP Hcd Néi 2

Tém tat. Cue tri c6 diéu kién 1a mot bai todn quan trong trong chuong trinh Giai tich
ham nhiéu bién véi 1tng dung rong rai trong cac linh virc khoa hoc va thuc tién. Bai bao dé
cap mot s6 van dé co ban vé ham sb6 nhiéu bién, cic trj c6 diéu kién ciia ham s6 nhiéu bién
va phuong phap nhan tit Lagrange dé xac dinh cic trj ¢6 diéu kien. Méi két qua 1y thuyét
ctia bai bao déu dugc minh hoa bdi hé théng vi du ap dung va cac hinh anh dung bang phan

mém Matlab.

1. MO DAU

Trong céc bai toan & truong pho thong, céc bai toan cuc tri thuoc vao mot trong nhiing
dang toan gan véi nhitng ting dung thiyc té nhat. Nhitng yéu cau vé duong di ngin nhat,
dudng di nhanh nhéat, géc nhin 16n nhat, tong thsi gian chd doi it nhat, tong chi phi it nhat,
téng lgi nhuan cao nhat, dién tich 16n nhat, ... la nhitng yéu cau rat tuy nhién xuat phat tit
nhitng bai toan clia san xuat, doi song va khoa hoc. Chinh vi thé nhitng bai toan cyc tri can
c6 mot chd dimg xiing dang trong chuong trinh toan ¢ phd thong, cac phuong phap giai bai
toan cic tri cling can phai duge trinh bay mot cach bai ban.

Trong 1y thuyét va ing dung, ching ta thuong gap cac bai toan xac dinh cyc tri va tim
gi4 tri cuc tri thoa man cac diéu kien rang budc cho trude. V6i cong cu cap trung hoc phd
thong, mot trong nhitng phuong phap gidi cac bai toin nhiéu bién s6 la lam giadm dan s6
lugng bién dé dua bai toan cuc tri nhidu bién vé bai toan cuc tri ham mot bién hodc c¢b ging
lam gidm s6 rang buodc ciia bai toan it nhat c6 thé. Tuy nhién, khong phai lic nao bai toan
bai toan tim cyc tri c6 diéu kién cling dua vé dang bai toan tim cyce tri tir do. V6i nhitng bai
toan & pho thong, dic biét 1a cac bai toan trong dé thi hoc sinh gidi cac cap, cach tiép can
tit giai tich mot bién c6 thé la dit dé xit If nhung chiing ta van ludén dit cau hoi vé co sé cho
nhitng phép bién ddi, chon diém roi hay nhitng ki thuat ki la dé gidi cac bai toan do.

Phuong phép nhan tit Lagrange dudc bién dén 1a mot trong nhing cong cu hitu hieu dé
gidi quyét céc bai toan cuyc tri c6 diéu kien. Phuong phap nay duge dit theo tén ciia nha
toan hoc ngusi Phap Joseph Louis Lagrange. Cac ban sinh vién nganh Toan sé dugce gidi
thiéu so luge vé phuong phap nay & hoc phan “ Giai tich ham nhiéu bién 17 trong nam thi
hai ctia bac dai hoc. Vi vay, dé gitp ban doc, dic biét cic ban sinh vién nam thi hai c6 géc
nhin sau siac hon vé 1y thuyét va tng dung ciia cac bai toan cyc tri, bai bdo nay gidi thieu

t6i ban doc mot cach so luge vé gidi tich nhiéu bién, cuyc tri c6 didu kién ctia ham nhiéu bién
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va phuong phap nhan tit Lagrange dé tim cuc tri c6 diéu kién ctia ham nhiéu bién.
Noi dung bai viét gom 4 phan:

Phan 1. Kién thitc chuan bi: Ching t6i nhéc lai cac khai niem vé ham nhiéu bién, dao
ham va dao ham riéng ctia ham nhiéu bién, dao ham cap hai va dao ham riéng cap hai
ctia ham nhiéu bién;

Phan 2. Cuc tri c¢6 diéu kién: Ching toi trinh bay vé khai niem cyc tri c6 diéu kien,
phuong phép nhan tii Lagrange va tong quéat luge do tim cuc tri c6 diéu kién theo
phuong phap nay;

Phan 3. Mot s6 vi du: Tiép theo, dé minh hoa cho cac két qua 1y thuyét, ching toi trinh
bay mot he thong cic vi du vé cac bai toan cuc tri gidi quyét bang phuong phap nhan
tir Lagrange;

Phan 4. Mot s6 bai tap tham khao: V6i muc tiéu gitp ban doc tu kiém chitng cac két
qua da trinh bay, phan cudi ciia bai bdo trinh bay mot sé cac bai tap kién nghi lien

quan dén cuc tri c6 dicu kien.

2. KIEN THUC CHUAN BI
2.1. Ham nhiéu bién
Dinh nghia 2.1 ([2]). Xét tap hop
A={z=(x1,22,...,2,) : 7, €R, i =1,n} CR"
Khi d6, énh xa f : A — R™ xac dinh béi x € A — f(x) = (fi(x), f2(x), ..., fm(x)) dude goi
124 mot ham nhiéu bién gia tri vecto xac dinh trén A va nhan gia tri trong R™. Cac tap hop
A CR™va f(A) C R™ lan lugt 1a mién x4c dinh va mién gi4 tri ctia anh xa f.
Dic biét, v6i mdi j = 1, m, mot ham s6 nhiéu bién la anh xa

fi i ACR" =R, z+— fij(z).
Vidu 2.1. Xét anh xa f : R x R — R xéac dinh bdi

(2, y) = flz,y) = Va2 +y2
Anh xa f(z,y) cho nhu trén 13 mot ham s6 hai bién tren R2. Hon nita, 6 thi ham sé f(z,v)
xac dinh mot mat nén (xem Hinh 1).

Vi du 2.2. Xét anh xa f : [0,27] x [0, 27] C R* — R® cho bdi
(u,v) = f(u,v) = |u cosucosv cosusinv|.
Anh xa f(u,v) cho nhu trén xac dinh mot ham hai bién gid tri vecto trong R3. Biéu dién

hinh hoc ctia ham vecto f(u,v) chinh 1a mat cong tao thanh khi quay dudng cong y = cosu
quanh truc Oz (xem Hinh 2).
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Hinh 2. Mit cong tao béi khi quay duong cong y = cosu quanh truc Ox.

Vi du 2.3. Xét anh xa 7: [0,27] x [0,27] C R* — R? cho bdi

(0,0) — 7(0,0) = [(2 cosf + 3)cos¢p (2cosf + 3)sin ¢ ZSinH] .

Anh xa 7(0, ¢) cho nhu trén x4c dinh mot ham hai bién gia tri vecto trong R3.
Biéu dién hinh hoc ctia ham vecto (6, ¢) chinh 13 mot mat xuyén tao thanh khi quay dudng
tron (z — 3)? 4+ 22 = 4 quanh truc Oz (xem Hinh 3).

2.2. Dao ham va dao ham riéng ciia ham nhiéu bién

Dinh nghia 2.2 ([2]). Cho tap A C R” va diém 2o € A. Anh xa f: A C R" — R™ duge
goi 1a kha vi tai diém zy néu va chi néu ton tai 4nh xa tuyén tinh Df(zo) : R® — R™ sao
cho v6i moi h € R” thdéa méan xo + h € A, ta cé

f(zo+h) — f(xo) = Df(xo)h + 1(h),

IrWl — o véi | - || 1a chuan trong R™ (xem [2]). Anh xa

trong dé r(h) thoa man lim Tl

[lA]|—0
tuyén tinh Df(z) cho béi trén duge goi la dao ham ciia anh xa f tai diém x. Anh xa
f:ACR® = R™ dugc goi la kha vi trén A néu va chi néu f kha vi tai moi diém z, € A.
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Hinh 3. Mt xuyén 7(6, ¢) tao thanh khi quay duong tron (z — 3)% + 22 = 4 quanh truc Oz.

Dinh nghia 2.3 ([2]). Cho tap hgp A C R™ va 4nh xa f : A — R. Gia st rang {e;}7, 1a
mot co s truc chuan ctia R™. Khi d6, néu giéi han

lim f(xo +tei) — f(wo)

t—0 t

ton tai thi giéi han nay dude goi 1a dao ham riéng ctia ham f theo bién z; tai diém z, € R™.
Ki hiéu dao ham riéng ctia ham f theo bién z; tai diém z, bdi %ﬂio) hoac D; f(x).

Nhan xét 2.1. Khi tinh dao ham riéng ctia ham f : A C R® — R™ theo mot bién x; thi
ching ta xem n — 1 bién con lai 14 hing s6 va ap dung quy téc tinh dao ham ctia ham mot
bién sob.

Dinh nghia 2.4 ([4]). Cho f: A C R® — R™ la mot ham nhiéu bién gia tri vecto. Khi do,

gradient ctia ham vectd f la ma tran Jacobi J € R™*™ cho bdi

[0f1(x) Ofa(x) Ofm()]

0y 0y 014
Ofi(x) Ohx)  Ofml)
J=| Oxy 0xo 0o

Ofi(x) Of(x)  Ofula)

L Oz, oy, 0, |

Dic biet, néu f: A C R® — R 1a ham s6 nhiéu bién thi

o [0f@ 01w or@

0xy oxy Oz,

dude goi 1a vecto gradient ctia ham s6 f.
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Vi du 2.4. Xét ham s6 f : RT x R — R cho béi f(x,y) = x¥. Khi d6, ta c6 cac dao ham
riéng ctia ham s f(z,y) cho bdi

)

f éﬂ; y) _ a1

Of(x,y)
dy

=2Y%lnzx.

. 0 0
Bieu dién hinh hoc ctia f(x,y) va cdc dao ham riéng f((;’ y)’ f(@.y) duge cho ¢ Hinh 4.

x oy

10

8 flxy) =x’

partial derivative w.r.t x

o

partial derivative w.r.ty
) =
8 &

-

Hinh 4. Biéu dién hinh hoc ctia ham s6 f(x,y) = z¥ va cac dao ham riéng.

Vi du 2.5. Xét ham s6

flay) = g M@y £ 00)

0 néu (x,y) = (0,0).

Tinh cdc dao ham riéng ciia ham s6 f(x,y) theo cac bién z, y.
V6i moi (z,y) # (0,0), ta co

of (x,y)  y* —5a%

or (26 + y3)2’
of (x,y)  x" —2xy°
dy (xS +yP)?

Tai diém (x,y) = (0,0), ta c6

i —0,
ox z—0 xT
=1 =0.
dy y—0 Y
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Do do, ta thu ducgce

o) [ LY v ) £ 0.0)
O 0 néu (z,y) = (0,0),
of(x,y) _ % néu (z,y) # (0,0),
%y 0 néu (z,3) = (0,0).

\

Chu ¥ rang ham s6 f(z,y) c¢6 ca hai dao ham rieng theo hai bién z, y tai (0,0) nhung ham
s6 nay khong lien tuc tai (0,0).

{0 ) b = { (% %) } |

11
Ta c6 (—,—) — 0 khi n = oo nhung

n n

That vay, xét day

n4

11
f<——)— — oo khin — oo.

n'n) n3+1

Nhu vay ham s6 f(z,y) c6 dao ham riéng theo moi bién tai diém (0,0) nhung f(x,%) khong
lien tuc tai diém (0,0) va do d6 ham s6 nay khong kha vi tai diem (0,0) vi diéu kién can dé

mot ham s6 kha vi tai diém (0, 0) 1a n6 phai lién tuc tai diém nay.

Nhan xét 2.2. T vi du trén, ching ta cé thé thay ring su ton tai clia cdic dao ham riéng
theo moi bién tai diém xo € R" ciia dnh za f:ACR" — R khong dam bdo cho su khd vi

clia dnh za dé tai diém xq. Tuy nhién, ching ta lai co
Dinh 1y 2.1 ([2]). Néu dnh za f : A C R* — R khd vi tai diém xo € A thi f c6 dao ham
riéng theo moi bién tai diém nay va

Df(xo)h =Y Dif(zo)hi
i=1

vdi moi h = (hy, ha, ... h,) € R™.

Dinh nghia 2.5 ([2]). Cho anh xa f: A C R" — R va x5 € A. Gi4 st rang cac dao ham
rieng ctia f ton tai v6i moi x € A.

Néu ham s6 D;f : A — R cho bdi z + D, f(z) c6 dao ham theo bién thit j tai zg, tic la
ton tai D; (D, f) (zo), thi dao ham nay duge goi 1a dao ham rieng cap hai cia f tai xo theo

5 : \ o 9% f(x0)

bién z; va z; va duge ki hicu la D;; f(xo) hay 8%5’;]» .
Of(xg) O 9
)2 (L)
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Dinh nghia 2.6 ([2]). Cho anh xa f: A CR"” — R va 2y € A. Gia stt ring f € C?(A,R).
Khi d6, anh xa song tuyén tinh déi xting D?f(zo) : R x R" — R xac dinh bdi ma tran

S P OS]
Or? 0x10x 0x10%,,
0*f(xo) 0°f(zo) ~ 0°f(xo)

0x9011 03 01207,

Pfa) Pfo)  0flw)
| 0r,0x; 0x,01 or? |
duge goi 1a dao ham cap hai clia anh xa f tai 1o € R™ va ki hieu béi D?f(xg) hosc f”(xo).
Vi phan cap hai ctia 4nh xa f tai diém z, € R™ duge cho bdi

— 9% f(x0)
2 — . .
d*f(zo) = E Dz, dz;dx;.

ij=1
Vi du 2.6. Xét ham s6

% — g2 .
f(l‘ y) _ xym neu (xuy) 7é (070)7

0 néu (x,y) = (0,0).

Céc dao ham rieng ctia f(x,y) theo cac bién z, y lan lugt cho boi

(22— g2 Az

aféxay) _ ny + 42 + (22 + 2)? néu (z,y) # (0,0),
Lo wéu (z,y) = (0.0),
(22— AgBy? .
afgr7y) — xe + y2 + (IQ + y2)2 neu (l‘,y) 7é (0,0),
Y \ 0 néu (z,y) = (0,0).
Twu do, ta thu duce 8%2’0) =0, afé?t’y) = —y va do do
Of(xz,0) 9f(0,0)
2 J—
0x? 70 T
#5(0.0) 9f(0,y) 9f(0,0)
J : ox ox
T o S
0x0y §0 Y
Tuwong tu, ta cing c6 %Z’O) =z, %Z’y) =0va
9f(xz,0) 9f(0,0)
0*£(0,0) oy Oy
Oyox 20 x ’
of(0,y) 9f(0,0)
2
PI00) ey oy,
8y2 y—0 Y
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3. CUC TRI CO DIEU KIEN

Dé thuan tién cho trinh bay, trong muc nay ching ta nghién citu cac két qua déi véi ham
s6 hai bién. Két qua cho trudng hop tdng quat duge thao luan trong Nhan xét [3.4]

3.1. Phuong phap nhan ti Lagrange
Cho tap mé U C R? va anh xa f : U — R xéac dinh béi (x,y) — f(z,y). Trong bai bao
nay, ching ta xét bai toan tim cyc tri ctia ham s6 f(z,y) biét rang cac bién z, y théa man

phuong trinh (rang budc) sau:
O(x,y) =0. (1)
Dieu kién dudc goi 1a diéu kién rang buoc ciia bai toan.

Dinh nghia 3.1 ([3]). Diém (29, y0) € U dudc goi 1a diém cuc dai rang budc (tuong tng

diém cuc tiéu rang bugc) ciia ham s6 f(z,y) néu hai diéu kién sau thda man:
(i) Diém (o, y) thda man diéu kien rang buoc , titc 1a @ (zo,yo) = 0.

(ii) Ton tailan can V C U cta (w9, yo) sao cho v6i moi (z,y) € V théa man dicu kién rang

buoc ®(z,y) =0, ta co
f(x,y) < f(xo,90) (tuong tng f(z,y) > f(zo,v0))-

Nhan xét 3.1. Gia st rang diém (20, yo) 12 diém cyc tri rang buoc ctia ham f(x,y) v6i dieu
kien rang bude ®(z,y) = 0. Néu trong mot lan can ctia diém (zg,yo) tit hé thic ®(x,y) =0
ta c6 thé xac dinh duge ham s6 y = y(z) thi hién nhién f(xq,y(xo)) la cyc tri dia phuong
ctia ham mot bién g(z) = f(z, y(x)). Nhu vay, trong truong hgp nay, bai toan tim cue tri ¢6

diéu kién ctia ham hai bién dugc dua vé bai toan tim cuc tri tu do ctia ham mot bién.

Vi du 3.1. Tim cyc tri ctia ham s6

flz,y) =y

v6i diéu kien z +y — 1 = 0.
Tu dieu kién rang buoc z +y —1 =0, ta suy ra y = 1 — x. Bing cach thé y = 1 — x vao
biéu thitc clia f(z,y), ta nhan duge

g(x) = f(z,1 —x) = z(1 - 2).

Khi d6, bai toan tim cuec tri c6 diéu kién ctia ham f(z,y) duge chuyén thanh bai toan
tim cuc tri tu do ctia ham g(z) = z — 2% tren R. Khi d6, ching ta dé dang khao sat dugc
ham s6 g(x) dat cyc dai dia phuong tai diém zy = % va do d6, ham f(z,y) dat cuc dai rang
buoc tai diem My = (1,1) véi gia tri cuc dai f (3,3) = 1.
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Tuy nhién, n6i chung tir rang budc ®(z,y) = 0 khong phai lic ndo ching ta cing gidi
dugc y = y(x), tiic la khong phai ldc nao bai toan tim cyc tri c6 diéu kién ciing c6 thé dua
ve bai toan tim cyc tri tu do. Trong truong hop doé, ching ta sé stt dung phuong phap nhan
tit Lagrange dé khéo sat cyc tri ctia ham f(z,y). Phuong phap nay duge mo ta nhu sau:

Dinh 1y 3.1 ([B]). Gid si rang ham s6 f : U C R? — R nhan diém (xo,yo) la diém cuc tri
théa man dieu kien rang buoc ®(z,y) = 0. Hon nia, gid s cic ham f(x,y) va ®(z,y) cb
cic dao ham riéng lien tuc trong lan can cia diém (zo,yo) va %z’yo) # 0.

Khi dé, ton tai so thuc X sao cho bo ba (xg,yo, \) la nghiém cia hé phuong trinh

(0f(z,y) | 0P(x,y) _
ot >Ha e >_0
T,y (I).Z',y o 2
5 + A 5 =0 (2)
\@(m,y):().
5’<I>(x0,y0)

Chitng minh. T gid thiét £ 0 va dinh 1f ham an, ta suy ra ton tai 6 > 0 va anh

dy
Xa

U Vs(xg) = (19 — 0,20 +0) > R

théa man ¥(zy) = yo sao cho ®(xg, ¥(x0)) = 0. Hon nita, ta c6 ¥(x) kha vi tai diém xq va

o= S ]

Tiép theo, xét ham sb

g:Vs(xg) > R
= g(x) = f(z, V().

Theo cong thic dao ham ctia ham hgp ta ¢6

9 (o, yo) _ 9f (0, yo) 0P (20, yo) [aq’(%,yo)] B
O dy O Oy ‘

g (z0) =

Mit khéc, do ham s6 g(z) dat cyc tri tai diém x nén ¢’(z¢) = 0 hay tuong duong véi

df (0, yo) 0P (20, Yo) _ Af (0, yo) 0P (20, Yo)

ox dy dy ox

Do d6, ta thu dugc dieu phai chiing minh véi

\ = df (o, o) {3@(350,90)} -
N oy oy '

Dinh Iy duge ching minh. ([
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Nhan xét 3.2. Hang sd A trong Dinh 1i [3.1{ dude goi 1a nhan tit Lagrange.
Néu ta dat

ZL(x,y,\) = flz,y) + A0(z,y)

thi ham Z(x,y, A) dugc goi 1a ham Lagrange. Khi d6 hé phuong trinh c6 thé dugce viét
lai 6 dang

(0L (z,y,\)
it L LA RAVA )
ox
Vo _§wld @y
dy
53(%.@%)_0
\ o\ -

Day chinh la diéu kién can ctia cyc tri rang budc.

Tiép theo, chiing ta s& tim mot diéu kien du dé xét xem trong cac nghiem (g, yo, \g) clia
hé phuong trinh khi nao diém (z¢, o) 1& diém cuc tri rang budc ctia ham f(z,y). V6i
moi (z,y) théa man ®(z,y) =0, ta cd

g(mj%)‘ﬂ) - g(.ﬁlﬁo,yo, )‘0) = f(x,y) - f($07y0)'

Vi vay néu diém (xg, 1) 1a diém cyc tri ciia ham Z(x,y, \o) thi (2¢,%0) cling 1a cyc tri
rang bugc ctia ham f(z,y) véi diéu kien rang buoc ®(x,y) = 0. Do d6, bai todn tim cyc tri
rang budc ctia ham f(x,y) tuong duong véi bai toan tim cuc tri tu do cua ham Lagrange
Z(x,y, ). Chi ¥ raing A\ 1a hing s6 nén thuc chat £ (x,y, A\g) chi 1a ham s6 hai bién.
Phuong phap vita trinh bay 6 trén goi la phuong phép nhan t Lagrange.

Nhan xét 3.3. Dinh i cung v6i phuong phap nhan tit Lagrange trinh bay trén day
gitp ta thu hep viéc tim cyc tri c6 diéu kién ctia ham f(x,y) véi rang budc @(z,y) = 0 tai
nhitng diém thoéa man he hoiic tai nhitng diém ma mot trong cac dieu kién ctia Dinh 1
khong dugc théa man (goi chung 1a cdc diém tdi han). Viéc tiép theo chiing ta phai khao
sat nhitng diém do6 c6 thue sy 1a diém cuc tri hay khong?

T diéu kien rang buoc ®(z,y) = 0, lay vi phan hai vé, ta nhan duge

0P (z,y) 00 (z,y)
o dx + 3y d

y=0.
Ap dung cong thic khai trién Taylor déi v6i ham .& (x,y, \o) trong lan can clia diém (z¢, yo)
véi luu ¢ réng (2o, yo, o) thoa man he (2), ta thu dugc

f($7y> - f(xOJyO) = f(xu% )‘0) - g(xﬁaym )\0)
_ 823(95073/0, )\0) 323(550,%, )\0)

2
2
s dz” + 92y dxdy
2L (x0, Yo, A
n (:gO 2?%0 O)dy2 +E<J;—$0,y_y0)7
Y
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trong d6 E(x — xo,y — o) 12 mot vo cing bé bac cao hon \/(z — x0)2 + (y — yo)2.
Do d6, khi (z,y) di gan (zg, yo) ttic thi dau cia [f(x,y) — f(xo,%0)] chinh 1a dau cla

0L (20,90, M) , 5 | 9L (20, Y0, Mo)
Ox? de”+2 0xdy

323(900, Yo, Ao)

d2°§/ﬂ(‘x07 Yo, )‘0) = 8y2

dy?.

dzdy +

Mat khac, do dz va dy lién hé véi nhau bdi hé thiic

0P (z,y) 00 (x,y)
o dr + ay

dy =0

nén ta c6 thé rit dy theo dr roi thé vao biéu thitc d.Z(zg,yo, Ao). Khi do, ta c6
d*ZL (0, Yo, No) = G(0, Yo, o) da”.
T do6, ta thay rang:
(i) Néu G(wo, o, Ao) > 0 thi diem (z¢,yo) 1a diem cuc tiéu rang bude cia f(z,y);

(i) Néu G(zo,%0, \o) < 0 thi diém (zg, 1) 1 diém cyc dai rang buoc cta f(z,y);

3.2. Thudt todn xdc dinh cuc tri cé diéeu kién

Sau day, dé thuan tién cho ban doc, ching toi gidi thieu luge do tim cuc tri c6 diéu kién clia
ham nhiéu bién f(z,y) véi diéu kién rang buoc @(z,y) = 0.
Buéc 1: Dyng ham Lagrange

L(x,y,\) = f(z,y) + A(z,y).

Budc 2: Giai hée phuong trinh diém ditng

(0L (z,y,\) 0
ox

0L (x,y, \) _0
dy

0L (x,y,\) 0

\ o\ '

Budce 3: Tinh

82';%(1.07 Yo, >\0> de + 2823@07%7 )\0) dxdy + 823(1’07%7 )\0)

2 _
d g(Z’O? Yo, >‘0) - o2 8x8y ayQ

dy?,

trong d6 quan hé gitta dr va dy duge xéc dinh thong qua hé thic d®(z,y) = 0.
Budc 4: Xac dinh dau ctia d2.Z(xg, yo, o) va két luan.
Nhan xét 3.4. Cac két qua thu duge & trén cho ham s6 hai bién c6 thé mé rong cho cac

ham s6 véi nhieu bién hon.
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Bai toan: Cho tap mé U C R" x R™ va 4nh xa f : U — R thuoc 16p C?*(U). Ta xét bai
todn tim cuc tri cia ham nhiéu bién f(zy1, o, . .., Tnim) biét rAng cac bién z1, Ta, ..., Tpim

thoa man m diéu kién rang buoc:
q)i(l'l,...,xn,$n+1,...,$n+m):0 i:1,m,

trong d6 @, : U C R"” x R™ — R la anh xa thuoc 16p C'(U). Duéi day, ching toi sé gidi
thieu luge do tim cyc tri ¢6 dicu kién clia ham nhiéu bién f(xy, 29, ..., Tyim) voi m dicu
kién rang buoc:

Buéce 1: Lap ham Lagrange
g(l‘l, vy Tpntm, )\1, Ce ,)\m) = f(Il, e 7xn+m> + Z )\Z'(I)Z'(l’l, ---7$n+m)'
=1

Buéc 2: Tim cac diém cuyec tri rang budc ciia ham f tit cac diém ding clia hé

0L

a_xj(ajlw"axn-i-ma)\la"w)\m):0 (]:1,7’L+m),
0L
8_&($17"'7$n+ma)\1,---7)\m):0 (Zzl,m)
Budc 3: Khao sit dau ciia dang toan phuong d2.2 (w1, ..., Tpims Als - - - Am) VA két luan.

4. MOT SO vi DU

Trong muc nay, ching toi dua ra mot hé thong cac vi du minh hoa cho céc két qua ly
thuyét duge tham khao tir cac tai lieu [1, 2, 3], [5].

Vi du 4.1. Tim cyc tri ciia cadc ham s sau trén duong tron don vi
2 + y2 —1=0.
a. f(z,y) =z +vy.
b. f(z,y) = zy.

Loi giai.
a. Lap ham Lagrange

Lz, \) = (z+y) + Ma? +9° —1).

Chiing ta tim cac diém dimg ctia £ (z,y, \) tit he

14+2\x=0

142 \y =0

> +y?—1=0.
TOAN HOCJ)
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R 1
T hai phuong trinh dau, ta riat dudge x =y = “on Sau do, thay gia tri x, y vira tim dugc
vao phuong trinh 22 + y* — 1 = 0 ta thu dugc
1 1
= —, Ao = ———.
V2

V2
T do, ta tim duge cac diém ding

Céc dao ham cap hai ctia ham £ (z,y, \) lan lugt 1a

0?L(x,y, \)

— 0 2\

2L (x,y,\) _0
0y

L (x,y,\) o)
Oy? ’

va vi phan cap hai ctia ham £ (z,y, \) cho béi
AL (x,y,\) = 2X\(dz? + dy?).
Thém vao do, tr dieu kién rang buoc 22 + y> — 1 = 0, ta thu duge

dy = _Ldx
Yy
va do d6, ta nhan dugc

2
&L (1,y,\) = 2\ (1 + $—2) da”.
Y
Khi do, ta co
2% (ay) = —2v/2dx? < 0
d*Z(ay) = 2v2da® > 0.
11
vV2' V2

) v6i gia tri cuc dai va gia tri cuc tiéu tuong tng la

Vay ham s6 f(x,y) dat cuc dai c6 dicu kien tai diem M, = ( ) va dat cuc tidu

N » 1 1
c6 dieu kién tai diem M; = (—, —
- V2 V2
fmax - \/§ fmin = —\/5

b. Theo phuong phap nhan tit Lagrange, ta lap ham Lagrange

Z(:ana)‘) :{Ey+/\<l'2+y2—1)
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va tim cac diém dimg ctia £ (z,y, \) tit he

y+2 =0
xr+2\y =0
> +y*—1=0.

Tit d6, ta tim duge cac diem dimg cia Z(z,y, \) 1a

(111 (1
w=(373) o= (7573
/111 11
w=(y5v53) =7

Bang lap luan tuong tu phan a, ta tim dudc
A 2
PP (z,y,\) =2 ()\ + 22 f) da?.

Khi do, ta xét bang sau:

ai ) as Q4
Héséz(AJMyij—g) 4 —4 1 1
Két luan Cuc dai Cuc dai Cuc tiéu Cuc tiéu

Vi vay, ching ta c6 két luan nhu sau:

) 1 1 1 1
e Ham f(z,y) = zy dat cuc dai tai cac diem M; = (——, ——— |, My=—,— |.
V2 V2 V2 V2

. . 1 1 1 1
e Ham f(x,y) = xy dat cyc tieu tai cac diem My = | —, —= |, My = —,— |.
floy) =2y 3(\/§ﬁ)4(ﬂﬂ)
Vi du 4.2. Gia st mot nha may san xuat mot s6 loai vat dung can thép lam nguyéen lieu
tho. Chi phi chli yéu clia nha may 1a chi phi thué nhan cong va chi phi cho mua nguyén liéu
thép. Cu thé:

e Chi phi mdi gio lam viéc ciia cong nhan 1a 20 $.
e Chi phi cho mdi tan thép 1a 170 $.
Gia st doanh thu ctia ban dugce tinh theo cong thitc nhu sau:
V(z,y) = 2()03:%3/%,

trong d6 z 1& s6 gio lao dong va y 1& s6 tan thép. Néu ngan sach clia nha may 1a 20000 $ thi

doanh thu t6i da ctia nha may 1& bao nhieu?

TOAN HOC
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La&i giai. Ta biét ring tong chi phi san xuat tinh theo chi phi thué nhan cong va mua nguyén

lieu 1a A = 20z 4+ 170y ma ngan sach cta ciia nha may 1la A = 20000, tic la
20x + 170y = 20000.

Dat @(z,y) = 20z + 170y — 20000. Khi do, bai todn t6i uu doanh thu ctia nha may tuong

duong véi bai toan cuce tri rang budc sau:
2 1
V(z,y) =200x3y3s — max,

véi diéu kien rang buoc ®(z,y) = 20x + 170y — 20000 = 0.
Tiép theo, chiing ta lap ham Lagrange

L(x,y,\) = V(z,y) — A\®(z,y) = 200z3y3 — A(20z + 170y — 20000).

Sau do6, xét hé phuong trinh diém dimng ctia ham Lagrange

( .;% )\ - 1
0L (@,y,A) = %200x%y§ —20A =0
ox
0% A 1
0L,y A _ 2200z3y 5 — 170\ = 0
Jy 3
A
02, N _ 90, 1704 + 20000 = 0.
L O\
Giai hé phuong trinh trén, ta thu duge
2
(2 = ? ~ 666,67
2000
*—__ ~39 21
YT TR ’
. /8000
=/ —— ~2,59.
\A 459 ’

Diéu nay c6 nghia 1a nha may nén chi tra khodng 667 gio lao dong va mua 39 tan thép sé

mang lai doanh thu t6i da.

Vi du 4.3. Tim cac kich thuéc ctia mot hinh hop chit nhat sao cho thé tich ctia khéi nay 1a

16n nhat, biét rang tong dien tich cac mat ctia khoi hop 1a 64 em?.

Loi giai. Dat chieu dai ctia hop 1a z, chiéu rong ctia hop 1a y va chiéu cao ctia hop 1a 2.
Chiing ta cling luu ¥ rang vi chung ta dang xit 1y kich thuéc ctia hop nén sé an toan khi gia
st réng z,y va z déu la sé duong. Khi dé, theé tich ctia hinh hop duge cho béi

f(z,y,2) = zyz.

Mat khac, ta da biét rang tong dien tich cac mit ciia hinh hop 1a 64 ¢m? va do d6, ta nhan
duge ding thic

2y 4+ 2yz + 220 = 64 & vy + yz + 2o = 32.
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T do bai toan da cho tré thanh bai toan tim cuyc tri rang budc sau:
f(z,y,2) = ryz — max

v6i dieu kien rang buoc ®(x,y, 2) = zy + yz + 2z — 32 = 0. Sau day, ching ta sé stt dung
phuong phép nhan tit Lagrange dé giai quyét bai toan.
Xét ham Lagrange:

L(x,y,z,\) =xyz — MNzy + yz + zx — 32).

Hé phuong trinh diém ditng tuong ng v6i bai toan cho béi

'33(9055,2,)\) =yz—Ay+2)=0 (y + 2)
xyz = x(y + 2
8$(x,y,z,)\)_xz_/\($+z>_0
y B - ryz = \y(z + 2)
=
w:xy—)\(m—i—y): ryz = Az(z +y)
2
8$(x,y,z,)\)_x+ 39— 0 7y +yz + 2w = 32.
(— 5~ wWtyztaz =

x:y:z:—

(Vi z, y, z duong) hay tuong duong véi khdi hop khi d6 1a hinh lap phuong. Tt d6, thé tich
cuc dai nhan duge 1a

v <4\/6’4\/6’4\/6> _ 128V6
3 3 3 9
Vi du 4.4. Tim gia tri nho nhat ctia ham s6
fla.y.z)=a"+y* +2°

v6i diéu kien rang buoc

204+ y+2z2=9vadr+5Hy+7z=29.
Loi giai. Ta dat

g(x)=2rx+y+22—9 va h(z)=>5x+5y+ 72— 29.

Ta lap ham Lagrange:

L(x,y, 2, \ 1) = 2% +y? + 22 = N2 +y +22 —9) — pu(5z + 5y + T2 = 29).

TOAN HOC ; »
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Ta tinh dao ham riéng cap 1 theo tiing bién va lap hé phuong trinh

(0L (x,y,2,\, )

=27 — 2\ — 5 =0

ox
ag(x7 y? Z? )\? /’l/)
=2 —A—5u=0
dy Y 1%
0L (x,y, 2, A\, )
=22 =22 —=Tu=0
0z & H

2r+y+2z=9

\5:c+ oy + 7z = 29.
Giai hé phuong trinh trén, ta nhan dugce
(x,y,z, A\, 1) = (2,1,2,2,0).
Tit d6, ta suy ra toa do diém dimg 1a My(2,1,2). Dao ham riéng cap hai ctia £ (z,y, 2, \, 1)
tai M, lan lugt la:

0L (x,y, 2, \, 1) 0L (x,y, 2, \, ) 0L (x,y, 2, \, )

_ 9. —_ 9. —9

Ox? % Oy % 022 ’
0L,y 2\ p) _ 0Ly, 2\ 1) _ 0Ly, 20 1) _
Oxdy - Oy0z - 0x0z -

Vi phan cap hai ctia ham Lagrange tai diém M, 13

> L (x,y, 2, \ 1)

PL(x,y,2,\ 1) PL(x,y,2,\ 1)

82"%(‘%73/727)\7”) 2 2 2
= 97 dz* + Y dy” + 92 dz
PL(x,y,2,\ 1) PL(x,y,2,\ 1) PL(x,y,2,\ 1)
9 Y ) Y 9 9 ) 9 d d Y ? Y ) d d )
2 ( 0x0y dwdy + 0yoz yaz + 0x0z vz

Thay gia tri cac dao ham rieng cap hai vao biéu thic nay, ta nhan dugc:

&L (x,y, 2, )
= 2dz? + 2dy? + 2d2*
= 2(da?® + dy* + dz?).

Tit do6, ta suy ra My la diém cye tiéu ctia ham s6
fle,y,z) =2 +y* + 2°
VO fimin = 9.

Sau day, chiing ta sé quan tam tdi mot sé bai toan cic tri hinh hoc duge giadi quyét nho

vao phuong phap nhan tit Lagrange.
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Vi du 4.5 (Chuyen Hung Yen - lan 2, 2019). Cho hinh chép S.ABCD c¢6 ddy ABCD la
hinh vudéng canh a v canh SA vuong goc v6i day. Do dai SA = y. Trén canh AD, lay diém
M sao cho do dai AM = x. Tim thé tich 16n nhat ctia khéi chép S.ABCM biét ring

Loi giai. Thé tich hinh chép S.ABCM duge cho bdi

1
Vsapom = 5514 - Sapcm,

trong d6 theo gid thiét ta c6 SA = v.
Do MD = AD — AM = a — x nén dién tich ti gidc ABC'M dugc tinh bdi

Sapom = Sapcp — Scom

1 1
=a*— —ala— 1) = ia(a + ).

2

B

Do dé, thé tich khéi chop S.ABCM dudge tinh nhu sau:

1
VS.ABCM = éy(aQ + CLJ?).

va chting ta thu dude bai toan tdi wu sau:

1
Vs apom = éay(a + ) — max, (3)
v6i diéu kién rang budc
2> +y* —a® =0. (4)
TOAN HOC
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Nhan xét 4.1. Dén day, ching ta c6 thé 4p dung bat dang thitc Cauchy mot cach thich
hop dé gidi quyét bai toan t6i uu - . Tuy nhién, viéc can bing hé sé va chon diém roi
thich hgp 1a tuong doi phiic tap. Duéi day, ching toi dé xuat ap dung phuong phap nhan ti
Lagrange nhu mot trong nhitng cong cu dé xac dinh duge diém roi cia bat phuong trinh va

gidi quyét bai toan mot cach don gian hon.
Xét ham Lagrange
L(z,y,\) = yla* + ax) — Mz? + y* — a?).

Hé phuong trinh diém dimg ciia ham Lagrange trén cho béi

(
—83%, Y.\ =ay—2\x =0

x
—aj(;;y’/\):aQ—i-ax—Q)\y:O
0Ly, N) _ 5 9 o
[T T o=l

T hé phuong trinh trén, ta giai ra duge

a av3

2 2

va do do, gia tri thé tich 16n nhat ctia hinh chép S.ABCM la

lav3 2 23
a3 <a2 N a ) a*\/3 ‘

V. =-2¥2 =
S.ABCM 6 2 R

r=—-—vay=

5 ) =

Vi du 4.6. Tim diém P nam trong tam giac AABC sao cho tong cac ti s6 do dai cac canh

trén khoang cach tit P dén cac canh ciia tam giac dat gid tri nhé nhat.

Loi giai. Gia st a, b, ¢ lan lugt 1a do dai cac canh AB, AC, BC cia tam gidc AABC va z,
y, z lan lugt 1a khoang cach tit diém P dén cac canh AB, AC, BC. Néi P véi cac dinh cta
tam giac, ta thu dude ba tam gidc con c6 tong dieén tich bang dién tich clia tam giac ban
dau, tic 1

Bai toan xac dinh vi trf diém P tuong duong véi bai toan tim cuc tri rang budc ctia ham sb

b
f(xayaz>:g+_+f_>mln
R TR

v6i diéu kien rang buoc

ar + by + cz = 28.
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Xét ham Lagrange

b
L(w,y,2,A) =%+§+§+)\(&x+by+cz—25).

Diém dimg ctia ham Lagrange £ (z,y, z, A) dudc xac dinh tit heé phuong trinh

a
—P—i—)\a:

b
< ——2+)\b:()

Y
—%—i—)\c—O

( =z

T do, ching ta suy ra

=y =z,

titc 1a P cach déu cac canh clia tam giac hay P 1a tam dudng tron noi tiép tam giac AABC.

5. MOT SO BAI TAP THAM KHAO

Bai toan 1. S dung phuong phdp nhan ti Lagrange tim cuc tri cé dieu kién cia cdc ham
50 duge chi ra dudi day:

a) f(x,y):%—l—itho"amc”mx—i-yzz

b) f(z,y) = x*+ y* théa man vy = 1.

c) flx,y) = e™ théa man z* + y* = 16.

d) f(x,y) = 2%y théa man x* + 2y* = 6.

e) flx,y,2) = x®+y* + 2 théa man x* + y* + 2* = 1.

f) f(x,y,2) = zyz théa man x* + 2y* + 322 = 6.

g) flr,y,2) =z +y+ 2% théaminx+y+z2=1vaz*+ 22 =1.
h) f(z,y,2) =yz +zy théa man rz =1 va y* + 2% = 1.

Bai toan 2. Mot hinh ngd gidc duge tao thanh bang cdch dat mot tam gide can trén mot
hinh chit nhdt. Néu chu vi cia hinh ngi gidc la 10cm. Tim kich thudc cdc canh clia hinh ngi

gidc biét rang dien tich cia hinh ngi gidc la lon nhat.

Bai toan 3. Ching ta can dung mot container cé dang hinh hop chit nhat vdi thé tich 480
m?. Biét rang mat day ciia container ton 5 $/m? dé zday dung trong khi tran va cic mdat bén
ton 3 $/m? dé zay dung. St dung phuong phdp nhan ti Lagrange, wdc dinh kich thudc cia

container sao cho chi phi xay dung la it nhat.
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Bai toan 4. Mot nha mdy sdn ruat 3 loai ze 6 to gom: xe hoi, xe ban tdi va ze tdi. Doanh
thu ciia cong ty duge tinh bdi cong thic R(c,t,v), trong dé c, t, v lan ligt la s6 hiong ze
hoi, ze ban tdi va xe tdi nha mdy nay sdn ruat moi nam. Biét rang luong nguyén licu thép S
va nhom A la co dinh. Gid st rang viéc san zuat moi chiéc xe hoi, e ban tdi va ze tdi can
tuong ing s., S¢, Sy don vi thép va a., a;, a, don vi nhom.

1. Lap cdc phuong trinh rdng budc cho qud trinh sdn zuat cdc logi we.

2. Xdc dinh doanh thu toi da cia nha mady.
Bai toan 5. Mot vat thé cé dang hinh hop chi nhat noi tiép trong mot khoi ti dién cé cdc
dinh (1,0,0), (0,1,0), (0,0,1) va goc O(0,0,0). Goi chieu dai, chieu rong, chiéu cao cia
hinh hop lan luot 1o x, y va z. Gid s ring tong cdc kich thudc cia hinh hop bing 1. Xdc
dinh cac kich thudc ciua hinh hop dé né co thé tich lon nhit.
Bai toan 6. Trén mdt non

22 =1+

tim tat cd cac diem M(x,y, z) cé khodng cich dén dieém My(4,2,0) nhé nhiat.

6. KET LUAN

Qua bai bio nay, nhém tac gid mudn cung cap cho ban doc mot s6 van dé co ban veé cic
tri c6 diéu kién ctia ham nhiéu bién ciing nhu phuong phap nhan tit Lagrange dé tim cuc
tri c6 dieu kién ctia ham s6 nhiéu bién. Cac vi du minh hoa duge lua chon 1a cac vi du tiéu
biéu nham gitp ban doc ¢6 cai nhin truc quan, day di vé noi dung ma nhém tac gia mudn
truyen tai. Hi vong rang bai bao nay sé 1a tai lieu tham khao hitu ich cho cac ban sinh vién
khoa Toan.
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CHEO HOA MA TRAN VA MOQT VAI UNG DUNG

Nguyén Thi Thuwong Huyén, Nguyén Thi Thu Huyén - K43B SPT
Nguyén Thi Lan - K43C SPT va Chu Thi Bich Thdo - K43B SPT
Khoa Todan, DHSP Ha Noi 2

Tém tat. Bai bdo trinh bay vé mot tiéu chuan chéo héa ma tran trén mot truong bat
ki. Dong thoi, ching toi ciing dua ra mot sb ting dung ciia chéo héa trén viéc tinh toan liy
thita ma tran, xac dinh sé6 hang tong quat ciia day s6, khai cin ma tran. Ngoai ra, chiing toi
khéo sat mot vai tinh chat ddc biét lien quan dén vét va dinh thifc ctia ma tran thong qua

cac gia tri riéng clia ma tran.

1. MO DAU

Trong Dai s6 tuyén tinh, viéc thu gon mot ma tran vé dang duong chéo, day 1a 16p ma
tran c6 dang don gidn nhat, c6 ¥ nghia rat quan trong trong viéc xem xét cac cau tric clia
cac anh xa tuyén tinh, cac dang toan phuong, ... Diéu nay cho ching ta thay ring, viéc
tim hiéu vé chéo héa mot ma tran hay mot tu dong cau la mot chit dé can thiét trong dai
s6 tuyén tinh va tng dung. Trén thuec té, cac noi dung lien quan dén chéo héa mot ma tran
hay mot tir dong cau nhan duge sy quan tam ctia rat nhiéu ngudi, tap trung vao nhiéu linh
vu khac nhau.

Trong bai bdo nay, phan thi nhat ching toi tap trung vao mot dinh 1y rat quan trong
ve diéu kién can va di dé mot ma tran chéo héa duge. Phan tiép theo, chiing t6i quan tam
dén mot vai tng dung ciia chéo héa dé dua ra cac tng dung cho viec:

i) Tinh lay thita ma tran,

ii) X4c dinh s6 hang tong quét ctia mot day truy hoi tuyén tinh,

iii) Giai mot s6 kiéu phuong trinh ma tran (khai can ma tran).

Bén canh do, ching to6i sit dung céc gia tri rieng va viec chéo héa ma tran dé khao sat mot
s6 tinh chat lien quan dén vét va dinh thidc ciia mot ma tran.

Trong toan bd bai bao nay, ching t6i luon ki hiéu:
e R Ia truong cac so thuec.
e K la truong bat ki c6 dic s6 0.

E 13 khong gian vecto hitu han chiéu.

GL,(K) Ia nhém cic ty dong cau kha nghich ctia mot khong gian vecto chiéu n.

Mat(n, K) la khong gian cic ma tran vuong cap n trén K.
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2. TINH CHEO HOA PUGC

Dinh nghia 2.1.

i) Cho f € End(E) 1a tu dong cau ctia E. Ta néi rang f chéo héa duge tren R néu ton

tai mot co s6 (e) = {e;},_, cta E sao cho Mat)(f) la ma tran chéo.

ii) Gia st A € Mat(n,R). Ta néi rang A chéo héa dugec néu A dong dang v6i ma tran
chéo nao dé.

Nhan xét.

i) No6i rieng, A chéo héa duge khi va chi khi ton tai ma tran kha nghich P € Mat(n, K)
va ma tran chéo D sao cho
A=PDpP L.

ii) Cho (e) = {e;};_; 1a mot co s6 ctia £ va A = Maty(f). Khi d6 f chéo héa duge khi
va chi khi A chéo héa dugc.

Bo dé 2.1. Giasitn € N*, A € Mat(n,K) va A € K.

i) Khi d6 A la gia tri rieng ctia A khi va chi khi 3X € K", X # 0 sao cho AX = \X. Véc
to X la vecto riéng cua A Ung vG6i gia tri rieng A.

ii) Da thic det(A — AI,) duge goi 1a da thic dac trung cliia A, ki hieu y 4.

iii) V6i moi vecto rieng A cia A, khong gian vecto con Ker(A — A1) cia K™ duge goi 1a

khong gian vecto con rieng ciia A lién két véi gia tri rieng A clia A.

Tt dinh nghia clia tu dong cau tuyén tinh chéo héa dude, ching ta c6 thé thu duge ngay
ménh dé sau day. Chitng minh 1a don gian, ching toi sé khong trinh bay & day.

Dinh 1y 2.1. Cho f € End(E) la ty dong ciu cia E. Cdc khing dinh sau day la tuong
duong:

i) f chéo héa dugc.
ii) Ton tai mot co sd cia E dugc tao nén tir cic vecto riéng cia f.
iii) Tong cic so chiéu ciia cic khong con riéng ciia f bang dim(E).

Dinh 1y sau 13 mot diéu kién can va di cia tinh chéo héa duge ciia tu dong cau cho bdi

da thic dac trung va cac khong gian con riéng.

Dinh 1y 2.2. Cho f € End(E) la ty dong cau cia E. Khi dé f chéo héa duge khi va chi khi
da thic dac trung x; tich duge trén K va vdi méi gid tri riéng X s6 chiéu cia khong gian

rieng Eyx = Ker(f — \) bing s6 boi ciia né.
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Chitng minh. Xem [2], Dinh 1y, trang 51. O

Cho A € Mat(n,K) 12 mot ma tran vuong cip n va
g(x) =ap+amzx+ ... +a2" € Klz]
1a mot da thiic bac n véi he s6 trong K. Da thiic ma tran g(A) 1a mot ma tran vuong cap n
v6i hé s6 trong K nhu sau

g(A) =) A = apl + A+ a A’ + ..+ a, A
1=0

Muc dich tiép theo ctia chitng toi 1a chiing minh dinh 1y vé diéu kién can va du ve tinh
chéo héa dugce ctia mot ty dong cau. Dé chiing minh dinh 1y, dau tién ching t6i can bo dé

sau day.

Bo6 dé 2.2. Mat(n, K) 1a mot ma tran vuong cap n véi he s6 trong K. Gia stt g(z), h(x) € K[z]
sao cho

(9(x), h(x)) = 1 va p(z) = g(x) - h(2).

Khi do
Ker[g(A)] & Ker[h(A)] = Ker[p(A)].

Chitng minh. Do (g(z),h(x)) = 1 nén ton tai a(z), 8(x) € Klx] sao cho

a(z)g(z) + f(z)h(z) = 1.

Vi vay, moi v € E ta ¢6

vn = a(A) - g(A)(x),
vg = B(A) - g(A) ().
Gia stt v € Ker p(A), thi p(A)v = 0. Do dé6, ta duge

Vi vay
v, € Ker h(A),

vy € Kerg(A).
Gia st
z € Ker h(A) N Kerg(A).
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Khi do, ta co
z=a-h(A)(z)+ P -9(A)(z) =04+0=0.

Vi vay, ta thu dugce:
Ker[g(A)] @ Ker[h(A)] = Ker[p(A)].

B6 dé dugc ching minh. O

Dinh ly 2.3. Cho A la ma tran thuc vuong cap n. Khi dé A chéo héa duoc khi va chi khi
ton tai m(X) € K[X] la da thic tach don sao cho m(A) = 0.

Chiing minh.
Diéu kién can. Gia sit A chéo héa duge. Viét da thite dic trung clia A trong dang:

Pa(X) = (X — X)) (X = N)*,
& day M # A, \ € K. Dt
m(X) = (X = A1) (X = Ay).
Ta ¢6 m(X) 1a da thitc cyc tiéu ctia A va tach don. Theo dinh 1y Cayley-Hamilton, ta dugc
m(A) = 0.
Diéu kién di. Gia st m(X) tach don, ta c6
m(X) = (X —a1)...(X —as);a;, € K, a; # a;.
Ap dung B6 dé [2.2| cho da thitc m(X), do m(A) = 0, ta thu dugc

K" = Kerm(A)
=Ker(A—a)) ®Ker[(A—az)...(A—a)].
= Ker(A —ay) & Ker(A —az) & ... & Ker(A — a;).

Diéu nay chiing t6 A chéo héa dugc. O

3. MOT SO UNG DUNG

3.1. Lay thua ma tran
Gia st A € Mat(n,K). Gia st A chéo hoa duge, khi d6 ton tai ma tran kha nghich P
trong Mat(n, K) va Aq, ..., A, € K sao cho

A1 0
0 ... A\,
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Vi vay, méi k € N ta ¢6
Al 0
AF=pP. P
0 NE

n
Nho két qua nay, ching ta c6 thé tinh toan dugc lity thita ciia cdc ma tran chéo héa dudc
mot cach don gian.
Vi du 3.1. Gia su

11 -5 5
A=| -5 3 -3
5 -3 3
Khi dé6 v6i méi k € N ta ¢6
542168 §—316F - 316"
k 1 11pk 1 1qpk 1 11pk
AP = i-116F L+ 116F —1—116
1 1l1pk 1 11pk 1 11pk
—1 41168 1116 1+ 116

Chiing minh. That vay, ta c6 da thic dac trung x4(A) = —A(A — 1)(A — 16). Theo Dinh ly
chinh, A chéo héa duge. Cac khong gian véc to con riéng tuong tng la

Vo=1((0,1,1)); Vi =((1,1,-1)); Vi = ((2,—1,1)) .

Tu day, ta tim dugc

0 1 2 0 3 3
_ N -1 _ 1 1 1
P=11 1 -1 va P = 3 3 —3
1 1 1
1 =11 5 6 6
théa man
00 0
A=P-l01 0| P
0 0 16
Vi vay, ta dugce
1 2 k 1 1 k 1 1 k
) 2+ 216 1116 1—116
_ 1 1 k 1 1 k 1 1 k
A =1 1116 1+i16" -1 - 116
1 1 k 1 1 k 1 1 k
—14 1168 —1-116F 1+1i16

Vi du 3.2. Gié st
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Khi do

e 62 64 e 64 e 64
sTate  Tste Tata
A 2 e? et 2 et e? et
e = —§6+3+€ 564‘3 34‘?
e 82 64 e e 62 64
5T 2zT% Ts3T3 T a1
itng minh. Tuong ty nhu Vi du 3.1}, ta cing dé dang tim dugce
Chitng minh. Tuong ty nhu Vi du [3.1] ta ciing dé dang tim d
1 1
1 -1 1 L1
P=|-2 -11| v P'=| -1 0 1}
12 1 1
sao cho
1 00
A=P-|l0 2 0| P!
0 0 4
A A
Mat khac, ta co e :Z o . Diéu nay suy ra
k=0
= _D* = D*
A _ iy > S L
e _ZPk!P Py P
k=0 =0
Do d6 v6i moi k € N ta c6
00 k
~_ oo T 0 k 0 e 0 0
P 0 om0 =0 ¢ 0
k=0 0 0 P 0 0 ¢
Khi d6
e 62 64 e 64 e 64
e 0 O §+72+g4 —§+§ _§2+Z4
h=Pl 0 0 | P=] fet gt fetg gty
4 e e? et [ et e2 et
0 0 e —5-5+% —5t5% $-7%
Ta dugce diéu phai ching minh. O

3.2. Day truy hoi tuyén tinh
Gia st n € N*, A € Mat(n,R), (ay, ..., o) € R™. Xét cac day truy hoi tuyén tinh dong
thoi cap 1 v6i he s6 khong doi (21,k),cxs -+ (Tnk) ey Xéc dinh boi

T1,0 = Q1.3 Tp,0 = Qp,
(©) L
Tigy1 = D QT =11
bat
X1,k
X, =
Tk
TOAN Hocs“5
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Khi d6 (C) duge dua vé
X1 = AFLX,

trong do

aq

XU =

an,
Do dé6, viéc xac dinh X, dugc quy vé tinh cac liy thira A*.
Vi du 3.3. Cho céac day u,,v,,w, dudgc xac dinh bdi ug = 1,v9 = 2,wy = 3 va v6i moi

n €N,

Upt1 = 11w, — dv, + dw,,
Uptl = —0Up + 3V, — 3Wy,
Wpt1 = OUp — Uy, + 3wy,.

Xac dinh cong thiic téng quat ctua cac day uy,, v,, Wp.

Loi giai. Dat

11 -5 5 U,
A=|-5 3 =3 va X,=| v,
5 -3 3 W,
Khi d6, Vn € N ta ¢6
Xn - AnXO

Xét da thic dac trung
XA(A) = =A(A = 1)(A = 16).

Vi A c6 3 gia tri rieng va A 13 ma tran cap 3 nén A chéo héa duge. Khi d6, theo dinh ly
chinh, A chéo héa duge. Cac khong gian véc to con riéng twong tng la:

VO - <(07 17 1)> ; Vi= <(17 17 _1>> ; V16 = <<27 _17 1>> .

Ta thay rang cac ma tran

0 —1 2 . 0 3 3
P=11 -1 -1 VA P’lzé —2 -2 2
1 1 1 2 -1 1
thdéa man
00 0
A=P-1 01 0 | P!
0 0 16
Do do, ta ducc
T+216m  L-1l16" i 1li6"
n __ 1 1 k 1 1 n 1 1 n
1 1 k 1 1 n 1 1 n
—14+l6k —i-116" 14116
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Vi vay, ta co
u, = 16",

Vn € N, Un:7'16n>

1
== 16™
Wn =75

3.8. Ghdi phuong trinh ma tran
Trong muc nay, chiing t6i luon xét A 1a ma tran vuong cap n chéo hoa dudge, hé s6 thuc.

Bai toan 1. Xét phuong trinh ma tran
X2 = A (1)

a) Tim diéu kién ctia ma tran A dé c6 nghiém, titc 1a ton tai ma tran vuong thuc cap
n X sao cho X2 = A.

b) Khi do giai (T)).
Loi giai. Vi ma tran A chéo hoa duge nén ton tai P kha nghich sao cho
P'AP = diag(ai, as, . . ., a,).
Ta c6

[1) &P 'X?P = P 'AP = diag(ai, as, ..., a,)
(P 'XP)? = diag(ay, as, ..., a,)*.

Vi vay, phuong trinh (1) c¢6 nghiém khi va chi khi Va; > 0, i = 1,n. Hon nita, nghiém ctia
phuong trinh ¢6 dang

X =P - diag(+£+/a;, £\/ag, ..., £y/a,) - P~
MGa rong 3.1. Xét phuong trinh ma tran
X3 = A. (2)

St dung phuong phdp tuong tu nhu trong l0i gidi Bai todn |1, ta thay rdng phuong trinh
c6 nghiém Va;,i = 1,n. Nghiém ctia phuong trinh cé dang

X? = P - diag(¥ay, Vay, . .., Ja,) - P~

MGé rong 3.2. Cho A la ma tran vuong cap n chéo héa dugc, hé so thuec. Xét phuong trinh
ma tran
X" =A. (3)

St dung phuong phdp tuong tu nhu trong loi gidi Bai todn ching ta thu duogc
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i) Néun chin thi phuong trinh c6 nghiem khi va chi khi a; > 0,Vi = 1,n. Khi do
X = P -diag(£/ay, +as, ..., +/a,) - P71
ii) Néu n Ié thi phuong trinh luon co nghiém. Khi do
X" = P-diag(/ay, az, ..., a,) - P~

Vi du 3.4. Cho

2 0 1
A=|1 1 1 |eM@B3R)
—2 0 -1

Giai phuong trinh ma tran X2 = A.
Loi giai. Da thtc dic trung ciia ma tran A:

A1:07

det(A— M) =0 -AXA-12=0«
Ao = A3 = 1.

Thuc hién chéo hoa, ta thiy rang ton tai P kha nghich sao cho

P'AP = B,
trong do
1 0 1 -1 0 -1 000
P=|1 1 0|,P'=[1 1 1],B=|010
-2 0 -1 2 0 1 0 01
Phuong trinh
X*=A
¢6 nghiém
0 0 O
X?=pP-[0 12 0| -P".
0 0 12
Vi vay, cac nghiém cua la
2 0 1 -2 0 -1 2 0 1 -2 0 -1
11 1 {,|-1 -1 —-1{f,|-1 -1 =1, 1 1 1
-2 0 -1 -2 0 -1 -2 0 -1 2 0 1
Vi du 3.5. Cho
1 01
A=|(0 1 1
110
Giai phuong trinh ma tran
X?=A
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Loi giai. Da thtc déc trung clia ma tran A:

det(A—AN)=0& N +2X 2+ 1 -2=0

>\1:—1,
e | =2,
A = 1.

Thuc hién chéo hoa, ton tai P kha nghich sao cho

-1 0 0
P'AP=B=|0 2 0
0 01
Do dé, phuong trinh vo nghiém.
3.4. Tinh todan vét va dinh thic qua gid tri riéng
Cho A 1a ma tran thuc vuong cap n va Ai, g, ..., \, 12 tat ca cac gia tri rieng ctia A

(bao gom ca boi). Khi do:
1. Vét ctia A duge xac dinh béi:

tr(A):/\1+>\2+...+)\n.

2. Dinh thue ctia A duge xac dinh bdi:
det(A) = )\1. )\2 PN )\n
Trong phan nay, ching t6i sé ting dung mdi quan hé giita dinh thitc, vét va cac gia tri

rieng clia ma tran dé xac dinh mot s6 dic trung ctia dinh thitc va vét clia mot s ma tran

vuong trong cac truong hop dac biét.
Vi du 3.6. Cho A = [a;;],, 1a ma tran vuong cap n thoa man:
AP —A=0.
Khi do
—n < tr(A) <nvadetAe {-1,0,1}.

Chiing minh. Xét

P(X) = X?— X = (X? - X)X.
Do P(X) la tach don nhan ma tran A lam nghiém nén ma tran A chéo héa duge. Hon niia,
tit dinh 1y chinh, céc gid tri rieng ctia A chi ¢6 thé 1a nghiem ctia P(X). Khi d6 ton tai ma
tran kha nghich ) sao cho

MO .0

orag—| o U
0 Ao
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trong d6 \; € {0,1,—1}. Bdi vi

—n < tr(A) < n.
Mt khac, ta ¢6 det(A) = A . Ag... \,. Vi vay, ta duge
det A € {—1,0,1}.
Ta dugce diéu phai chiing minh. O
Vi du 3.7. Cho A = [a;;],, 1a ma tran vudng cap n thoéa man:
A?—3A+421=0.
Khi dé:
i) tr(A) la s6 nguyen va n < tr(A) < 2n.
ii) det(A) 1a mot s6 tu nhien khong nho hon 1.

Chiing minh. Xét

PX)=X*-3X+2=(X-1)(X-2).
Do P(X) la tdch don nhan ma tran A lam nghiém nén A chéo héa duge. Hon nita, tit dinh
Iy chinh, céac gia tri rieng ctia A chi ¢6 thé 1a nghiem ctia P(X). Khi d6 ton tai ma tran kha

nghich @ sao cho

A 0 ...00
otag— | S
0O 0 ... M\,

trong do A; € {1,2}. Vi vay, ta c¢6
n <tr(A) <2n

va det(A) 1a mot s6 ty nhien khong nhé hon 1. O

Tuong tir nhu cic vi du tinh toén & trén, ching to6i cung cap mot vai vi du khac sau day.
Vi du 3.8. Cho A = [a;;],, 1a ma tran vuong cap n thoéa man:
AP =747 - 12A.
Khi do, ta co

tr(A) < 2n va det(A) 1a mot s6 ty nhien.
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Chitng minh. Cha ¥ 6 day, ma tran A triét tieu béi da thic tach don
P(X)=X(X—-1)(X =3)(X —4).
O

Vi du 3.9. Cho A = [a;], 13 ma tran vuong cap n thoéa man A* = A? va tr(A) = n. Khi
dé cac gia tri rieng cua A la 1. Dic biet, A = I,.

Chitng minh. Ma tran A bi triét tiéu bdi da thic
P(X)=X*X—1).

Hon nita, twong tu nhu chitng minh dinh 1y chinh, céc gia tri rieng ctia A chi c6 thé 1a 0
hosic 1. Béi dung tr(A) = n, tat ca cic gia tri rieng ctia A déu 1a 1. N6i rieng, ma tran A
kha nghich. Tt gid thiét, ta duge A® = A? kéo theo

ATTAR = A1 A2

Vivay, A= 1. ([l
Dura trén cac tinh toan tuong tiy ching toi cung cap thém mot s6 bai toin md rong tuong

tng cua cac vi du trén.

M6 rong 3.3. Cho A = [ay], la ma tran vuong cap n thod man A*> = 4A — 3. Khi do tr(A)
la mot so tu nhién théa man 0 < tr(A) < 3n. Hon niia,

det(A) € {(=2)",0,2"}.

M6 rong 3.4. Cho A = [a;], la ma tran vuong cap n thod man A* = 5A — 61. Khi dé
tr(A) € Z thoa man 2n < tr(A) < 3n. Hon nia,

det(A) € N va 4 < det(A) < 3.
M6 rong 3.5. Cho A = [a;;], la ma tran vuong cap n thod man A* = A®. Khi dé tr(A) = n.
Loi cam on
Tac gid chan thanh cdm on ThS. Pham Thanh Tam, nguoi da tric tiép va tan tinh hudéng
dan tac gia trong qué trinh hoan thién bai bao nay.
TAI LIEU THAM KHAO
[1] N. H. V. Hung, Dai so tuyén tinh, NXB DHQG Ha Noi, 2005.

[2] J. M. Monier, Gido trinh toan-Tap 6: Dai s6 2, NXB Giao duc, 2006.
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DAY FAREY VA UNG DUNG
C wyén dé

Cap Nguyén Thi Hwong - K43 TTA

Khoa Todn, PHSP Ha Noi 2

Gié6i thieu. Day Farey la mot day s6 noi tiéng trong toan hoc. N6 dugc dat tén theo
tén nha dia chat hoc nguoi Anh John Farey Sr. (24/9/1766 — 6/1/1826). Biic thu viét vé
day Farey ctia éng dugc cong bo trén “Tap chi Triét hoc” vao nam 1816. Farey chi phéng
doan, ma khong cung cap bat ky chitng minh nao. Trong dé ong chi ra riang moéi s6 hang
mdi duge bé sung vao day Farey thit n la s6 hang trung gian c¢é thé nhan dugc tir hai s6
hang canh nhau bang cach cong tuong iing tit va mau. Augustin-Louis Cauchy da doc biic
thu ctia Farey va ong da cung cap mot chitng minh trong “Excersices de mathématique” ctia
minh, va quy két qud nay cho Farey. Trén thic té, mot nha toan hoc khac, Charles Haros,
da cong bo két qua tuong tir vao nam 1802 ma Farey hoac Cauchy khong biét dén. Do d6,
day la mot sy ngau nhién da gan tén cta Farey vdi day sb nay.

Trong bai viét nay, chiing toi sé dira ra cach xay dung va dinh nghia ctia mot day Farey;,
dong thoi ciing dua ra mot sb tinh chat dic trung ctia né. Hon thé nita, d phan cudi ciia bai
viét, toi dua ra mot sé ting dung ctia day Farey dé thé hién moi lién hé mat thiét ciia né vdi

Ly thuyét s6 va Hinh hoc.

1. DAY FAREY

1.1. Mot so dinh nghia
Dinh nghia 1.1. Cho s6 nguyén duong n. Phan s6 toi gidn £ € [0;1] duge goi la phan sO
Farey bac n néu ¢ < n. Day tang tat cd cac phan sd Farey bac n dudce goi 1a diy Farey bac

n, ky hiéu la F,.

Nha dia chat hoc va nha van John Farey Sr. (1776-1826) (nguon: Wikipedia).
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Vi du 1.1. Day Farey bac 5:

A= {84
F={1.51}
FS_ %7%71a271}

F, = Ql;--é;}

F—{Qlllzlézéél
57 \1"5°2103°5°25°3 457 1J -

Dinh nghia 1.2. Néu 7 la mot phan s6 thuoc day Farey thi 1 — 7= bjTa dude goi 1a phan
bl ciia né.
Vidu 1.2.
i)
ii)

Vi vay, luon ton tai mot s6 1é clia cdc phan s6 trong day Farey bat ky nam ngoai bac 1,

olo

c6 phan b 1a %

13 phan s6 duy nhat khong c6 cap vi né ciing 1a phan bu ctia chinh né.

mdi s6 nay deéu lien két véi phan bl clia né, ngoai trir %

Trong bang chudi Farey, cAc mau s6 c¢6 mot khuon mau. Vi du nhu dé xay dung mau sé
clia hang bac 7, chung ta chén 7 vao bat cit vi tri ndo c6 hai mau s6 lién nhau ctia bac 6 ¢
tong bing 7:

Bac6 1 6 5 4 35 2 53 4 56 1
Bac 7 7 7 7 7 7 7

Sau d6, chiing ta c6 thé danh s6 cac phan s6 mdéi véi tit s6 theo thit tu tit 1 dén 6 vi c6
tong cong sau s6 7. Tuy nhien, trong truong hop tong quat khong ton tai phan s6 véi mau
s6 n vi mot s6 phan s6 khong ton tai dudi dang toi gidn. Dudi day 1a 8 bac dau tién vé mau

clia cac phan s6 Farey, trong d6 cdc mau s6 méi dugde in do.

Bicl 1 1
Bic2 1 2 1
Bac3 1 3 2 3 1
Bic4 1 4 3 2 34 1
Bac5 1 54 3 5 2 5 3 45 1
Bac6 1 654 3 5 2 5 3 456 1

Bac7 1 765473 57275 374567 1

Bac8 1 876 547385727583 745¢67281
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Mot cau hoi tu nhién dude dat ra la:

“Vay thi cac t1t s6 c6 bat ky khuon mau nao hay khong?”

4 va phan bit ctia n6 1 — ¢ = ¢ déu nam trong
b b a

cting mot day Farey. Day Farey luon luon c6 do 16n tang dan, vi vay tong clia phan sb thi

Chiing t6i nhan thay rang ci phan s

hai (tit cudi day s6 Farey) la phan bu ciia phan s6 thit hai (tir dau day s6 Farey), va ctt nhu
vay doi v6i phan s6 thi ba, thit tu,... cho dén khi ching ta nhan dugc phan s6 trung tam
%. Céc cap phan s6 nay c6 cing mau s va tit s6 clia chiing ¢6 tong bang n, véi n 1a bac clia
day Farey.

Dinh nghia 1.3. Ta goi s6 phan s6 trong mot day Farey bac n 1a do dai ctia day Farey. Ky
hicu 1 |F, .

Dinh ly 1.1. D¢ dai cua mot day Farey cho trude duge cho bdi cong thic sau:
[l = [Foa| + 9(n),

trong do Fy =2, ¢(n) la ham Euler dugc xdc dinh bdi cong thic

1
o(n) = n-TIE (1 - ;) »

K3
la cac k thua so nguyén to phan biét cia n, vdin > 2.
Hon thé nita do dai ctia diy Farey duge tinh xap xi bai:

3n?

Chiing minh. Xem tai liéu tham khao [5], [6]. O

1.2. Mot so tinh chat ddc trung cia day Farey
Dinh 1y 1.2. Cho cdc s6 tu nhién a,b,c va d théa man

0< ¢

<-=<1 wa bc—ad=1.

Sl
ul

, 5 la hai 50 hang lién tiép cia day F,, ¢ day n la so nguyén duong théa man

max{b,d} <n <b+d-—1.
Chiing minh. Tt bc — ad = 1 ta c6 %, 5 la hai phan s6 t6i gian, ma max{b,d} < n, suy ra
chiing 13 cac s6 hang ctia day F,. Néu ching khong phai 1a hai s6 hang lién tiép ctia F,, thi
ton tai phan s6 Farey bac n, ky hieu 2, théa man

<ﬁ<
k

Sl S
QIO
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Vick —dh > 1 va bh —ak > 1 nén

b+d—1>n>k

= (bc — ad)k
= b(ck — dh) + d(bh — ak)
>b+d,
day la diéu khong thé xay ra. Dinh 1y duge chitng minh. O
Véi cac s tu nhién a, b, ¢ va d théa man 0 < 7 < ¢ <1 phan sO ZTJ“; dudce goi 1a phan s6

a

trung gian ctia hai phan s ¢ va <. Tu ching minh trén ta c6 dinh ly sau day.

Dinh 1y 1.3. Cho cdc s6 tu nhién a,b,c va d théa man

0§%<§§1 va be—ad=1.
Khi d6 néu % la phan s6 trung gian cla hai phan s6 %, < thi
C e Bh—ak=1,ck—dh—1
—< - <= v —ak=1,ck —dh = 1.
b k d ’

T Dinh ly , chiing ta c6 thé chiing minh dinh 1y sau day.
Dinh 1y 1.4. Véi moi s6 nguyén duong n ta cé

i) Day F,1 c6 duge ti day F, bing cdch viét vao gitta hai s6 hang lién tiép cia F, c6

tong cic mau khong vuot qud n+ 1 phan sé trung gian cta ching.
ii) Néeu $¢ < £ la hai so hang lien tiép cia F, thi bc —ad = 1.

Chitng minh. Ta sé chiing minh dinh 1y trén bing phuong phap quy nap toan hoc theo n.
R6 rang khang dinh ding v6i n = 1. Gid stt khang dinh ding véi cac s6 nguyén duong bé
hon n (n > 2), ta sé chitng minh khang dinh ding véi n.

Tur Dinh 1y |1.3) va gia thiét quy nap ta c6 néu ¢ < & la hai s6 hang lien tiép cia F,, thi
be — ad = 1. Sau khi viét vao giita hai s6 hang lién tiép ctia F), c6 tong cac mau khong viuot

qua n + 1 phan s trung gian ciia ching ta thu duge day con F! cta F,,, ;. Néu trong F,

<

c6 phan sb % khong thuoc F/ thi ton tai hai s6 hang lién tiép 7 <3

ctia F! sao cho

a<h<c
b k d

Vi % khong thuoc F! nén né ciing khong thuoc F,, suy ra k > n, két hop véi k < n +1 ta
c¢6 k =n+ 1. Mat khac, tit chiing minh ctia Dinh 1y , ta dugce

k=n+1>b+d.
Dicu nay suy ra ¢ < < la hai phan s0 lién tiép ciia Fy,, ma b+ d < n + 1 nén ching khong

thé 1a hai s6 hang lien tiép ctia F. Diéu nay 1a vo ly. O
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1.8. Duong tron Ford va phan so Farey

Dinh nghia 1.4. Xét hé truc toa do Oxy. V6i mdi phan s6 t6i gian L nam trén truc Oz, ta

dung cac duong tron tiép xic véi Oz tai diém do6, tam c6 toa do (2,55 ) va ban kinh -5,
q’ 2q 2q

duge goi 1a dudng tron Ford, ki hieu 1a Clp, q].

= o
w| N
==
W >
N W
w| ut
=N
wl 3
N| Ul
w| o
= w

W =
N| =

Dinh ly 1.5. Xét hai duong tron Ford khdc nhau C[h, k] va C' [N, K']. Khi do
i) Néu |hk' — W'k| =1 thi hai duong tron tiép xic ngoai vdi nhau.
ii) Néu |[hk' — h'k| > 1 thi hai duong tron & ngoai nhau.

Chitng minh.

hll
kll

x| =

Goi D la khoang céach gitta tam cua 2 duong tron. I, I’ va r, R tuong tng la tam va ban
kinh cta duong tron Clh, k]; C'[A/, k'] . Khi d6 ta c¢6

ho1\ (Nl 1 N |
J(EGE)J(EiﬁJ wor=gmi=gm

1 1
rrR=oEtom

Tu day, ta duge

Do dé

) 1 1\
r+ B =3t o)
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Khoang cach gitta tam cta hai duong tron la

A 1 1\’

R ,_ S —_— —

b=1 —\/(k k:) * (2k;’2 2k2)
AN 1 1\°

D= (=-= — - .
(k k) +(2k2 2k:’2)

Dé khao sat vi trf tuong déi cau hai dudng tron C[h, k] va C'[h', k'], chiing ta xét higu sd
D? — (r+ R)?. Ta c6

T do, ta suy ra

D?— (r+R)?
AN AR S T R AR U A
C\k K 2k2 k2 2k2 2k

AU G WA SRS U U W OF S SR
A\ Tk TR Ak2  2k2k2 T 4k Ak2 T 2k2k2 T 4k
h: R R 1
=R % T e
h2K?2 + h2k2 — 2hW kK — 1
- L2)2
(hk' — W'E)* — 1
kiZk’Z ’

Do do, ta c6
i) Hai duong tron C|h, k] va C'[I/, k'] tiép xtic ngoai véi nhau khi va chi khi

(hk' — Wk)* —1
k2k/2

& (hk —hWE?=1=0

& |hk — bk = 1.

D*—(r+R’=0& =0

ii) Hai dudng tron C[h, k| va C'[h/, k'] 6 ngoai nhau khi va chi khi
(hk' — k) —1
122
& (hk —hWE?=1>0

& |hk' =Wkl > 1.

D*—(r+RP>0& >0

Ta duge diéu phai chitng minh. 0
Tt tinh chat nay ta dé dang thiy dudce bat ct hai phan s6 Farey lien tiép nao duge biéu
dién trén hée truc toa do cling c6 hai duong tron Ford tiép xtc v6i nhau. Ta c6 mot vi du

minh hoa sau véi chudi Farey bac 7.
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Ul W
wl N

| o

S w
SIS

(o)W ¥, 1
N oy
==

Dinh 1y tiép sau day sé lam 1o hon vé vi tri tiép xic clia hai duong tron Ford lién két véi
hai phan s6 Farey lién tiép.

Dinh 1y 1.6. Cho cdc phan s6 Farey lién tiép

Khi do

i) Clh, k| tiép zic voi C [0, k"] tai

A1:<h k 1 )

F B k”(k)2 + k)”Q); k2 + k,//2
i) C [N, kK] tiép xic vai C[h', k"] tai

h" k' 1
A2 - <F + ]{7”(1{3/2 + ]{3”2); ]{,‘/2 + k‘”2> )

Chiing minh.
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Ki hieu do dai cac dudng nhu trong hinh vé. Ap dung dinh 1y Thales, ta c¢6

1
a 252 b
! I~ 1 I
kR 2R 2R o

T do, ta thu duge

1 (h h”) k" — kR

. 2/{32 k‘ /C” . 2k3k// . /{:
a= 1 1 -1 1 = (kz + k//z)’
o o opm o
va
1 1 1 1 1
— + — _
b 2k2 \ 2k  2k2 CAR2E? T A4kA k2 — k"2
- 1 1 - 1 1 DY) (kz T k//z)‘
STZRETE] STz TE]
Do do, ta dugc
k K2 — k"

a= k//(kQ + ]{7”2) va b= 2]{5”2(k‘2 + k/ﬂ)'
Toa do diem A, = (z1,v1), trong d6
B

xlzﬁ—a
h’ k

Tk k”(k‘2 + k//2>’

va
RN S SR
ST T
B 1
- k2 o+ k//2'
Tuong tu ta ciing tinh duge toa do cua As. O

2. UNG DUNG CUA DAY FAREY TRONG CHUNG MINH MOT SO DINH
LY SO HOC

Trong phan nay ching toi sé gisi thieu mot vai ting dung diy Farey vao chiing minh mat
s6 két qua ve xap xi s6 vo ty bdi s6 hitu ty.
Dinh 1y 2.1 (Dirichlet, 1842). Cho s6 thuc o va s6 nguyén K > 1. Khi dé ton tai cdc so
nguyén a va q sao cho 1 < q < K va
a

1
o—-l<—
q] ~ q(K+1)
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Chiing minh.
Chaing minh thi nhat. Phan hoach khoang [0;1) thanh K + 1 khoang

I z'—l_ 1
K+ 1T K +1
voii=1,2,...,K+1 Xét K s6 {ia} véii=1,2,..., K.

Néu ton tai ¢ sao cho ia € I; thi v6i ¢ d6 ta cod

1
0 <ia—lial < .
<ia — [ial il
Diéu nay suy ra
[ia] - 1
a —
i | S AK+ 1)

dén day ta chi can chon ¢ =i va a = [iq].

Néu ton tai i sao cho {ia} € I, thi véi i d6 ta co

K <i lia] <1
K+1_za 100

Diéu nay suy ra

o — .
3

lia] + 1 < 1 |
(K +1)
ta chon ¢ =i va a = [ia] + 1.
Néu khong xdy ra hai truong hgp trén thi ton tai i > j dé {ia} va {ja} cuing thuoc I},
v6i k nao dé théa man 2 < k < K. Khi do, ta duge

0 <[{ia} —{ja}| <

K+1

Diéu nay suy ra

<

i~

ta chon ¢ =i — j va a = [ia] — [ja].

o lie)—Li

(i =) (K +1)°
Chaing minh thi hai. Gia st Tk la mé rong mod 1 ctia day Farey bac K, nghia la
a *
Tk = {5 la€,qe” q< K ged(a,q) = 1}‘

Véi mdi phan s ¢ thuoe Tk, lay = < y 1a hai phan s6 ké v6i n6 trong Tk, nghia I3

a

x<d

<Yy

12 ba phan s6 lién tiép trong Tx. Goi 2’ 1a phan s6 trung gian clia x va ¢,y laphan s trung
gian cua y va . Ta dat
L= [2"5y].
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D& thay {/u/a}ajaer, 12 mot phit ctia R, do d6 ton tai ¢ € Tk sao cho o € I,yq. DE ¥
rang ciing nhu Fy, tong cdc mau clia hai phan s6 lien tiép trong Tk khong bé hon K + 1 va
hiéu hai phan s6 lién tiép trong Tk 14 mot phan s6 c6 ti bang 1. Diéu nay suy ra

o=l < 2
a——| < ———.
dl —d(K+1)
Ta duge diéu phai chitng minh. ([
Dinh 1y 2.2 (Dirichlet, 1842). Cho s6 v6 tyj a. Khi d6 c6 vo han phan sé toi gidn @ sao cho

a
o — —

1
q| = ¢

q

<

Hon nita ta cé thé chon q lon tuy v).

Chiing minh.
Chaing minh thii nhat. Ta sé xay dyung day httu ty thdéa man bang quy nap. Véi s6 nguyén
K > 1 bat ky, theo dinh 1y trén, ton tai phan s6 ¢saocho 1 <¢g< K va

1
< —_—
~q(K+1)

a
a__
q

Béang cach thu gon e néu can, ta c6 thé xem phan sé nay t6i gian. Do K +1 > ¢ nén tit bat
ding thic trén ta co
a < 1 - 1
a——| < —— < —.
q " g K+1) ¢

Gia st ta da xay dung dudc day cac phan s6 t6i gian doi mot khac nhau

ay az A
cey

Qg Am
théa man bat dang thiic trong dinh 1i. Vi a 14 s6 vo ty nén

Q;
a__
qi

>0, Vi,

bdi thé nén ta c¢6 thé chon duge sé nguyen duong K dé

-1
Q;
K > max < |a — — .
4q;
Dung Dinh 1i [1.2| cho s6 K nay ta tim duge phan s6 t6i gian =L sao cho
1 S dm+1 S Ka
va . .
A,
'a e < .
dm+1 qurl(K + 1) dm+1
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Phan s6 nay khac tat ci cac phan s6 trude vi

1
T g (K +1)

<L < mi &
— min< o« — — .
K qi

Dé két thic chi can dé ¥ ring v6i mdi ¢ > 1 chi ¢6 nhiéu nhét hai gia tri a 1am cho bat ding

‘ Gm+41
a —

dm+1

thic trong dinh 1i ding.

Chitng mianh thi hai. Khong mat tinh tong quat ta gid st 0 < o < 1. Ta c6 thé chon
a=0,q=1dé dugc mot phan s6 tdi gidn théa man.

Gia st ta da xay dung dude mot vai phan s, ta sé chi ra mot phan s6 khac ciing thoa
man bat déng thic trong dinh 1i nhung khac tat ca cac phan s6 nay.

Chon s6 nguyen duong n di 16n sao cho £ nho hon tat ca cac khoang céch tit o dén cac
phan s6 da dudc tim. S6 « s& nam giita hai phan sb lién tiép 7 < §cta F,, gid st b > d.
Chu ¥ rang

c a 1 1 1
—_——,e e e < <=
d b bd~b+d—1"n

nén ca ¢ va ¢ deu khac tat ca cc phan sb truée. Hon nia

nén ta c6 thé chon ¢ la phan s tiép theo. O
Dinh 1y 2.3 (Hurwitz, 1891).
i) Cho s6 vo tij a. Khi dé c6 vo han phan sé toi gidn % sao cho

- 1
Aqg?’

hon nita ta cé thé chon q ldn tuy .

ii) Cho s6 thyc A > V5. Khi dé chi ¢6 hitu han phan sé t6i gian g sao cho

a - 1
“ q|  Ag?
d day
V5 —1
o =

Chiing minh.
i) Khong mat tinh tong quét ta gid st 0 < o < 1. Xét mot sé nguyén duong n bat ky.

S6 « s& nam gifta hai phan s6 lien tiép ¢ < £ clia F,. Ta chi can ching minh mot trong

d
ba phan so6
a c a—+c
b d b+d
TOAN HOCJ)
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thoa man bat déng thic trong dinh If, phan sau s& lam nhu trong ching minh Dinh 1i [1.4]
Gia sit
a a+tc

C
b Sbrd " Y4

va ci ba phan sé déu khong théa man bat ding thic trong dinh 1i, nghia la

w’

g

a+c 1
o — > , 2
b+d =~ /5(b+d)° @)

va

Cong vé theo vé va . ta dugc

Cong vé theo vé ([2) va (3)), ta c6

V5 ! +1'
db+d) — (b+d)? d?

Dat 2 = ¢ thi khi d6 tir hai két qua trén ta dugc mot he bat phuong trinh bac hai an ¢, gii
hé nay ta c6
. \/5 —1

¢ Q,
diéu nay 1a vo Ii.

ii) Gia st bat dang thiic trén ding v6i vo han phan sb L mdi g chi c6 nhiéu nhat hai
gi4 tri a lam cho bat dang thic dé ding nén ¢ chay trén mot tap vo han. Viét lai bat déng
thic trong Dinh 1y duéi dang

o T a2’
5 1
b 1
2 Aq

Binh phuong hai vé ctia bat déng thic trén, ta dudc

1 V5 )

——<ad’+ag+gq

A2 A
1 V5
< o +

TOAN HOC ;)
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Vi A > /5 nén ta ¢6 thé chon q dii 16n dé
1 V5

2 2

—-1< A2 —7<a +aq+q

V5

< — <1
e A
v6i g nay,
a’+aq+q* =0,

diéu nay 1a vo Ii. O

Vi du 2.1 (Euler, 1747). Moi s6 nguyén t6 dang 4k + 1 c¢6 thé viét thanh tong clia hai s6
chinh phuong.

Loi giai. Theo dinh Iy Wilson, ton tai sé6 nguyén duong ¢ sao cho
¢+ 1 =0 (modp).
Ap dung dinh 1y Dirichlet véi K = [\/;T)} VA s0 o = g, ton tai cac s6 nguyén a, b sao cho
1<b<[Vp]
va

c a - 1 - 1
p b b(K+1) byp
T (4)), ta co
lcb — ap| < /p.

Diéu nay suy ra

0 < (cb—ap)® +b* < 2p.
Hon nita

(cb —ap)® + b? = b*(c* + 1) (modp) .

Diéu nay suy ra

(cb — ap)® + b* = p.

Vi du 2.2 (Phuong trinh Pell). Cho d 1a s6 nguyen duong khong phéi 1a s6 chinh phuong.
Xét phuong trinh Pell
vt —dy* = 1. (5)

a) Chiing minh rang ¢6 nghiém nguyén duong.
b) Cho (z1,v1), (22, y2) 1a hai nghiém nguyén duong ctia Chiing minh rang

xl<x2<:>y1<y2<:>$1+y1\/6_i<$2+yz\/a-
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¢) Goi (2/,9") 1a nghiém nguyen duong cla v6i 2’ nhé nhat. Chitng minh rang tap

nghiém nguyén duong cta (5)) 1a {(z,, y,) |n =1,2,...} 6 day (z,.), (y,) 1a hai day cac
s6 nguyén duong xac dinh béi

2
Tn + ypVd = (:c'—i—y’\/g) . Vn>1.
Loi giai.

a) Vi d khong phai s6 chinh phuong nén v/d 1a s6 vo t§, do d6 theo dinh ly Drichlet, ton tai
vo han phan s6 toi gian £ sao cho

1
‘\/_—B‘<—2.
q q

Hon nita, ta c6 thé chon ¢ 16n tiy ¥. V6i cac phan sb § do ta co

‘pQ —dq2‘ <1 —1—2\/&

suy ra ton tai so6 nguyén ¢ # 0 dé c6 vo han phan so toi gian £ sao cho

1
’\/E - 2—9' <.
q q
Trong cac phan s6 théa man (b)), ta chon hai phan s6 khéc nhau p—i va L

P2 g50 cho
q2

p1 =p2 (modc]), ¢ = g2 (mod]|c|).

Xét cac s6 hitu ty a v b xac dinh béi

HM:M
p2+Q2\/E

—d _
:p1p2 - q192 +p2Q1 Pl%\/g.
c

Theo céch chon £ va £ ta c6 a, b la cdc s6 nguyen véi b # 0. Ta thay (|al, [b]) 1a mot nghiem
nguyén duong cua vi

a? — db? = <a+b\/c_l> (a — b\/c_l)
_ M +C]1\/a p1— C]l\/E
p2 + QQ\/3 P2 — QQ\/E

c

=Z=1.
C

b) Do x1,y1, T2, Y2 12 cac s6 nguyén duong théa man
LC12 =1+ dy12, £C22 =1+ dy22

TOAN HOC
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nén ta dudce
T < T2 <= Y1 < Y2

Tu day, ta c6 diéu can chiing minh.

c¢) Dé thay (z,,y,) 1a nghiem nguyen duong ctia phuong trinh v6i moi n = 1,2,... Bay gio
gid st (2o, yo) 1& mot nghiem nguyen duong nao dé ctia phuong trinh. Ta sé chitng minh ton
tai s6 nguyen duong n dé (zo,v0) = (Tn, ¥n) , hay

2o 4 yoVd = (m’ + y’\/ﬁ)n.
Néu diéu nay khong xay ra thi ton tai sé6 nguyén duong k théa man
<:E’ + y'ﬂ)k < 204 yoVd < (x' + y'\/c_l) o
T day, ta co
1< (:L‘o + yo\/E) <9:/ — y’\/@k <2 +yVd (6)
Goi a va b 1 cac s6 nguyén xac dinh badi
a+bVd= (xo + yo\/a> (x’ — y’x@)k.

Tu (2) ta thay (a,b) 1a mot nghiém nguyen duong ctia phuong trinh va a < ', vo ly.

3. KET LUAN
Bai viét nho trén day cta toi gidi thicu v6i ban doc vé day Farey va mot s6 tinh chat,

tng dung ctia né. Hy vong thong qua bai viét nay, ban doc ¢6 thé thu duge mot sb kién thic
ve diy Farey thi vi nady ciing nhu tang thém kién thitc vé Toan hoc.
Loi cam on

Tac gid chan thanh cdm on ThS. Nguyén Thi Tra, nguoi da tryc tiép va tan tinh huéng
dan tac gia trong qué trinh hoan thién bai bao nay.
TAI LIEU THAM KHAO
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[6] Farey Sequence, Wikipedia, https://en.wikipedia.org/wiki/Farey sequence.
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VAN DUNG DAY HQC MO HINH HOA TOAN HQC
TRONG DAY HQC BAI TOAN GIA TRI LON NHAT,
NHO NHAT CUA HAM SO
Pham Ti Uyén, Nguyén Thi Ha va Nguyén Thity Dung - K444 SPT

Khoa Todan, DHSP Ha Noi 2

Tém tat. Bai bao trinh bay mot s6 van dé Iy luan vé day hoc mo hinh héa toan hoc va

van dung 1y luan dé vao day hoc bai toan tim gia tri 16n nhat, nhé nhat ciia ham sé.

1. MG DAU

Chuong trinh gido duc pho thong 2018 dang huéng téi phat trién 5 ning lyc toan hoc
cho hoc sinh, trong cac nang lyc d6, nang liwc moé hinh héa toan hoc la nang lic duge chi
trong nhiéu. Day hoc mo6 hinh héa (DH MHH) toan hoc sé gitip hoc sinh phét trien dugc
nang lic mo6 hinh héa toan hoc va thiy dude ¥ nghia ciia viéc hoc toan. Khong nhitng vay,
DH MHH gitip hoc sinh cdm thay hing thd v6i mon hoc bang cach ting cudng, sang té cic
yéu t6 toan hoc trong thuec tién, qua dé gitp hoc sinh hiéu sau va van dung duge kién thic.
Tim gi4 tri 16n nhat, nho nhat ctia ham s6 13 mot trong s6 cac kién thitc toan hoc c6 nhieu
ing dung trong thuec tién va c6 nhiéu co hoi van dung mo hinh héa toan hoc trong noi dung
nay. Do vay trong bai viét nay, ching toi dé cap viéc van dung day hoc mo hinh héa trong
day hoc bai toan toan gia tri 16n nhat, nhé nhat ctia ham so.

2. NOI DUNG

2.1. Mot sé6 van dé day hoc mé hinh héa todn hoc
2.1.1. Khat niém DH MHH toan hoc

N6i vé mo hinh héa trong day hoc Toan, tac gia Le Van Tién [4] phan biet hai khai niem
DH MHH va DH bang MHH.

e DH MHH la day hoc thong qua day hoc cach thic xay duyng moé hinh toan hoc cta

thite tién, nham tdi tra 10i cho nhiing cau héi, van dé ndy sinh tir thyc tién.

e Quy trinh DH MHH la: DH tri thitc toan hoc 1y thuyét — Van dung céc tri thitc nay

vao viéc gidi cac bai toan thuc tién va xay dung mo hinh cta thuc tién.

e Quy trinh DH bang MHH la: Bai toan thuyc tién — Xay dung mo hinh toan hoc —
Cau tra 10i cho bai toan thuec tién — Tri thitc can gidng day — Van dung tri thiic nay
vao giai cac bai toan thuc tién [4]. Nhu vay, tri thitc toan hoc can gidng day sé ndy
sinh qua quéa trinh gidi quyét cic bai toan thic tién. Nhu vay, DH MHH toan hoc 1
cach thiic day hoc tit mo hinh thyec tién huéng dan hoc sinh hinh thanh kién thic hoic
van dung kién thitc vao gidi bai tap.
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Nhu vay, DH MHH toan hoc la céch thic day hoc tit mo hinh thye tién huéng dan hoc sinh
hinh thanh kién thitc hosic van dung kién thitc vao giai bai tap.

2.1.2. Vai tro, y nghia day hoc mé hinh hoa toan hoc

a. Phat trién nang luc toan hoc

Day hoc moé hinh héa toan hoc gép phan phét trién nang Iuc Toan hoc cho hoc sinh, dac
biét 14 ning Ivc mo hinh héa toan hoc va ning lyc gidi quyét van dé. C6 thé hiéu nang lic
mo hinh héa toan hoc 1a ning liuc ngudi hoc chuyén dit lieu tit thue té sang ciu tric toan
hoc, giai quyét bai toan va dua ra nhan xét cho tinh hudng thuc té dé. Biéu hien cu thé cta
nang lygc mo hinh hoa la:

e Xac dinh duge mo hinh toan hoc (gom cong thiic, phuong trinh, bang biéu, do thi,. . .)

cho tinh huéng xuat hién trong bai toan thyec tién.
e Giai quyét duge nhitng van dé toan hoc trong mo hinh duge thiét lap.

e Thé hién va danh gia dugc 16i giai trong ngit canh thuc té va cai tién dude mo hinh
néu cach giai quyét khong phit hop.

Ning lyc gidi quyét van de 1a nang lyc hoat dong tri tué clia con ngudi trude nhitng van de,
bai toan cu thé, c6 muc tieéu cé c6 tinh huéng dich cao, doi hoi phai huy dong kha ning tu
duy tich cic va sang tao nham tim ra 10i giai cho van dé. Nang luc gidi quyét van dé toan

hoc thé hién qua viéc:
e Nhan biét, phat hién duge van dé can giai quyét bang toan hoc.
e Lua chon, dé xuat duge cach thite, gidi phap gidi quyét van de.
e Danh gid duge giai phap dé ra va khai quat hoa duge cho van dé tuong tu [2].

R6 rang, DH MHH yéu cau hoc sinh thiét lap dugc mo hinh toan hoc lita chon cach thiic
quy trinh gidi quyét van dé va giadi quyét duge nhitng van dé toan hoc trong mo hinh dugc
thiét lap, tit d6 nang lic mo6 hinh héa toan hoc va nang lyc gidi quyét dé ctia hoc sinh duge
nang cao.

b. Tao hiing thi hoc tap mon Todn

Phat huy tinh chta dong, tich cuc, tao hiing thid hoc tap cho hoc sinh trong qua trinh
hoc. Kién thiic khong duge truyén day mot cach thu dong tir gido vien (GV) ma duge hoc
sinh hinh thanh tit viéc tim hiéu, suy nghi, giai quyét bai toan thuc tién. Didu nay sé tao
hing thi, khoi goi sy to mo, nhu cau tiép thu kién thic toan hoc va thay dude toan hoc
c6 v nghia trong thuc tién. Nghién citu cho thay bai toan mo hinh héa gay hitng tha cho
hoc sinh nhiéu hon 14 viéc gidi mot phuong trinh hoic van dung toan hoc giai quyét van de
khong lien hé véi thuec tién [3].

c. Tang cuong moi lién hé todn hoc vdi thuc tién
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DH MHH dudc moi ngudi quan tam vi né cho phép lién két toan hoc véi thue tién, co
thé déng gép phan nao trong viec huéng t6i ¥ nghia ctia viec hoc tap va gidng day toan hoc.
Hoat dong DH MHH toan hoc 1a mot cach tiép can gitp HS van dung tri thitc linh hoat,
tao co hoi cho cac em hoc tap thong qua cac van dé, tinh hudng gan gfii véi thuc tién.

Trong quéa trinh tim hiéu va gidi quyét cac van dé thuc tién, DH MHH toan hoc cho
phép HS phat hién ban chat ctia van dé va giai quyét nhitng van dé d6; tao mot moi trudng
hoc tap da dang, ma trong d6 HS duge st dung cac phuong tién toan hoc dé gidi quyét tinh
hudng nay sinh & cac linh vic khac nhau. Nhu vay, c6 thé thay DH MHH toan hoc gitp hoc
sinh thay nguon gbc thuc tién clia cac kién thiic toin hoc; biét van dung kién thiic toan hoc
vao thue tién. Viec day hoc mo hinh héa cé thé trién khai ¢ bat ky mitc do gido duc nao tit
tiéu hoc dén trung hoc va ca dai hoc.

Maic dit DH MHH rat c6 ich trong viec 6 chiic day hoc toan hoc & truong phd thong

nhung né ciing ¢6 mot sé nhude diém, han ché.

e Dau tien, DH MHH doi héi mat nhiéu thoi gian hon so véi cac phuong phap truyen
thong. Khac vé6i viec cung cap kién thiic cho hoc sinh mot cach thu dong, DH MHH
yéu cau ngudi hoc suy luan, xay dung bai toan toan hoc, gidi quyét bai toan tit do
kién thitc méi duge hinh thanh. Viéc gidi mot bai toan thiyc tién ciing ton nhicu thoi
gian hon viéc gidi mot bai toan toan hoc thuan tuy. Mit khac, sé tiét mon toan trong
chuong trinh gidgo duc phd thong nam 2018 da giam xudng con 105 tiét ddi véi cac
khéi 10, 11, 12 [I]. Chinh vi vay, viec DH MHH toan hoc khong phai lic nao ciing thuc
hién duge.

e Tiép theo, trong gis DH MHH lta chon céc van dé dé thao luan trong 16p hoc khong
phai la don gian, trong thuyc té dé 1a nghe thuat cia GV. Tinh hudng nhu thé nao 1a
phit hop, d cho viéc gidang day? Diéu nay doi héi GV phai dau tu rat nhiéu va nhiing
cai ho c6 trong tay phai dude cap nhat va phai dugc dieu chinh phit hop cho ting
16p hoc, ngoai ra ciing doi héi kha ning quan 1i tinh hinh md trong 16p hoc cia GV.
Nhitng tré ngai tit quan diém ciia hoc sinh cho rang DH MHH lam cho bai hoc va cac
ki thi toan hoc dugc yéu cau cao hon va khé du doan hon. Céc hoc sinh khong mudén

thit nghiém mot phuong phap tiép can mdi.

2.1.3. Cac budc day hoc mé hinh héa toan hoc
Dé hinh thanh cac buéc day hoc mo hinh héa toan hoc, trude hét ching toi dya vao qua
trinh mo hinh héa mot van dé ctia thyc tién. Qua trinh nay gom 4 giai doan:
Giai doan I: Chuyén hé théng ngoai toan hoc thanh mot moé hinh trung gian. Xay dung
mo6 hinh dinh tinh ctia van de, titc 1a xac dinh cic yéu t6 c¢6 ¥ nghia quan trong nhat

va xac 1ap nhiing quy luat ma ching phai tuan theo.

Giai dogn 2: Chuyén mo hinh trung gian thanh moé hinh toédn hoc. Khi ¢6 mo hinh trung

gian ta chon cac bién dic trung cho cac yéu t6 ctia tinh hudng dang xét. Tu d6 dan
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dén viec lap mo hinh toan hoc thiét lap mdi quan hé giita cac bién sd va cac tham s6
clia tinh huéng.

Giai dogn 3. Hoat dong toan hoc trong moé hinh toan hoc. Stt dung cac cong cu toan hoc

dé khao sat va gidi quyét mo hinh toan hoc hinh thanh & giai doan 2.

Giai doan 4: Phan tich va kiém dinh lai cac két qua thu dugce trong giai doan 3. Trd lai tinh
huéng dugc nghién ctu dé chuyén cau tra 10i ctia van dé toan hoc thanh cau tra 15i
clia nhitng cau héi ban dau va déi chiéu chting véi thuc tién dugec mo hinh héa. Trong

giai doan nay c6 hai kha nang:
Khd nang I: Mo hinh va cic két qua tinh toan phit hop véi thuec té.
Khé nang 2: Mo hinh va cac két qua tinh toan khong phu hop véi thuce té. Khi do6
can xem xét cic nguyén nhan sau:

+ Tinh chinh xac ctia 16i giai toan hoc, thuat toan, quy trinh.
+ Mo hinh dinh tinh da xay dung chua phan anh day du van dé dang xét.
+ Tinh thoa dang ctia mo hinh toan hoc dang xay dung.
+ Cac s6 lieu ban dau khong phan dnh dung thuc té.

Trong truong hop nay, can phai thyc hién lai quy trinh trén cho dén khi tim dugc
mo hinh toan hoc thich hop cho tinh hudng.

HE THONG NGOAI TOAN HOC Cau trd loi cho ciu

Cau héi lién quan dén hé théng héi ban diu

|

Rit gon hé thong

(gitr lai nhitng thong tin thoa dang)

Mo hinh trung gian

(duy tri mdi quan hé vé ngit nghia dbi véi
hé théng ta tim cach mé hinh héa)

. 1 Gidi bai todn oo e
Trinh bay lai cac ciu hoi | Cau tr'a 101 cho
bai toan

So d6 mo t4 qua trinh mo6 hinh héa mot van deé thuyc tién phéng theo Coulange (1997) [3].
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Can cit vao qua trinh da néu 6 trén, chung toi dé xuat cac buée day hoc mo hinh héa toin

hoc nhu sau:
Bude 1. Néeu van dé ngoai toan hoc: Dua ra mot tinh huéng, van dé ngoai toan hoc.
Budc 2. Xay dung moé hinh toan hoc:

e Xay dung mo hinh trung gian.

e Xay dung mo hinh trung gian.
Bude 3. Tim cau tra 10i cho van dé ngoai toan hoc:

e Giai bai todn toan hoc (gidi quyét van dé toan hoc).

e Tra 16i cho van dé ngoai toan hoc.

Budc 4. Thé ché hoa tri thitc can day: xac dinh, trinh bay khéi niém, dinh 1y ... sinh ra ti
qué trinh gidi quyét van dé. Trong d6, thé ché hoa tri thic 1a viec xac dinh, trinh bay

khéi niem, dinh 1y dua trén 1 he théng hoc sinh da tim hiéu trude.

2.1.4. Diéu kién st dung

GV can tim duge nhitng tinh hudéng van dé ngoai toan hoc, c6 thé dé 14 van dé thuec tién,
hoiic ciing c¢6 thé 1a van dé trong cac khoa hoc khéc. Dong thoi, viec mo hinh héa van dé
nay sé dan dén mo hinh toan hoc dya trén tri thiic todn ma HS can nham dén [1].
2.2. Van dung day hoc mé hinh héa todn hoc trong day hoc bai gid tri lon nhat,

nhé nhat cia ham sé

“Gia tri 16n nhat, gia tri nhé nhat ctia ham s6” 14 mot noi dung trong chuong trinh Toan
12. Day hoc noi dung nay khong nhitng gitup HS c6 duge khoi lugng tri thitc, ki nang can
thiét vé gia tri 16n nhat, nhé nhat ma con c¢6 nhiéu co hoi gitip cac em van dung khdi luong
tri thiic, ki nang ay vao hoc tap cac mon hoc khéac va giai thich cic hién tuong trong thuc
té doi song. Céc bai tap trong sich gido khoa, sach bai tap chi yéu tap trung rén luyén cho
hoc sinh cach tim gia tri nhé nhat, 16n nhat ctia ham s6 da biét trong mot khodng hay doan.
GV nén cho hoc sinh nhiéu bai tap thuc té dé hoc sinh thay dude ¥ nghia ctia viec hoc toan.
Duéi day, chung to6i trinh bay viéc van dung DH MHH toan hoc trong day hoc bai toan tim
gia tri 16n nhat, nhé nhat ctia ham s6 thong qua cac vi du sau day.
Vi du 2.1. 2] Mot duong day dién dugc noi tw nha may dién trén dat lien & vi tri A dén vi
tri C trén quan ddo. Khodng cdch ngdn nhat tu C dén dat lién la doan BC c¢6 do dai 1km,
khodng cich tit A dén B la 4km. Nguoi ta chon mot vi tri la diém S nam gita A va B dé
mdc duong day dién ti A dén S, roi t S dén C. Chi phi moi km day dién trén dat lien mat
3000 USD, méi km day dién dat ngam dudi bién mat 5000 USD. Héi diém S phdi cach diém
A bao nhiéu km dé chi phi mdc duong day dién la it nhat?.

Bude 1. Neu van dé ngoai toan hoc: GV thong bao bai toan trén.

TOAN HOC
16 \Sook" o850 (2021)




Budce 2. Xay dung mo hinh toan hoc:

Buoe 3.

e Xay duyng mo hinh trung gian

GV 16 chitc cho HS suy nghi v thao luan tim ra nhitng yéu t6, s6 liéu can thiét.
HS can tim ra gia thiét va két luan clia bai toan.

Gid thiet: BC = 1km, AB = 4km,S € AB. Chi phi méc tit S dén A 1a 3000
USD, chi phi méc tit S dén C Ia 5000 USD,

Két lugn: SA =? Dé chi phi méac day dién la it nhat?

1 km

4 km

Xay dung mo6 hinh toan hoc

+ GV 10 chitc cho hoc sinh thiét lap mo hinh toan hoc ctia bai toan nay.

+ GV huéng dan HS tim ra bai toan nhu sau:

Gia st AS =z (0 < x <4), khi d6 BS = 4 — x. Chi phi mic day dién dugc chia
lam 2 phan:

Phan 1: Chi phi mic day dién tit A dén S 1a 3000 USD/km.

Phan 2: Chi phi mac day dién dat ngam dudi bién tit S dén C 1a 5000 USD /km.
Ap dung dinh 1y Pi-ta-go cho tam gidc vuong, ta thiy ring

SC =1+ (4—1x)2
Do d6 téng chi phi mac mic day dién:

f(x) = 3000z + 50001/1 + (4 — x)2.

Bai toan dit ra tim x dé f(z) c6 gia tri nhdé nhat trén doan [0, 4].

Giai bai toan (giai quyét van dé toan hoc)
(@) = 3000z + 5000y/1 + (4 — )2
Khi do

/ - —(4—$>
f'(x) = 3000 + 5000 T x)z.

TOAN HOC
T\ 880 {y01)




Tu day, ta duge

Flx) =031+ (@A —2)2=504—=z)
9

& (r—4)?= =

(=4 = 15

o= 2 (loai vi z € [0,4]),
x =L (nhan vi z € [0, 4]).

e Tra 10i cho van dé ngoai toan hoc
Vay AS = 3,25 km thi chi phi mac day dién la it nhat.

Bude 4. O bude nay, GV xac dinh va chi 16 kién thite vé gia tri l6n nhit, nhé nhat va bai

toan thuc tién.

Vi du 2.2. Khi nuoi cd thi nghiém trong ho, mot nha sinh vat hoc thay rang: Néu trén moi

don vi dién tich mat ho cé x con cd thi trung binh moi con cd sau mot vu cé can ndang
P(n) =480 — 20n (gam).

Héi phdi thd bao nhiéu cd trén mot don vi dién tich cia mat ho dé sau maot vu thu hoach

duge nhiéu cd nhat?
Bude 1. Neu van dé ngoai toan hoc: GV thong bao bai toan tren.
Budc 2. Xay dung moé hinh toan hoc:

e Xay dung mo hinh trung gian
GV to chiic cho HS suy nghi va thdo luan tim ra nhitng yéu t6, s6 lieu can thiét.
HS can tim ra gid thiét va két luan ctia bai toan.
Gid thiét: C6 n con cé, can nang mdi con ca sau vu la P(n) = 480 — 20n.
Két luan: Tim n, dé sau vu ca thi thu hoach dugc nhiéu ca nhat.
e Xay dyng mo hinh toan hoc
+ GV 16 chitc cho hoc sinh thiét lap mo hinh toan hoc ctia bai toan nay.
+ GV huéng dan HS tim ra bai toan nhu sau:
C6 n 1a s6 con cé trén mot don vi dién tich ho (n > 0). Khi d6 can ning ciia mot
con ca la
P(n) = 480 — 20n.
Do do, can ning ctia n con ca la
nP(n) = 480n — 20n°.
Bai toan trd thanh tim n de

f(n) = 480n — 20n?

v6i n > 0 dat gia tri 16n nhat.
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Budc 3.
e Giai bai toan (gidi quyét van dé toan hoc)

Ta co
f(n) = 480n — 20n>.

Khi d6
f'(n) = 480 — 40n.

Tu day, ta dugce

480
Ta c6 bang bién thién sau:
x 0 12 +0
S 0
Jix) 2880

T bang bién thien, ta thay rang gia tri 16n nhat ctia f(n) la 2880 khi n = 12.
e Tra 16i cho van dé ngoai toan hoc

Vay khi tha 12 con c4 thi sau vu ta thu duge khéi lugng ca 1a 16n nhat.

Budc 4. O bude nay, GV xac dinh va chi 16 kién thic vé gia tri 16n nhat, nho nhat va bai

toan thuc tién.
Baa tap tu luyén

Bai 1. Mot cita s6 c¢6 dang nhu hinh vé, bao gdm: mot hinh chit nhat ghép véi nita hinh
tron c6 tam nim trén canh hinh chit nhat. Biét ring chu vi cho phép ciia cita so 1a

4m. Hbi dién tich 16n nhat ctia cita s6 14 bao nhieu?
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Bai 2. C6 hai cay cot dung trén mat dat lan luct cao 1 m va 4m, dinh ctia hai cay cot cach
nhau 5m. Ngudi ta can chon mot vi trf trén mat dat (nam giita hai chan cot) va giang
day néi dén hai dinh cot dé trang tri nhu moé hinh duge mo ta bén dudi. Tinh do dai

clia day ngan nhat.

3. KET LUAN

Phat trién nang lic mo6 hinh héa cho hoc sinh 1a mot muc tiéu quan trong trong day hoc
moén Toan. Bo GD-DT da cé nhitng doi méi bude dau nhdm phat trién nang lyc va ting
cuong nang lyc van dung kién thitc khoa hoc vao thyec tién cho hoc sinh. O Viet Nam, DH
MHH con kha méi mé déi véi gido vien va hoc sinh khi day va hoc mon Toan & trusng pho
thong. Trong nghién citu nay, ching toi da hé thong héa duge cac van dé vé Iy luan DH
MHH toan hoc gom: khai niém, vai tro va cac buéc DH MHH toan hoc. Tt d6 van dung
vao day hoc mot s6 bai toan tim gia tri 16n nhat, nhé nhat ctia ham s6.

Loi cam on
Cac tac gid chan thanh cdm on TS. Dao Thi Hoa, huéng da tric tiép va tan tinh huéng

dan céc tac gia trong qua trinh viét bai bio nay.
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339 Ung vién Gido su, Phé Gido sv dat du sé phiéu tin nhiém
cUa Hoi dong Gido su Nha nudc nam 2020

MH'EM KY 2018 - 2023  Ngay 5.12.2020, Héi déng Gido su Nha nudc

gl p E (GSNN) di to chirc phién hop lan thir VI nham
>hién hop J-qn thir VI thao 1wan va tién hanh bo phiéu dbi véi két qua
xét cia Hoi déng Gido su nganh, lién nganh va
danh sach tng vién du diéu kién dwoc cong
= nhan dat tiéu chuan chic danh Gido su, Phd

" 86 trrong BS GD&BT. Chil tich Hoi déng GSNN (G140 Sur (GS, PGS).
Phtng Xuan Nha chd tri phién hop

Két qua, s6 tmg vién dat du s6 phiéu tin nhiém theo quy dinh 1a 339 ng vién, trong
d6 39 ung vién GS, 300 ting vién PGS. Ty 1é dat so véi tong sé Gmg vién ding ky
n6p hé so tai cac Hoi dong GS co sé cho dén thoi diém nay 1a 62,55% (trong d6 ti 18
dat cua rng vién GS 1a 50,65%, ttng vién PGS 1a 64,52%).

Nam 2020, Truong Pai hoc Su pham Ha No6i 2 ¢6 02 ung vién dat dat chuan churc
danh PGS d6 la: TS. Nguyén Vin Tuyén - Phé Truwéng khoa Toan va TS. Nguyén
Xuan Thanh - Phé Trudéng khoa Sinh - KTNN. Chuyén nganh xét cong nhan chirc
danh PGS cua TS. Nguyén Vin Tuyén 1a Ly thuyét t6i vu va TS. Nguyén Xuin
Thanh 1a Sinh duoc hoc.

Giang vién va sinh vién khoa Toan nhéan hoc béng dao tao
tv Quij Péi méi sang tao Vlngroup (VinlF)

Ngay 23.11.2020, Quy P6i méi sang tao
Vingroup (VinlF), thugc Tap doan Vingroup
trao ting 293 suat hoc bong tri gia gan 40 ti
dong cho cac hoc vién, nghién ciru sinh
trong cac linh vuc Khoa hoc Coéng nghe
(KHCN). Pay la nam tha 2 lién tiép,
Vingroup trao hoc bong thac si, tién si trong
nude, nhim gép phan phat trién ngudn nhan
luc khoa hoc chit luong cao cho dat nudc. Toan cénh budi I€ céng be

Tir 577 ho so, 293 hoc vién cao hoc va nghién ctru sinh xuat sic nhit da duoc nhan
hoc béng, chuyén nganh hoc la cac linh vuc mii nhon dang duoc cac truong dai hoc,
vién nghién ciu tdp trung dau tu. Nim 2020, khoa Todn c6 02 giang vién
ThS. Ha Tuan Diing va ThS. Nguyén Phwong Pong di gianh duoc hoc béng Tién si
tri gia 150 triéu dong/nam cling 02 sinh vién Nguyén Thi Thu Huyén va Ping Minh
Hiéu da gianh duoc hoc bong Thac si tri gia 120 triéu dong/nam. Ngoai hd tro hoc
bong, Quy VinlF con xdy dung cic chuong trinh Tai tro cac du an KHCN, Hop tac
dao tao thac si va tai tro cho cac hdi nghi, hoi thao KHCN nhim gop phin thic day su
phat trién cta khoa hoc cong nghé nudce nha.
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Lé cong bo Quqet dinh cong nhan Hoi dong truong,
Chu tich Hoi dong truong, Hiéu trudng nhlem ky 2020 - 2025

Ngay 17.12.2020, Tru’orng DHSP Ha Noéi 2 |
trang trong to chirc L& cong bd Quyét dinh | CONG BO QUYET DINH

CONG NHAN HOI DONG TRUGNE,
CHU TICH HO1 DONG TRUUNG, HIEU TRUGNG

cong nhan Ho6i dong truong, Chu tich Hoi D i il
dong truong, Hiéu truong Truong PHSP Ha '
Noi 2, nhiém ky 2020 - 2025.
Phat biéu tai buoi 1€, Thr truéng Nguyén Hitu _ VT ¥ l '
Do thay mit lanh dao B GD&DT guri 101 SEESE AL ILIE S weliSidl 8.3
chiic mimg 19 dong chi tham gia Hoi dong 19 thanh vién Hgi déng truéng ra mt
truong (HPT), chiic mimg PGS.TS Phung Gia Thé va PGS.TS Nguyén Quang Huy d3 duoc
tap thé lanh dao, can bo, vién chitc nha trudng tin nhiém dé xuat va B6 GD&DT c6 quyét dinh
cong nhan cac chu’c danh Chu tich HPT va Hiéu trudng nhiém ky 2020 - 2025.

¥ Chu tich HDT, PGS.TS Phung Gia Thé tran trong cam on

LI um.lmu[ YET l)l\ll

NG NHAN HOIBONG TRUME, _ B6 truong BO GD&DT, Ban can su Pang Bo GD&DT,

CGHU TICH HOI DONG TRUGNG, HIEU TRUONG
NHIEM KY 2020 - 2025
04Ny 1 b 13 ke 930

Pang uy Khoi cac truong PH & CP Ha Noi d3 tin tudng

giao nhiém vu, gitt chitc vu Chu tich H61 dong trudng

nhiém ky 2020 - 2025; hira sé cung HDT tap trung thuc

hién nhi€ém vu d61 méi quan tri PH, tirng budc xay dung co
. ché tu chu PH hudng té1 m6 hinh BH tién tién.

Thir trudng Nguyen Hifu D3 ting hoa chic mirng n i . 2 o , o . i

PGS.TS Phiing Gia Thé va PGS.Ts Nguyén quang Huy  Nhan Quyet dinh bé nhiém chirc danh Hi€u trudng nhiém

ky 2020 - 2025, PGS.TS Nguyén Quang Huy cam nhan day la vinh du nhung ciing la ap luc va
trach nhiém 1én ddi véi ca nhan. Y thirc dugc thuan loi va kho khin, PGS Nguyén Quang Huy
mong rang tip thé can bo, giang vién, sinh vién nha truong cung nhin vé moét huéng dé xay
dung nha truong thanh mot méi truong giao duc PH va nghién ctru khoa hoc co6 tinh chuyén
nghiép cao, mot moi truong lam viéc va hoc tap dﬁy tri tu¢, mat moi treong binh dfmg cho mot
nguoi trong mot khong gian hoc thuat mé va két ndi tri thirc cong dong, dé dam bao rang ngudi
hoc sau khi t6t nghiép c6 chat luong cao, ning huc 1am viéc, thich nghi, sang tao va tir hoc su6t doi.

Dv én cUa sinh vién khoa Toén lot Top 4 binh chon toan quéc tai Chung két
Cuéc thi “Hoc sinh, sinh vién véi § tudng khéi nghiép” nom 2020

Do 1a du an Connectstudy (Két ndi gia su truc tuyén) cia hai
sinh vién Nguyén Anh Cuong - K45 TTA va Ding Linh Nga -
K45A SPT. Dua vao nhu cau tim kiém gia su ngdy cang cao
cua hoc sinh, Connectstudy.com cung cép dich vu gia su truc
tuyén sang tao, tién lo1, tiét kiém, phu hop vaoi dac diém tAm
sinh 1y hoc sinh Viét Nam, tao khong gian twong tac manh mé
gitra phu huynh - hoc sinh, gia su va déi ngli quan tri website. RISy i

. ) . ~ . Phé Thil tuéng Chinh phi Vi Birc Dam thém gian hang
D01 ngli giang day va cong tac vién ho tro sau gio hoc chuyén  tung bay dirén cia Dang Linh Nga va Nguyén Anh Cutng

nghiép. Connectstudy.com hira hen s€ la mét du an chuyén nghiép, uy tin, chat luong, luon luén
doi maéi dé phat trién, c6 mot tién dé tot dé dat duoc s mang “Két ndi khoi nguén tr1 thae”.
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