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Introduction

Optimization concerns the analysis and the solution of problems in
order to find the best elements in a given set. It is an important and very
successful area of the applied mathematics. Applications of optimization
are expanding and diverse. Among the most popular areas of applica-
tion, we should mention as follows: engineering, statistics, economics,
computer science, management sciences, and mathematics itself. Op-
timization problem arises in approximation theory, probability theory,
structure design, chemical process control, routing in telecommunica-
tion networks, image reconstruction, experiment design, radiation ther-
apy, asset valuation, portfolio management, supply chain management,

facility location, and others.

Generally, an optimization problem (P) can be stated very simply
as follows. We have a given set C' and a real-valued function f on C. The
problem is to find a point £ € C such that f(z) < f(x) for all z € C.
Then, C'is called the feasible set or the constraint region, and the function
f is called the objective function. Normally, C' is defined by a system of
equations and inequalities, which we call constraints. If C' = R" then
we call the problem (P) to be the unconstrained optimization problem.
We say that (P) is the constrained problem if C' is a strict subset of the
space R" (i.e., C' C R" and C # R"). A feasible vector = € C' is called
a global solution of (P) if f(Z) # +oo and f(Z) < f(z) for all z € C.
We say that 7 is a local solution of (P) if f(Z) # 400 and there exists a
neighborhood U of Z such that f(z) < f(x) for all x € C N U. The set



of all the global solutions (resp., the local solutions) of (P) is denoted
by (G(P)) (resp., L(P)).

The optimization theory includes various fields such as integer,
stochastic, linear, nonlinear, convex, nonconvex, smooth, nonsmooth op-
timization, optimal control, semi-infinite programming, ect,. T here have
been several main directions of research including: existence of solutions,
optimality conditions, sensitivity analysis, duality theory and numerical
methods.

The most popular constrained optimization problem is the linear
programming (LP) problems, in which the objective function is a linear
function and the constraint set is defined by finitely many linear equa-
tions and inequalities. If the objective function or some of the equations
or inequalities defining the feasible set are nonlinear, the optimization
problem is called the nonlinear programming (NLP) problem. In this
case, the specific techniques and theoretical results of LP cannot be di-

rectly applied, and a more general approach is needed.

Quadratic programming (QP) problems constitute a special class of
NLP problems. Numerous problems in real world applications, including
problems in planning and scheduling, economies of scale, engineering de-
sign, and control are naturally expressed as QP problems. One also uses
QP problems in order to approximate NLP problems. The importance

of QP was presented by Floudas and Visweswaran [33].

Many important research results for linearly constrained quadratic
programming (LCQP) problems can be found in Lee et al. [56] and the
references cited therein. Since the finite dimensional LCQP problems
have been rather comprehensively investigated, several authors are now
interested in studying quadratically constrained non-convex quadratic

programming (QCQP) problems.
The study of QCQP problems originated in 1951 by Kuhn and

Tucker [55], if not earlier. These problems have been of great inter-



ests to the researchers in theory and practice. Besides the theoretical
importance, QCQP problems are of wide applications. In numerical op-
timization, at each iteration of the trust region method, a QP problem
with one elliptic constraint is solved as a subproblem in order to find
a moving direction. This subproblem is a special case of QCQP and is
known as the trust region subproblem (TRS). In binary integer program-
ming problems, the integer requirements can be formulated as quadratic
constraints. In statistics, the linear regression model minimizes an un-

constrained quadratic function which is a special case of QCQP.

On qualitative properties of QCQP problems, one often concerns

solution existence, optimal conditions, sensitivity analysis and stability.

The solution existence of QP problems is one of the most impor-
tant issues. In 1956, Frank and Wolfe [34] extended the fundamental
existence of linear programming by proving that an arbitrary quadratic
function f attains its minimum over a nonempty convex polyhedral set
C' provided that f is bounded from below over C' (called Frank-Wolfe
Theorem). From then to now, there have been some other proofs for this
theorem and its extended versions. Belousov [12, Chapter II, Section
4, Theorem 13] and Terlaky [105] proved the following result: A QP
problem has a solution if its objective function is convex and bounded
below over a nonempty constraint set defined by convex quadratic func-
tions. Detailed proofs of this result can be found in [13,66]. In 1999, Luo
and Zhang (66, Theorem 2] proved that a QP problem has a solution if
its objective function is bounded below over a nonempty constraint set
defined by a convex quadratic function and linear constraint functions.
They also showed [66, Example 2, p. 94| that there exists a nonconvex
QP problem in R* with two convex quadratic constraints whose objective
function is bounded from below over a nonempty constraint set, which
has no solutions. Belousov and Klatte [13, p. 45] observed that the effect

of nonconvexity of the objective function can be seen in R3. Bertsekas



and Tseng [14] proved the solution existence of a QP problem when
all the asymptotic directions of constraint set are retractive local hori-
zon directions and the objective function is bounded below constraint
set. Tuy and Tuan [106] established some important results on the solu-
tion existence for nonconvex QP problems. Given a quadratic function
and a convex quadratic constraint set, verifying whether the function is
bounded from below on the set is a rather difficult task. Eaves [31] dis-
cussed another fundamental existence theorem (called Faves Theorem)
for LCQP problems which gives us a tool for dealing with the task. Eaves
Theorem presented verifiable necessary and sufficient conditions for the
solution existence of LCQP problems. By using the concept of recession
cone in convex analysis, Lee et al. [61] established an Eaves type Theo-
rem for convex QCQP problems. Up to now, many researchers have been
studying sufficient conditions for the solution existence of a nonconvex
QP problem whose constraint set is defined by finitely many quadratic

inequalities.

Stability for parametric QCQP problems plays an important role
because they can be used for analyzing algorithms for solving this prob-
lem. For convex QP problems, Best et al. [15,16] obtained some results
on the continuity and differentiability of the optimal value function; some
continuity and/or differentiability properties of the global optimal solu-
tion map have been discussed (see, for example, [6,10,15,26,27,43,88]).
For nonconvex LCQP problems, the continuity for the global optimal
solution map, stationary solution map and the optimal value function
have been investigated in details in [56] and the references therein. For
TRSs, Lee et al. [61] investigated the case where the linear part or the
quadratic form of the objective function is perturbed and obtained nec-
essary and sufficient conditions for the upper/lower semicontinuity of
the stationary solution map and the global optimal solution map, ex-
plicit formulas for computing the directional derivative and the Fréchet

derivative of the optimal value function. Lee and Yen [62] estimated



the Mordukhovich coderivative and conditions for the local Lipschitz-
like property of the stationary solution map in parametric TRS. Since
QP is a class of nonlinear optimization problems, the results in non-
linear optimization can be applied to convex and nonconvex QP prob-
lems. Differential properties of the marginal function and of the global
optimal solution map in mathematical programming were investigated
by Gauvin and Dubeau [36]. Continuity and Lipschitzian properties
of the optimal value function have been studied in [10,91]. Auslender
and Cominetti [5] considered first and second-order sensitivity analysis
of NLP under directional constraint qualification conditions. In [72],
Minchenko and Tarakanov discussed directional derivatives of the op-
timal value functions under the assumption of the calmness of global
optimal solution mapping. Lipschitzian continuity of the optimal value
function was presented by Dempe and Mehlitz [28]. Some similar topics
related to Lipschitzian stability have been investigated in [37,64,71,94]
and the references given there. A survey of recent results on stability of
NLP problems was given by Bonnans and Shapiro [18]. In which, many
interesting results can be applied for QP. However, the special struc-
ture of QP problems allows one to have deeper and more comprehensive
results on stability for QCQP.

This dissertation gives new results on the existence and stability
for quadratic programmaing problems with non-convexr objective function.
By using the special structure of quadratic forms, the recession cone and
some advanced tools of variational analysis, we propose conditions for
the solution existence and investigate in details the stability for QCQP
problems. The specific techniques and theoretical results for LCQP and
TRS cannot be directly applied, and a more general approach is used.
Among our proposed assumptions, there are some weaker than ones used
in the cited works (applied for QP). We also generalize some stability
results from the case of polyhedral convex constraint set to the case of

constraint set defined by finitely many convex quadratic functions.



The dissertation has four chapters and a list of references.

Chapter 1 presents conditions for the solution existence of QCQP
problems through a Frank-Wolfe type Theorem and an Eaves type The-

orerml.

Chapter 2 investigates the continuity of the global, local and sta-
tionary solution maps of parametric QCQP problems by using the ob-

tained results on solution existence.

Chapter 3 characterizes the continuity, Lipschitzian continuity and
directional differentiability of the optimal value function under weaker
assumptions in comparison with results which are implied from general

theory.

Chapter 4 devotes detailed discussion to the stability for paramet-
ric extended trust region subproblem (ETRS). We estimate the Mor-
dukhovich coderivative of the stationary solution map and use the ob-

tained results to investigate Lipschitzian stability for parametric ETRS.

The dissertation is written on the basis of the paper [75] in Acta
Math. Vietnam., the paper [102] in Optim. Lett., the paper [76] in
Taiwanese J. Math., the paper [77] in Optimization, and preprints [78]
and [79], which have been submitted.

The results of this dissertation were presented at International
Workshop on New Trends in Optimization and Variational Analysis for
Applications (Quynhon, December 7-10, 2016); The 14" Workshop on
Optimization and Scientific Computing (Bavi, April 21-23, 2016); The
5" National Workshop of young researchers in teacher training university
(Vinhphuc, May 23-24, 2015); Scientific Conference at Hanoi Pedagog-
ical University 2 (HPU2) (Vinhphuc, November 14, 2015); at the sem-
inar of Department of Mathematics, HPU2 and at the seminar of the
Department of Numerical Analysis and Scientific Computing, Institute

of Mathematics, Vietnam Academy of Science and Technology.



Chapter 1

Existence of solutions

The aim of this chapter is to investigate the existence of solutions of
QCQP problems. The QCQP problem is stated in Section 1.1. Sections
1.2-1.3 present a Frank-Wolfe type theorem and an Eaves type theorem

for solution existence.

The presentation given below comes from the results in [102].

1.1. Problem statement

Let R” be n-dimensional Euclidean space equipped with the stan-
dard scalar product and the Euclidean norm, R*" be the space of real
symmetric (n X n)-matrices equipped with the matrix norm induced by
the vector norm in R" and RT" be the set of positive semidefinite real
symmetric (n X n)-matrices. Let

P::RQX”XR”X\(RET x R" x R) x ... x (R&Z" XR”XR)/CRS

TV
m times

with s = (m + 1)(n> + n + 1) — 1. The scalar product of vectors x,y
and the Euclidean norm of a vector x in a finite-dimensional Euclidean
space are denoted, respectively, by x7y (or (z,y)) and ||z||, where the
superscript 7 denotes the transposition. Vectors in Euclidean spaces are

interpreted as columns of real numbers. The notation = > y (resp.,



xr > y) means that every component of z is greater or equal (resp.,

greater) the corresponding component of y. For D € R¢*", we define
|D|| = max{|[Dz|| : € R", [Jzf| < 1}.

The norm in the product space X; x ... X X} of the normed spaces
X1,...,X} is set to be

1
(e, @)l = (el + -+ )2

Let us consider the following nonconvex quadratic programming

problem under convex quadratic constraints

min f(z,p) = 327 Qz + ¢"x
st.x €R": gi(x,p) =327 Qix + ¢l x + ¢; <0, (QP(p))

1=1,...,m,

depending on the parameter p = (Q,q,Q1,q1,¢1, -, Qm, Gm, Cm) € P.
For each i € {1,...,m}, by the fact that Q; € R}", we have g;(x,p) is

a convex quadratic function.

The feasible region, the local optimal solution set and the global
optimal solution set of (QP(p)) will be denoted by F(p), L(p), and G(p),

respectively.

The recession cone (see, for instance, [18, p. 33]) of F(p) # 0 is
defined by

0" F(p) ={veR": z+tv e F(p) Vo€ F(p) Vt >0},
According to [49, Lemma 1.1], we obtain that

0" F(p)={veR":Qu=0,¢)v<0,Vi=1,....,m}. (1.1)

The function
@:P— RU{+o0}



defined by

+00 if F(p)

Y

) nf{f(z,p) 12 € F(p)} if F(p) # 0;
o(p) = 0

is called the optimal value function of the parametric problem (QP(p)).

1.2. A Frank-Wolfe type theorem

In this section, we present a sufficient condition for the solution
existence of a nonconvex QP problem whose constraint set is defined
by finitely many convex quadratic inequalities (QP(p)). The obtained
result complements and develops the corresponding published result of
Luo and Zhang [66, Theorem 2].

Fix p € P and let
I:{l,...,m}, [OZ{iE[Z QZZO}, [1:{iEII QZ#O}:I\IO

Before stating the main results, we need the following technical

lemma.

Lemma 1.1. Assume that {2*} C F(p) such that 2* # 0, ||2*|] — oo
and ||z¥|| 2% — v. Then, v € 07 F(p).

Proof. Since 2% € F(p), we have

1 .
gi(2¥, p) = §(xk)Tszk +¢laf+¢,<0,i=1,...,m. (1.2)

Since @;, i = 1, ..., m, are positive semidefinite, by (1.2) we obtain that
@ f e <0,i=1,...,m. (1.3)

Dividing both sides of the inequality (1.3) by ||z*|| and letting k — oo
yields
Gv<0,i=1,...,m. (1.4)



Multiplying the inequality in (1.2) by ||2*||~2 and letting k — oo yields
p7Q;v <0, i =1,...,m. From the fact that, for each i =1, ..., m, Q;
are positive semidefinite it follows that ©7Q;v = 0; that is, x = ¥ is a
solution of the unconstrained optimization problem

min{p(x) = %xTQZ-:U cx € R"}

Combining this with the Fermat rule yields
Qv=0i=1,...,m. (1.5)

By (1.1), (1.4), and (1.5), we obtain v € 0" F(p). O

The following result is a generalization of Frank-Wolfe Theorem.

Theorem 1.1. Consider the problem (QP(p)). Assume that F(p) is
nonempty, f(x,p) is bounded from below over F(p) and one of the fol-
lowing conditions is satisfied:

(A;) The set I consists of at most one element;
(A,)  For each v € 0T F(p), if vIQu =0 then ¢fv =0 for alli € I;.

Then, (QP(p)) has a solution.

Proof. Assume that (A;) holds. From [66, Theorem 2] it follows that
(QP(p)) has a solution.

We now assume that (As) holds. Let f* = inf{f(x,p): = € F(p)}.
For each positive integer k, let S, = {z € F(p) : f(z,p) < [*+ 1}
Since f* > —oo, Sy, is nonempty and closed. Let 2* be the smallest norm
element in Si. Then,
1
gi(z",p) = §(xk)TQ2xk +qlafF ¢, <0 Vi=1,..m, Vk>1 (1.6)

and

1 1
flatp) = 5@ Q" +glat < fr+ o VR 1 (1.7)

We first show that {z*} is bounded. Indeed, suppose that {x*} is

unbounded. Without loss of generality we may assume that ||2*| — oo

10



as k — oo, ||z¥|| # 0 for all k and ||2*||'2* — ¥ with ||o]] = 1. By
Lemma 1.1, we have v € (0" F(p)) \ {0}. Multiplying the inequality
2@ Q% + ¢Ta% < f*+ 1 in (1.7) by ||2*]|7% and passing to the limit
as k — oo, we obtain 97 Qv < 0. If 97 Qv < 0 then
t2
fz® +to,p) = f(=",p) + ET}TQTJ + t(Qx" + ¢)Tv — —c0 as t — oo.

Hence
7 Qv = 0. (1.8)

If there exists k such that (Qz* + ¢)T9 < 0 then 2% + tv € F(p) for all
t > 0. By (1.8) we have

flz® +to,p) = f2", p) +(Q2z" + ¢)Tv = —00 as t — oo,

contradicts the assumption that f(z, p) is bounded from below over F(p).

Hence
(Qz" +¢)"v >0 (1.9)

for every k.

Now we show that there exists ky such that 2% — tv € F(p) for
all k£ > kg and for all ¢ > 0 small enough. To do this, recall that
I={1l,.m}, [ ={i: Q;#0}Cland [y =1\, ={i: Q; =0}
By (1.6), we see that, for each 4, {g;(z*,p)} is bounded from above.
Therefore there exists a subsequence {k*} of {k} such that all the limits

lim g; (2", p) exist, i = 1,...,m. Let us assume, without loss of generality,
§—00
that {k*} = {k}. Denote:

Jo={icly: limg(z",p) =0 ={icl: lim (¢ 2" +¢) =0}
k—o0 k—o0

Jy:={ie€ly: limg(z",p) <0} ={iel: lim(¢ 2" +¢) <0}
k—o00 k—00

Since klim (¢Fz% + ¢;) = 0 for all i € J;, we can check that
— 00

Gdv=0VieJ.

11



By (1.8) and the assumption (As), we have ¢/ v = 0 Vi € I;. Hence
Gv=0Vie JUIL. (1.10)
For each ¢ € J; U I, from (1.10) and Lemma 1.1 it follows that

gi(a" —tv,p) = 3(a* — t0)'Q;(a* — tv) + ¢ (¥ — t0) + ¢;
= (&M Q" + ¢l 2" + ¢ (1.11)
= gi(z*,p) <0.
Since I{}Lrilogi(xk,p) = kll_g)lo(qlT:ck + ¢;) < 0 for any ¢ € Jo, there exists

€ > 0 such that

lim g;(z*,p) = lim (¢/ 2" + ¢;)) < — Vi € Jy.
k—o00

k—o00
For each i € Js, there exists k; > 0 such that
gila¥ p) = 72" +¢; < —g Vi > k.
Fix k£ > k; and choose 0;; > 0 so that
€

tafy > —=

q; v = 9
for all ¢t € (0, d;;). Then,

gi(a* —to,p) =q"(a" —tv) + ¢
< qTxk + ¢ — tq;[@
< —5—tqlv
<0 Vi € Js.

Let 0y, := min{d;; : ¢ € Jo}. From (1.11) and (1.12) it follows that

(1.12)

gi(z" —to,p) <0 Vt e (0,6;) Vi=1,...,m.

This means

¥ —to € F(p) Vk>k Vte(0,6). (1.13)
By (1.8) and (1.9), we have
fa* —to,p) = 3(a* —t0)" Q(z" — 10) + ¢" (a* — tv)
= f(a",p) + 20" Qv — t(Q2" + ¢)"v (1.14)
< f(z*,p).

12



Combining (1.13) with (1.14) yields

e —tv e S, Vk > ki, Vte (0,0). (1.15)

T

Since 970 = 1 and ||2*||"La* — ¥, there exists ko > k; such that

(Mo >0 V> k.
Consequently, there exists v > 0 such that

- k(2 T~ | 420112
— 1 = — 2t +t
< |lz"||* Vvt € (0,7).

Let § := min{d,~v}. Then, by (1.15) and (1.16), we have

" —tv € S, and 2" —to|| < ||2F| VE> ko, V€ (0,6).
This contradicts the fact that z* is the smallest norm element in Sj.
Therefore, we conclude that ||z*|| must be bounded.

Since ||2*| is bounded, it has a convergent subsequence. Without
loss of generality, we can assume that 2% — T as k — co. Since F(p) is
closed and 2% € F(p), we have z € F(p). From (1.7),

- _1—T - T _ q: 1 kNT k T k
f(@,p) =57 QT +q x—klggo(2(w) Q" +q w)
1
< i * —) < f*.
< lim (f*+ ) < f

It follows that Z is a solution of (QP(p)). The proof is complete. O

We obtain some important consequences of Theorem 1.1.

Corollary 1.1. (Frank-Wolfe Theorem) Consider the quadratic pro-
gramming problem under linear constraints (LCQP) (i.e., (QP(p)) with
Q; =0 foralli=1,...m). Assume that f(x,p) is bounded from below
over nonempty F(p). Then, the problem (LCQP) has a solution.

Proof. Since Q; = 0 for all i« = 1,...,m, we have I; = (). Hence the

condition (As) is automatically satisfied and the corollary follows.  [J

13



Corollary 1.2. Assume that the function f(x,p) = %xTQx + ¢l s

bounded from below over R™. Then, there exists a x* € R" such that
f(@*,p) < f(x,p) for all w € R™.

Proof. Consider (QP(p)) with @; = 0, ¢ = 0 and ¢; = 0 for every
i=1,....,m. Then, F(p) = R™ and it is clear that the condition (As) is

satisfied. The conclusion follows. ]

Corollary 1.3. Consider the problem (QP(p)). If F(p) is nonempty and
vTQu > 0 for every nonzero vector v € 07 F(p) then G(p) is a nonempty

compact set.

Proof. Suppose that, contrary to our claim, F(p) # 0, vTQv > 0 for all
v e (0" F(p))\ 0 and G(p) = 0 for some (cq, ..., cp) € R™. By Theorem
1.1, there exists ¥ € F(p) such that f(2*,p) — —oo. Then, ||z*]| — oo
as k — oo. Without loss of generality, we assume that z*/||z*|| — v € R"
and f(z¥,p) < 0, that is %(mk)TQ:z:k + ¢"z* < 0. Dividing both sides of
the later by ||z*||? and letting & — oo, we get 7 Qv < 0. Since z* € F(p),
we have g;(2%,p) < 0, i = 1,...,m. From Lemma 1.1 it follows that
v € (0" F(p))\0 and 97 Qv < 0. This contradicts the assumption. Hence

G(p) # 0.

Suppose that G(p) is unbounded for some (cy, . .., ¢;,) € R™. Then,
there exists a sequence {y*} C G(p) such that |y*|| — oo as k — oo. By
passing to a subsequence if necessary, we may assume that y*/||y*|| —
w for some w € R"\ {0}. From y* € F(p) it follows g;(y*,p) < 0,
i =1,...,m. By Lemma 1.1, we obtainw € (0" F(p)) \ {0}. This and
w!'Quw < 0 contradict the assumption. Hence G(p) is bounded. Since

the closedness of G(p) is obvious, we obtain that G(p) is compact. [

The following example illustrates an application of Theorem 1.1.

Example 1.1. Consider the problem (QP(p)) with

D= (Q7q7Q17Q17617Q27q2702)7
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where

-2 0 O —1 200
Q=10 -2 2 |,q=|-1|,Q=[000]{,
0 2 =2 1 000
1 0 0 0 0
a=10],a=-2 Q=10 2 =2|,¢p=]|11],c=0.
0 0 -2 2 —1

This problem can be rewritten as follows
min{f(z,p) = —a7 — a3 — x5 + 20205 — 11 — T2 + 13 : ¥ € F(p)},
where
F(p) = {(w1, 19, 73) €R®: 27+3,—2 <0, 25+25— 22973 +29—23 < 0}.
Clearly, F(p) # 0. One has
f(z,p) = —(z]+2,—2) — (25 + 25 —2x923 + 79 —23) —2 > —2 Vo € F(p).
Hence f(x,p) is bounded from below over F(p). It can be verified that
0" F(p) = {(v1,ve,v3) €ER®: v; = 0,09 = v3}.
For each v = (v1,v9,v3) € 0V F(p), we have
I Qu = =20} — 203 — 203 + 4wy = 0,

qipv:%l:(),
@Gv=1y—v3=0.

It follows that (As) holds. By Theorem 1.1, this problem has a solution.

The following example, which has been given by Belousov and

Klatte [13, p.45], shows that Theorem 1.1 is not true if (As) is omitted.
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Example 1.2. Let us consider the problem (QP(p)) with m =2, n =3

and
0O 0 O 2 000
Q=10 0 -2, g=101, Qi1=10 201,
0 -2 0 0 000
—1 000 —1
a=\101], aa=0,Q=1000)|,2=1]101],c0=-1.
0 00 2 0

This problem is rewritten as follows
min{ f(z,p) = —2xox3 + 221 : x € F(p)},

where F(p) = {(x1,22,73) € R® : 23 — 11 < 0;23 — 21 — 1 < 0}. Since
(0,0,0) € F(p), F(p) is nonempty. It can be verified that

0" F(p) = {(v,v9,v3) €R? : vy > 0,09 = v3 = 0}.
There ezists v = (1,0,0) € 0" F(p) such that vI Qv = —4dvovg = 0, but
qfv:qQTv: -1 < 0.
Hence (As) is not satisfied. For any x € F(p), one has
flz,p) = —(25 — 1) — (25 — 21 — 1) + (20 — 23)* — 1 > —1 Vo € F(p).

Thus f(z,p) is bounded from below over F(p). On the other hand, for
the sequence {x* = (k, vk, vk + 1)} C F(p), we have

f(z* p) = —1 as k — +oo.
Hence this problem has no solution.

Remark 1.1. Luo and Zhang [66] considered the problem that has its
polyhedral constraints explicitly stated: Az < b. Then, they proved [606,

Theorem 3] that the given problem has a solution if the objective function
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f is quasi-convex (see, for instance, [38, Definition 2.10.1]) over the
polyhedral set {x : Az < b}.

To apply the latter result to (QP(p)), we need to show that there
exists a polyhedral set A containing F(p) such that f is quasi-convex

over /.

In Example 1.2, for any polyhedral set A containing F(p), f is
not quasi-conver over A. Indeed, take T = (1,1,1), y = (1/2,0,0).
Then, z,y € F(p) and f(z,p) =0, f(y,p) = 1. For each t € [0,1], we
have f(tZ + (1 — t)jj,p) = —2t*> +t + 1. By choosing ty = 1/4, we get
f(tox + (1 —to)y,p) = 9/8 and so

f(toZ + (1 —t0)y, p) > max{f(Z,p), f(¥,p)},

which proves that f is not quasi-conver over F(p). It implies that f is
not quasi-convezr over A. Because of this reason, Theorem 3 in [66] does

not work for this example.

Example 1.2 also shows that the quasi-convexity of the objective
function over the polyhedral set {x : Az < b} cannot be dropped from the
assumptions of Theorem & in [66].

1.3. An Eaves type theorem

Eaves [31] presented another fundamental existence theorem for
LCQP problems (called Faves Theorem) which gives us a tool for check-
ing the boundedness from below of the object function on constraints

set.

Unlike the case of LCQP, Eaves type necessary conditions for the
solution existence of (QP(p)) do not coincide with the sufficient ones.

The following result is a generalization of Eaves Theorem.

Theorem 1.2. Consider (QP(p)) and assume that F(p) is nonempty.

The following statements are valid:

17



a) If (QP(p)) has a solution, then

i) vIQu >0 Vv € 0T F(p), (1.17)
i) (Qr +q)fv >0 Vo € F(p)Vv € {u € 0" F(p) : v’ Qu = 0}; (1.18)

b) If (1.17), (1.18) and (As) hold, then (QP(p)) has a solution.

Proof. a) Suppose that (QP(p)) has a solution Z. To obtain (1.17),
let v € 0" F(p). Since = € F(p), we have T + tv € F(p) for every
t > 0. Hence f(z + tv,p) > f(z,p) for every t > 0. It follows that
%tQUTQU—l—t(QZC—{—C)TU > 0 for every t > 0; hence v/ Qv > 0. This shows
that (1.17) is satisfied.

Now suppose that there are given any v € 07 F(p) with vTQu =0
and x € F(p). Since x +tv € F(p) for every t > 0 and 7 is a solution of
(QP(p)), we have f(x+tv,p) > f(z,p) for every t > 0. From this and the
condition v7 Qu = 0 we deduce that t(Qx—l—q)TU—I—%xTQx—FqTx > f(z,p)
for every t > 0. This implies (Qz + ¢)Tv > 0. Hence (1.18) is satisfied.

b) To prove that (QP(p)) has a solution under additional assump-
tion (As), by Theorem 1.1 it suffices to verify that f is bounded from
below over F(p).

Define f* = inf{f(z,p) : = € F(p)}. As F(p) # 0, we have
f* # +o00. Hence we only need to show that f* > —oo. To obtain a
contradiction, suppose that f* = —oo. Then, there exists a sequence
{y*} C F(p) such that f(y*) — —oo. There is no loss of generality in
assuming that [|y"|| — oo as k — oo and f(y") < 1.

Let S, = {x € F(p): f(x,p) < f(y*,p)}. We have 3% € S}, so
S}, is nonempty and closed. Let z* be the smallest norm element in Sj,.
Since f(z% p) < f(y*,p) and f(y*,p) — —oo, we have f(z*,p) — —oo.
There is no loss of generality in assuming that ||z*|] — oo as k — oo.
Note that

1
gi(zF p) = §(xk)TQixk—|—q;‘ka—l—ci <0, Vi=1,..,m, Yk>1. (1.19)
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Without loss of generality we may assume that ||2*]] # 0 for all k,
r— g and |5 = 1. By Lemma 1.1, we obtain & € 07 F(p).

[l

Since f(z*,p) — —o0, we can assume that

f(z* p) = %(xk)Tka +¢"2" <0 VE>1. (1.20)

Multiplying the inequality in (1.20) by ||*||~2? and letting & — oo, one

has ¥7Qv < 0. From this and the assumption (1.17) it follows that
pTQv = 0. Since v € 07 F(p), we can deduce that

(Qz"+¢)'v>0

by the assumption (1.18). By repeating the argument as in the proof of
Theorem 1.1, we can find 6 > 0 and ko > 0 such that

" —tv € S, and (2" —to|| < ||2F| VE> ko, Vte€(0,6).

This contradicts the fact that z* is the smallest norm element in Sj.

Therefore, we conclude that f* > —oo, which proves the theorem.  []

The following example shows that (Ay) can not be dropped from

the assumptions of Theorem 1.2.

Example 1.3. Consider again the problem in Example 1.2. Both con-
ditions (1.17) and (1.18) are satisfied because of

v Qu = —4duvgug = 0;

and
(Qx + ¢)Tv = 2u; — 230y — 2w9v3 = 201 > 0

for every x = (x1,x9,x3) € F(p) and for every v = (vy,v9,v3) € 0T F(p).

Condition (As) is not satisfied and this problem has no solution.

To illustrate for Theorem 1.2, we consider the following example.
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Example 1.4. Let us consider the problem (QP(p)) with m =2, n =3,

and
000 0 2 00
@=1000], g=1| 2], Qi=1000]1,
001 -5 000
0 000 0
g=1\1], ca=0, Q=102 0], @=10], c=0.
0 000 1

This problem can be rewritten as follows
1
min{f(a:,p) = §x§ + 219 — ba3 T € ]—"(p)},

where F(p) = {(x1, 12, 23) € R? : 23 + 2o < 0;23 + 23 < 0}.

It can be verified that F(p) # 0 and
0+.7:(p) = {(Ul,?)g,vg) € R?) v =0, =0,v3 < 0}

For every v = (v1,v2,v3) € 07 F(p), we obtain vI'Qu = v3 > 0. Thus
(1.17) 4s satisfied. Let any v = (v1,ve,v3) € 0TF(p) such that v Qu = 0,
we then get v = (0,0,0). Hence (1.18) is satisfied. Furthermore, it is
easy to check that (Ay) holds. According to Theorem 1.2, this problem

has a solution.

1.4. Conclusions

In this chapter, we have established sufficient conditions to solution
existence of the nonconvex QCQP problem through a Frank-Wolfe type
theorem (Theorem 1.1) and an Eaves type theorem (Theorem 1.2). The
continuity of the global optimal solution map will be studied in the next

chapter.
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Chapter 2

Stability for global, local and

stationary solution sets

In this chapter, we characterize the continuity of the global, local
and stationary solution maps. In Section 2.1, we establish conditions
for the continuity of the global optimal solution map by using results
in Chapter 1. Section 2.2 gives a necessary and sufficient condition for
the lower semicontinuity of the local optimal solution map. The upper
semicontinuity of the stationary solution map is presented in Section
2.3. A stability result for stationary solution set is investigated in the

connection with parametric extended affine variational inequalities.

The material of this chapter is taken from [77,79,102].

2.1. Continuity of the global optimal solution map

Using the obtained results on solution existence in Chapter 1, this
section characterizes continuity of the global optimal solution map of
QCQP problems. First of all, we present the following assumptions and

auxiliary results.
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2.1.1. Assumptions and auxiliary results

We recall the notion of upper semicontinuity and lower semiconti-

nuity of multifunctions.

A multifunction F : X C R® = R" is said to be upper semicontin-
uous at p € R* if for each open set V' containing F'(p) there exists § > 0
such that F(p) C V for every p € R?® satisfying ||p — p|| < .

A multifunction F' : X C R* == R" is said to be lower semi-
continuous at p € R™ if F(p) # () and, for each open set V' satisfying
F(p)NV # 0, there exists ¢ > 0 such that F'(p) NV # @ for every p € R?
satisfying ||p — p|| < §.

The notion of upper semicontinuity stated herein is quite standard
(see, for instance, [109, p. 451]). It is very different from the concept
of stability considered by Gowda and Pang [40, Def. 1]. The notion of
lower semicontinuity stated herein agrees with that considered in [109, p.
451], but differs slightly from the one given in [4, p. 39].

Studying the continuity of the solution mapping plays a central
role in stability theory in mathematical programming and variational
inequality. For example, the continuity analysis can help us to make
convergent analysis of the algorithm. The problems concern on how the
solution mappings vary with the changes in the parameters. Stability
requires that for a small perturbations or a small measurement error
of the parameters, the induced perturbations of the solution mapping
is also very small. In recent years, there have been many results on
the (semi)continuity, especially the lower semicontinuity of the solution
mapping for parametric nonlinear programming problems, variational
inequalities, and equilibrium problems in the literature (see, for instance,
[1-3,18,40,41,49,50, 56, 60,101, 108]).

We say that the system

gi(z,p) <0,i=1,...,m,

22



satisfies Slater Constraint Qualification (SCQ) if there exists z° € R”
such that g;(z%,p) < 0 for all i = 1,...,m. We also say that (QP(p))
satisfies (SCQ) if the system g;(x,p) <0, i = 1,...,m, satisfies (SCQ).

The following result is well-known (see, for example, [10, Theorem
3.1.5] and [87, Theorem 1]).

Lemma 2.1. The system g;(x,p) <0, i = 1,...,m, satisfies (SCQ) if
and only if the set-valued map F : P = R", defined by

Fp)={xeR": gi(x,p) <0,i=1,...,m} VpeP,
18 lower semicontinuous at p.

Remark 2.1. If the system g;(xz,p) < 0, ¢ = 1,...,m, does not sat-
isfy (SCQ), then there exists p* — p such that, for each k, the system
gi(x,p*) <0, i = 1,...,m, has no solution. Indeed, suppose that the
system g;(x,p) <0, i =1,...,m, does not satisfy (SCQ). Let

pk = (Ql,CIl,C]f, .- '7Qm7Qmac§1) — P

satisfying c¥ > ¢;, for every i = 1,... ,m. Then, for any T € R", there
exists iz € {1,...,m} such that g;_(z,p) > 0. We have

This implies g;_(Z,p*) > 0. Then, the system g;(z,p*) <0, i =1,...,m,

has no solution for every k.

The Mangasarian-Fromovitz Constraint Qualification (MFCQ) is
satisfied at 7 € F(p) if there exists v° € R" such that

(Qiz + )"’ < 0 Vi € I(z,p),

where I(z,p) := {i € {1,...m} : g;(Z,p) = 0} is the active constraint

index set.

Remark 2.2. Since Q;, i = 1,...,m, are positive semidefinite, (SCQ)
is equivalent to (M FCQ) (see, for instance, [65, p.47-48]).
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An important assumption used in our proof is given below.

Assumption (A;) The set F(p) # 0 and v"Qu > 0 for every nonzero
vector v € 0 F(p).

In [36, Theorem 3.3], Gauvin and Dubeau proposed the assumption
of the uniform compactness of F(p) near p (i.e. there is a neighborhood
N (p) of p such that the closure of Uje () F(p) is compact). Clearly, (As3)
holds if F(p) is nonempty and bounded. Thus (A3) is weaker than the
uniform compactness of F(p) near p applied for (QP(p)).

Denote by S the set of all p € P such that (QP(p)) satisfies (A3).

We have the following lemma.

Lemma 2.2. S is open in P.

Proof. Suppose that, contrary to our claim, S is not open in P. Then,
there exists {pF} C P\ S converging to p € S. For each p*, there exists
v* € R” such that

0¥ = 1, QF (") = 0, (¢")Tv* < 0,i=1,....,m and (v*)TQ"" <0.
(2.1)
Without loss of generality, we may assume that the sequence {v*} itself
converges to 0 for some v € R". Taking the limits in (2.1) as k — oo

yields
|9l = 1,Qi0 =0,¢/ 9 <0,i=1,...,m and 97Q0 <O0.

This contradicts the fact that p € S, which completes the proof. H

2.1.2. Upper semicontinuity of the global optimal solution

map

The upper semicontinuity of the global optimal solution map G(+)

is characterized as follows.
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Theorem 2.1. Consider the problem (QP(p)). Assume that (SCQ)
and (A3z) hold at p = (Q, G, Q1,q1,¢1, - - -, Qum, Gy Em) € P. Then, G(-) is

upper semaicontinuous at p.

Proof. To obtain a contradiction, suppose that G(p) # () and there exist
an open set U containing G(p), a sequence {p*} converging to p and a
sequence {z*} such that z¥ € G(p*)\ U for every k € N.

If {*} is bounded, then there is no loss of generality in assuming
that 2% — & for some # € R™ It is clear that & € F(p). Fix any
x € F(p). By the assumption that (SCQ) holds at p and by Lemma 2.1,
F(+) is lower semicontinuous at p. Hence there exists a sequence {£¥},
¢k e F(p*) for all k € N, such that kh_)r(rjlofk = x. Since z¥ € G(p*),
we have f(x,p*) < f(€F,pF). Letting & — oo we get f(2,p) < f(x,p).
This shows & € G(p) C U. We have arrived at a contradiction, because

z* ¢ U for all k and U is open. Hence {2*} is unbounded.

Let us assume, without loss of generality, that ||2*|~'z* — ¥ and
|7]| = 1. By Lemma 1.1, we have v € 0" F(p). Fix any y € F(p). By
the assumption that (SCQ) holds at p, there exists a sequence {y*},

y* € F(p") for all k and y* — y. Dividing the inequality

1 1

S @R + (¢ 2" < SN + ()Y
by [|2*]|? and letting & — oo yields #7Qv < 0, contrary to (Asz). This
completes the proof. ]

2.1.3. Lower semicontinuity of the global optimal solution

map

The following theorem shows the necessary and sufficient condition

for the lower semicontinuity of the global optimal solution map G(-).

Theorem 2.2. Consider the problem (QP(p)). The map G(-) is lower
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semicontinuous at p = (Q, G, Q1, 1,1, - - -, Qmy G, Em) € P if and only if
(SCQ) and (As) hold at p and G(p) is a singleton.

Proof. Necessity: On the contrary, suppose that G(-) is lower semicon-
tinuous at p but G(p) is not a singleton. From G(p) # 0, there exist
T,y € G(p) such that £ # y. Choose ¢ € R" such that

ldll =1, ¢"z > ¢"y.
Clearly, there exists an open neighborhood U of z such that
'z >q'y Vo eU. (2.2)

Given any 0 > 0, we fix a number € € (0,§) and put ¢ = ¢ + £¢ and
ps - (Q7q€7 Qlaglaéla <. ;Qm,@m,ém)- Then7 Hpg_ﬁH - ||q5_(ﬂ| =< 6
Our next goal is to show that G(p®) N U = (). For any z € F(p) N U,
since z,y € G(p), by (2.2) we have

1 .- 1o 1 )
§9JTQ50 + ()" > éfETQx + 7T +ed"y= §yTQy + ()7

It follows x ¢ G(p°). Hence for the chosen neighborhood U of z € G(p)
and for every 0 > 0, there exists ¢° € R” such that ||¢° — q|| < ¢ and
G(p°)NU = (. This contradicts the fact that G(+) is lower semicontinuous
at p. Therefore G(p) is a singleton.

Suppose that G(+) is lower semicontinuous at p but (SCQ) is not
satisfied at p. Then, by Remark 2.1, there exists a sequence {p*} C P
converging to p such that F(p*) = 0 for every k. Therefore G(p*) = ()
for every k. This contradicts the fact that G(-) is lower semicontinuous
at p.

Suppose that G(-) is lower semicontinuous at p but (As) is not
satisfied at p. There exists a nonzero vector v € 07F(p) such that
vTQuv < 0. Then, F(p) is unbounded. For every § > 0, we obtain
that o7(Q — 61)v < 0. Let p° := (Q — 61,4, Q1,31,¢1,- -, Qum, Gy Cm)
converging to p. For any = € F(p), one has

f(z+to,p°) = %(m +10)1(Q — 01)(z + t0) + @ (z + t0) — —o00
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as t — +oo. Hence G(p°) = (), contrary to the fact that G(-) is lower

semicontinuous at p.

Sufficiency: Suppose that (SCQ) and (As) hold at p and G(p)
is a singleton. Let U be an open set containing the unique solution
T € G(p). By the assumption that (SC'Q) holds at p, there exists d; > 0
such that F(p) # (0 for every pair p satisfying ||p — p|| < d; (see Lemma
2.1). By (As) and by Lemma 2.2, there exists d > 0 such that 2T Qu is
positive definite on the cone 0" F(p) for every p satisfying ||p — p|| < ds.
Let § := min{dy,d2}. By Corollary 1.3, we have G(p) # () for every p
satisfying ||p — p|| < 6.

Since (SCQ) and (A3) hold at p, it follows from Theorem 2.1 that
G(+) is upper semicontinuous at p. Hence G(p) C U for every p satisfying
|Ip — p|l < ¢ if § > 0 is small enough. For such §, from what has been
said it follows that G(p) NU = () for every p satisfying ||p — p|| < 0. This

shows that G(-) is lower semicontinuous at p. This ends the proof. [

Example 2.1. We consider the problem (QP(p)) withn =2 and m = 1.
Let ]5 - (Q? 677 Ql; ql; 61) € IP)7 where

S {00\ _ (1\ - (20, _  [fo} _
0o - (19 o)

This problem can be rewritten as follows
1
min{ f2.p) = 0 + 01,0 € 7(5) .

where F(p) = {(x1,29) € R? : 23 + 23 < 1}. Clearly, (SCQ) and (A3)
hold at p. It is easy to check that G(p) = {Z = (—1,0)}. By Theorems
2.1-2.2, the global optimal solution map G(-) is continuous at p.

Remark 2.3. Gauvin and Dubeau [36, Lemma 3.2] prove that the global
optimal solution map of the mathematical programmaing problem is upper
semicontinuous at a parametric y if it is uniformly compact near y and

the global optimal solution set is nonempty. Clearly, (As) is weaker than
the uniform compactness of F(p) near p [36] applied for (QP(p)).
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2.2. Semicontinuity of the local optimal solution

map

In this section, we propose a necessary and sufficient condition for
the lower semicontinuity of the local optimal solution map L(-). The
isolated local optimal solution set of (QQP(p)) will be denoted by IL(p).

The main result is presented below.

Theorem 2.3. Consider the problem (QP(p)). The map L(-) is lower
semicontinuous at p = (Q, G, Q1, 1,1, - - -, Qumy G, &m) € P if and only if
(QP(p)) satisfies (SCQ) and the set of local optimal solutions coincides
with the set of isolated local optimal solutions, i.e., L(p) = IL(p).

Proof. Necessity: Suppose that L(-) is lower semicontinuous at p but
(QP(p)) does not satisfy (SCQ). According to Remark 2.1, there exists
a sequence p* € € converging to p such that F(p¥) = 0 for every k. This
implies L(p*) = 0 for every k, contrary to the assumption that L(-) is

lower semicontinuous at p.

Suppose that L(p) # IL(p). Since IL(p) C L(p), there exists
T € L(p) \ IL(p). Then, there are an open set U containing T such that
f(z,p) > f(z,p) for every z € F(p) NU and a local optimal solution
y € L(p)NU such that T # . We can choose ¢ € R" such that ¢’z > ¢y
and ||G|| = 1. There exists a neighborhood V' of Z such that

iz >qyVeeV. (2.3)
Let W :=UNV. For given 6 > 0 and for ¢ € (0,9), let
pt — (Q) qtv anq_laéla R Qma Qma Em)v

with ¢ = ¢+ tG. Then, ||p' — p|| = |l¢' — q|| = t < §. For every
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z € F(p) N W, from (2.3), we obtain that

227Qz4 ()2 =17Qz+ 2+ t¢"2 > 177Qz + ¢ T + t¢ 2

> 33T Qr + 7" T+ 1"y = 557 Qu + (¢)'y.
Hence z ¢ L(p"). This leads to L(p') N W = (). Hence for the chosen
neighborhood W of € L(p) and for every § > 0, there exists ¢ € R”

satisfying ||¢' — q|| < & such that L(p') N W = ). This contradicts the
assumption that L(-) is lower semicontinuous at p. Thus, L(p) = IL(p).

Sufficiency: Suppose that the problem (QP(p)) satisfies (SCQ)
and L(p) = IL(p). Take any open set V' C R™ such that L(p) NV # (.
Fix £ € V. N L(p). Since L(p) = IL(p), T € V NIL(p). Hence there
exists an open ball B(Z,e) C V such that f(x,p) > f(z,p) for every
x € (F(p)NB(z,¢e))\{z}. It follows that = is the unique global optimal

solution of the following auxiliary problem
min{f(z,p) : * € F(p) N B(z,¢/2)}, (AP)

where B(Z,¢/2) is the closure of B(Z,¢/2).

Next, we show that the global optimal solution map Gap(:) of
the problem (AP) is upper semicontinuous at p. Indeed, suppose that
G 4p(+) is not upper semicontinuous at p, that is, there exist an open set
W containing G 4p(p), a sequence {p*} converging to p and a sequence
{y*} satisfying y* € Gap(p*) \ W for every k € N. Since {y*} is
bounded, without loss of generality, we may assume that y* — ¢ for
some jj € R". From y* € G4p(p*) it follows that y* € F(p*) N B(z,¢/2).
Letting k — oo, we have §j € F(p) N B(Z,¢/2). Since (ET(p)) satisfies
(SCQ), F(+) is lower semicontinuous at p (see Lemma 2.1). Hence for
T € F(p) N B(Z,€/2), there exists 2% converging to Z such that z* €
F(p")NB(z,¢/2) for all k € N. From y* € G4p(p") it follows f(y*, p*) <
f(x*, p*). Letting k — oo yields f(7,p) < f(z,p). Since Z is the unique
global optimal solution of (P), we have y = z. Hence y € Gap(p) C W.
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This contradicts the fact that W is open and y* ¢ W for all k. Thus

G 4p(+) is upper semicontinuous at p

Take any open set U such that G 4p(p)NU # (). Since F(-) is lower
semicontinuous and F(p) N B(Z, €/2) # (), there exists d; > 0 such that
F(p)N B(z,€/2) # 0 for every p satisfying ||p — p|| < d1. Hence for such
a number 01, we have G 4p(p) # (). Since G 4p(-) is upper semicontinuous
at p, Gap(p) C U for every p satisfying ||p — p|| < &; for §; > 0 small

enough. This follows that G4p(-) is lower semicontinuous at p.

Since Gap(p) N B(z,€/2) # 0, there exists a number do > 0 such
that G4p(p) N B(Z,€/2) # () for every p € Q satisfying ||p—p|| < do. This
leads to L(p) NV # O for every p € € satisfying |[p — p|| < d2. Therefore

L(-) is lower semicontinuous at p. The theorem is proved. O

The next example tells us that the local optimal solution map L(-)
is not lower semicontinuous if there exists a local optimal solution which

is not an isolated local optimal solution.

Example 2.2. Consider (QP(p)) withn =2,m =1,

(-1 0 (o (roy (o
Q:(O _2>7 q_(0>7 Q1_<O 2)7 Q1_<0>7cl_ 2.

This problem can be rewritten as follows
: _ 1 _
min {f(x,p) = 5(—:6% —213):x € f(p)},

where F(p) = {(z1,12) € R?: 2% + 223 < 2}.
Let T := {(x1,12) € R? : 23 + 223 = 2}. We obtain that
N 2y < |
fla,p) = (a1 - 213) 2 5(=2) = 1,
and f(x,p) = —1 for all x € T. Hence ) # T C G(p) C L(p) and
T ¢ IL(p). This implies L(p) # IL(p). From Theorem 2.3 it follows

that L(-) is not lower semicontinuous at p.
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2.3. Stability of stationary solutions

In this section, the upper semicontinuity of the stationary solution
map is characterized. A stability result for stationary solution set is also
investigated in connection with parametric extended affine variational

inequalities.

2.3.1. Preliminaries

Recall that x is a stationary solution of the problem (QP(p)) if
there exists Lagrange multiplier A € R satisfying the following Karush-
Kuhn-Tucker (KKT) condition:

Qr+q+ Z Ni(Qix +q;) =0, (2.4)
i=1

A >0, gi(z,p) <0, (2.5)

Aigi(x,p) =0,i=1,...,m. (2.6)

The pair (z, \) satisfying (2.4)—(2.6) is called a KKT pair of the problem
(QP(p)) (see, for instance, [23,54]).

The stationary solution set of (QP(p)) is denoted by S(p). It is
well-known that (see [18]), under (SCQ),

G(p) C L(p) C S(p) C F(p).

We have the following lemma.

Lemma 2.3. (see [35]) If the problem (QP(p)) satisfies (SCQ), then,
for each x € F(p), the set of multipliers corresponding to x is bounded.

2.3.2. Upper semicontinuity of the stationary solution map

Denote
Null(Q) :={z e R" : Qz = 0}.
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The following result gives a sufficient condition for the upper semiconti-

nuity of the stationary solution map S(-).

Theorem 2.4. FOTﬁ = (Q Q Q17 517 ceey Qma me 5m) € P; Zf (QP(p))
satisfies (SCQ) and

Null(Q) N 0* F () = {0}, 2.7)
then S(-) is upper semicontinuous at p.

Proof. Suppose the contrary that S(-) is not upper semicontinuous at p.
Then, there exist an open set V containing S(p), a sequence {p*} C P
converging to p and a sequence {z*} with 2* € S(p¥) such that 2* ¢ V.
Since (QP(p)) satisfies (SCQ) at p, it also satisfies (SCQ) at p* for k
large enough. Since 2% € S(Q%, ¢*, p*), there exists \¥ € R™ satisfying:

Qfz" + "+ M(Qie" +4) =0, (2.8)
=1
MNegi(aF pP)=0,i=1,...,m, (2.10)

and {\*} is bounded. Without loss of generality, we can assume that \*

converges to A for some A € R™. We consider the following two cases:

Case 1: {x*} is bounded. Then, there exists a sequence {k;} C {k}
such that 2% — 7 for some Z € R™. Passing (2.8)-(2.10) to the limits as

1 — 00, we deduce that

& |

Qz + Z (QiT + @) =0,

A >0, gi(z,p) <0,
Xigi(Z,p) =0,i=1,...,m
These give Z € S(p) C V, contrary to the fact that 2% ¢ V and V is

open.
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Case 2: {a*} is unbounded. Then, ||z¥| > 0 for k large enough.
Without loss of generality, we may assume that a*/[[z*| — & with
|Z|| = 1. From the second inequality of (2.9) and Lemma 1.1 it follows
& € 07 F(p). Dividing both sides of (4.29) by ||z*|| and letting k — oo
yields

Qi + zm: \Qiz = 0.
=1

Combining this with & € 0T F(p) gives Q2 = 0, that is, & € Null(Q).

Then, we obtain & € Null(Q) N 0T F(p), contrary to the assumption

Null(Q) N 0T F(p) = {0}. Therefore S(-) is upper semicontinuous at
p- N

Remark 2.4. According to Theorem 2.4, the assumption that (SCQ) is
also a sufficient condition for the upper semicontinuity of the stationary
solution map S(-) in the case where any component of p is perturbed.
But the reverse, in general, 1s not true. This is shown in the following

ezample.

Example 2.3. Consider the problem (QP(p)) with n = 1,m = 2
Q=1,7=00Q =1 =071 =-1/2,Q: = 0,&o = —1, and
¢ = 1. Since F(p) = {1}, (SCQ) is not satisfied at p. Fort € R,
let p' = (Q,q, Q1, @1, C1, Qa, @2, &2 +1). We have

{1+t} ift<o,

0 otherwise.

S(p') =

Then, for each open set U containing S(p) = {1}, there exists € > 0 such
that S(p') C U for every t satisfying |t| < €. Hence the multifunction

S(Q,q,Q1,q,¢1,Qa, G, .) is upper semicontinuous at &y,

The following is an immediate consequence of Theorem 2.4.

Corollary 2.1. FO?"ﬁ = (Q7 Q7 Ql) q_17 617 S Qﬂ"m qm; Em) € IP); Zf (QP(@))
satisfies (SCQ) and one of the following conditions is satisfied:
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(i) F(p) is bounded;

(i) Q is nonsingular (that is, det Q #0),
then S(-) is upper semicontinuous at p.

Proof. If one of the following conditions (i) and (7i) occurs then (2.7) is

satisfied. The corollary follows from Theorem 2.4. H

2.3.3. A result on stability of stationary solutions

In this section, we presents a result on stability of the station-
ary solution set. We use the tools relate to extended affine variational

inequality (EAVI) to prove the main result.

Let S C R"™ be a closed convex set and F' be a function on S. A

variational inequality (VI) problem has the following form

Find x € S such that (F(x),y —x) >0 Vy € S. (VI(F,S))

VIs give a rather general and suitable format for many problems

arising in economics, mathematical physics, and operations research.

Problem (VI(F,S)) reduces to the affine variational inequality
(AVI) problem if S is a polyhedral convex set and F(z) = Qx + g with
() being an (n x n)-matrix and ¢ € R™. The stability of the AVI prob-
lems has been studied by many authors. Gowda and Pang [40] obtained
several sufficient conditions for the boundedness and stability of solu-
tions to the AVI problem. Robinson [88] studied the stability of the AVI
problems by the nonemptiness and the boundedness of global optimal
solution set for the case where () is a positive semidefinite matrix. Some
similar topics have been investigated by Gowda and Seidman [41]. Lee
et al. [60] presented conditions for the upper and the lower semicontinu-

ities of the solution map of AVI problems. Some Lipschitz continuous
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properties of the global optimal solution map of the AVI problem were
discussed in [56, Chap. 7].

As F(z) = Qx + ¢ and S is an arbitrary closed convex set, the
problem (VI(F,S)) reduces to the EAVI problem. Tam [101] presented
some stability results for the EAVI problem. A survey on the parametric

optimization problems and parametric variational inequalities was given

by Yen [108].

In this section, we concern the EAVI problem as follows
Find x € F(p) such that (Qx +q,y —x) >0 Yy e F(p) (VI(p))

depending on the parameter p € P. The solution set of VI(p) will be
denoted by SolVI(p). We have the following lemma.

Lemma 2.4. (See, for instance, [32, Proposition 1.3.4], [35]) Consider
the problem (VI(p)). Assume that the system g;(x,p),i =1,...,m, sat-
isfies (SCQ). Then, x € SolVI(p) if and only if there exists A satisfying
(2.4)—(2.6). Moreover, for each x € SolVI(p), the set of multipliers

corresponding to x s bounded.

Consequently, under the assumption (SCQ), from Lemma 2.4 it
follows

S(p) = SolVI(p).

We use this important property to obtain several perturbation results
for the problem (QP(p)) under some assumptions. Our results develop
and complement the published ones in [101, Theorem 2.3|, where the
constraint set is convex and unperturbed. Among our proposed assump-
tions, there are some weaker than those used in the cited works. The

main tools are the recession cone and Hartman-Stampacchia’s Theorem
(see [51, Theorem 3.1]).

The following theorem is the main result in this subsection.
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Theorem 2.5. For p = (Q,q,Q1,q1,¢1,- -, Qumy G, Cm) € P, assume
that (QP(p)) satisfies (SCQ) and the following two conditions are sat-
i1sfied:

(ay) {h € 0T F(p) : KTQh = 0} C Null(Q);

(ag) If F(p) is unbounded then

I\T )k
lim sup (x)# >0
oo |77

for every sequence {x*} C F(p) satisfying ||z*| — oo.
Then, the following four assertions are equivalent:

(b1) There ezists a number v > 0 such that S(p) is nonempty for every
p € P satisfying |[p — pll <~

(by) S(p) is nonempty and bounded;

(b3) {z € F(p): (Qr+q)"h >0 Yh € 0" F(p) \ {0}} # 0;

(bs) q € int((07F(p))" — QF (D)),
where (0 F(p))* ={y € R" : hTy >0 Vh € 0" F(p)}.

Proof. By a similar argument as in [56, Lemma 7.2], we obtain that

(bg) = (b4) We now show that (bl> = (bg), (bg) = (bg), and (bg) = (bl)

(b1) = (b2): Suppose that there exists a number 7 > 0 such that
S(p) is nonempty for every p € P satisfying ||p — p|| < . This implies
S(p) # 0. To obtain a contradiction, suppose that S(p) is unbounded,
that is, there exists a sequence {y*} C S(p) such that ||y*| — oo.
Without loss of the generality, we may assume that Hka_lyk — h for
some h € R"\ {0}. By Lemma 1.1, we obtain h € 0t F(p). For any
z € F(p), for each k, by y* € S(p), we have

Q" +q,2— ") >0.
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This follows

Q" +7,2) 2 QY. y") + (@.0"). (2.11)
Dividing the both sides of (2.11) by ||y*||?> and letting k — oo gives
(Qh,h) < 0. From the assumption (ay) it follows (Qh,h) > 0. Hence
(Qh, h) = 0. By the assumption (a1), we have h € Null(Q). Multiplying
both sides of (2.11) by ||y*||7!, taking limsup and using the assumption
(ag) yields

(Qh,z) > (g, h). (2.12)
From h € Null(Q) and (2.12),
(Qz +q,h) <{(Qz,h) + (Qh, z) = 0. (2.13)

Since z is chosen arbitrarily, (2.13) holds for every z € F(p). Let

ﬁ - (Q)q__ ’YB’ Q17ql7617"'76_2m7q_m76m)-

O |

We have
~ - gl
lp =2l =5 <~
From (2.13) it follows that
(Q=+a.h) = (Qz+a.h) — J{h.}) <0 ¥z € F(p) = F(p).
For each z € F(p), there exists y = z + h € F(p) such that
(Qz+Gy—2) =(Qz+4,h) <0.

This implies S(p) = 0, contrary to the assumption (b1). Thus S(p) is
bounded.

(ba) = (b3): Suppose that (be) holds, but (b3) does not. Then,
there exists h € 0TF(p) \ {0} such that

(Qz+q,h) <0 Vze F(p). (2.14)

Since S(p) is nonempty, there exists z € S(p). Let zF := z + kh for
k = 1,2,... Since h € 0" F(p), we have 2¥ € F(p) for every k and
|2*|| = 400 as k — +oo. From (2.14),

(Qz" + q,h) = (Qz + q,h) + k(Qh,h) <0 Vk.
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The latter inequality implies (Qh, h) < 0. On the other hand, we have
N (@Qra) | MQnR) | KGha) | K(QhT
@) (Qra) | M@RR) KGR KGR

1212 Nz + kAl 2+ kA2 @+ kR[22 + kh]*
Taking limsup both sides of the latter inequality as k — 400 and using
the assumption (ay), we obtain (Qh, h) > 0. Hence (Qh, h) = 0. By the
assumption (a1), we have h € Null(Q). For any z € F(p), by (2.14) and
h € Null(Q), one has

Q2 + g,z — %)
=(Q(Z + kh) + ¢,» — = — kh)

Hence z* € S(p) for every k. This forces that S(p) is unbounded, con-
trary to the assumption (b9). Thus (b3) holds.

(bs) = (b1): Suppose that (b3) holds. To obtain a contradiction,
suppose that (b;) does not hold, that is, there exists a sequence {p*} C P
such that p* — p and S(p*) = 0 for all k. By the assumption that
(QP(p)) satisfies (SCQ), we have F(-) is lower semicontinuous at p (see
Lemma 2.1). Then, for any £ € F(p), for some € > 0, there exists kg
such that F(p*) N B(Z,€) # () for every k > ky. Hence there exists i
such that

7 = Fp") n{z e R": ||z|| < i} (2.15)
is nonempty, compact and convex for every k > ky for every i > 1.
Applying Hartman-Stampacchia’s theorem (see [51, Theorem 3.1]) for
VI(QF, ¢%, Z"%), we obtain that

SOZVI(Qkaqk7 lek) 7é @ Vi > iOa\VIk > kO-
Fix any 2% € SolVI(QF,¢", Z*). Then
(QFa"™* + ¢ 2 — 2™ >0 V2 e Z°F. (2.16)
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We now show that ||2"*]] = i. Indeed, suppose to the contrary that

|z*|| < i. Then, there exists o > 0 such that
Bz, a) ={z eR": ||z — 2™ < a} C {z € R": ||z]| < i}.
From (2.16),

Q%" + ¢ 2 — 2™ >0 Vz € F(p*) N B2, a). (2.17)

Since F(p*) is convex and a > 0, for each z € F(p¥), there exists
t € (0,1) such that

2(t) = 2"+ t(z — 2™) € F(pM) N B2 ).
Substituting z(t) for z in (2.17), we obtain
0< (Qkxi’k + ", z(t) — x”“) = t(Qkxi’k + 45, 2 — x”“>
This gives (Q¥z"* + ¢, z—2**) > 0 for all z € F(p*). Hence 2'* € S(p~),
contrary to the assumption that S(p*) = () for all k. Thus ||z"*| = i for
every ¢ > 19 and k > k.

Fix any i > dp. Then, {2 };>,, has a convergent subsequence.
We suppose without loss of generality that limj_,. 2% = 2’ for some
x' € F(p) satisfying ||2°|| = i. For each z € Z' := F(p)N{xr € R" :
|z|| < i}, since F(-) is lower semicontinuous at p, there exists 2% € Z*

such that z¥ — 2. Passing (2.16) to limits as k — oo yields

Q' +q,z—2') > 0. (2.18)

Without loss of generality we may assume that ||2¢|| 'z’ — h for
some h € R” and ||h|| = 1. Since {2’} C F(p) and ||z']] — +oo as
i — 400, h € 0T F(p) (see Lemma 1.1).

It is easy to see that, for each z € F(p), there exists i, > iy such
that z € Z' for every i > i.. From (2.18), (Qz' + G, z — ') > 0 for every
1 > 1,. This implies

(Qz' 4+ q,2) > (Qa', 2") + (g,2"). (2.19)
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Dividing both sides of (2.19) by ||z‘||* and letting ¢ — oo, one gets
(Qh,h) < 0. From the assumption (as) it follows (Qh,h) > 0. Hence
(Qh, h) = 0. By the assumption (a;), we have h € Null(Q).

Multiplying both sides of (2.19) by ||z‘||7!, letting i — oo and
using the assumption (ag) gives 0 > (g, h). From this and h € Null(Q)
it follows that

(Qz+qh) = (q,h) < 0.
Hence we obtain that h € 0% F(p) and (Qz+q, h) < 0 for every z € F(p).
This contradicts the assumption (b3). The proof is complete. O

Remark 2.5. The assumption (as) is weaker than the assumption (ii)
of [101, Theorem 2.3].

The following example illustrates an application of Theorem 2.5.
It also shows that Theorem 2.3 in [101] could not be applied for this

problem.

Example 2.4. Consider the problem (QP(p)) with n =2,m = 1,

(00 (1 o (fooy (-1}
) ) b e ()

We have
F(p) = {(1,22) € R? : 11 > a3}
and
0" F(p) = {h = (h1,ha) €R*: hy > 0,hy = 0}.
It is easy to check that (SCQ) holds. Since Qh = —2hy = 0 for every
h = (h1,hy) € 0T F(p), condition (ay) is satisfied.

For each sequence {z* = (2, 25)} C F(p) satisfying ||z¥| — oo,

we consider the following two cases:

Case 1: {z5} is bounded. From ||z*| — oo it follows ||z}] — oo.

Then,
T ).k (k)2
lim sup M = lim sup (z)

= 0.
koo ||2F]? koo (21)7 + (25)?
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Case 2: {x%} is unbounded. Then,
(") T Qu”

-9 kN2
limsup ————— > lim sup (z3)

= 0.
k—500 2% |2 koo (@5)4 4 (2F)?

We see that, in both cases, condition (as) is satisfied.

Let & = (Z1,T2) = (1/2,1/2) € F(p). Then,
(QT +q)"h =hy+hy >0 Yh = (hy,hy) € 0T F(p) \ {0}.

This leads to that (bs) holds.
By Theorem 2.5, we deduce that (by), (be), and (by) hold.
On the other hand, let 2% = (K3, k) € F(p) for k = 1,2,... We

have

(M7 Q2F = —2k* — —oo.
This implies that condition (ii) in [101, Theorem 2.3] is not satisfied.
Hence [101, Theorem 2.8] could not be applied for the problem in this

example.

2.4. Conclusions

We have used the obtained results on solution existence to inves-
tigate continuity of the global optimal solution map (Theorems 2.1 and
2.2) and lower semicontinuity of the local optimal solution map of para-
metric QCQP problems (Theorem 2.3). The upper semicontinuity of the
stationary solution map has been also investigated (Theorem 2.4). Using
the tool related to parametric variational inequality, we have proposed
the assertions which are equivalent to the emptiness and boundedness of

the stationary solution set (Theorem 2.5).
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Chapter 3

Continuity and directional
differentiability of the optimal value

function

This chapter deals with continuity and directional differentiability
of the optimal value function in nonconvex QCQP problems. Among
our proposed assumptions, there are some weaker than the assumptions
used in the cited works (applied for QP). In Section 3.1, continuity of
optimal value function is studied. Sections 3.2 and 3.3 establish sufficient
conditions for the first- and the second-order directional differentiability

of the optimal value function.

This chapter is written on the basis of the results in [75,102].

3.1. Continuity of the optimal value function

The following theorem shows the necessary and sufficient condition

for continuity of the optimal value function.

Theorem 3.1. Consider the problem (QP(p)) and p € P. Assume that
f is bounded from below over F(p) # 0. Then, ¢ is continuous at p if
and only if (SCQ) and (As) are fulfilled at p.
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Proof. Necessity: Firstly, we show that (SCQ) is satisfied at p. In-
deed, suppose that ¢ is continuous at p and (SCQ) is not satisfied at
p. By Lemma 2.1, there exists p* — p such that, for each k, the system
gi(z,p¥) <0, i = 1,...,m, has no solution, that is, F(p*) = 0. Then,
©(p¥) = +o0. Since ¢ is continuous at p, we get p(p) = +oo, that is
F(p) = 0. We have arrived at a contradiction. This shows that (SCQ)
is fulfilled at p.

It remains to show that (Asz) holds at p. Indeed, suppose that
¢ is continuous at p but (Aj) fails to hold at p. Then, there exists
v € (0" F(p)) \ {0} such that 27Qv < 0. Since F(p) # 0, there exists
2 € F(p) such that 2° + tv € F(p) for every t > 0. Let QF = Q — %I
and let p* = (Q*,q, Q1,¢1,¢1, - - -, Qum, Gm» Em) — P. Then, we obtain that
o' Q% = 07 (Q — +1)v < 0. Hence

1
f(2" + to, p*) :5(950 +t0)T Q" (2° 4 tv) + " (2° + tv)
1
:étQETQk@ + Q"2 + @)v + f(2",p) = —oc

as t — 4o00. Therefore cp(pk) = —00. Since  is continuous at p, we have
¢©(p) = —oo. This contradicts the assumption that f is bounded from
below over F(p) # 0. Thus (Aj) is fulfilled at p.

Sufficiency: Suppose that (SCQ) and (A3) hold at p. We have to
prove that o(p*) — (p) for every sequence {p*} C PP satisfying p* — p,
By Lemma 2.1, there exists kg > 0 such that F(p*) # () for every k > k.
From the assumption (As) it follows p € G. Combining this and Lemma
2.2, we have S is open. Hence there exists k; > 0 such that p* € G for
every k > k1. By Corollary 1.3, we obtain G(p*) # 0, that is, there exists
o € F(p*) such that ¢(p*) = f(zF, p").

From Corollary 1.3 it follows that G(p) # (). Hence there exists
2" € G(p) such that ¢(p) = f(2°,p). From Lemma 2.1, the set-valued
map p — F(p) is lower semicontinuous at p. There thus exists y* € F(p)
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such that y* — 2. We have

limsup ¢(p*) < limsup f(y*,p) = f(z°,p) = ¢(p.) (3.1)

k—o0 k—o0
We now claim that the sequence {2*};>1, is bounded. Indeed, if
{2*};>1, is unbounded then, by taking a subsequence if necessary, we
may assume that ||z¥|| — 400 as k — oo and ||2*|| # 0 for every k > 1.
Without loss of generality, we may assume that 2*/||z*|] — h. Since
ok e F(p¥), gi(a¥,p*) <0,i =1,...,m. We obtain h € (0"F(p)) \ {0}

(see Lemma 1.1).

On the other hand, since 2* € G(p*) and y* € F(p*), one gets

%(yk)TQk:yk 4+ (QR)Tyk: > %(xk)TQkajk + (qk)T:Ij’k.

Dividing both of sides of the above inequality by |z
k — oo yields hTQh < 0. This contradicts the assumption (A3). Hence
{2*} is bounded.

*|? and taking

k' Z. Since

Without loss of generality, we may assume that x
oF e F(pb), gi(aF,p*) <0,i=1,...,m. Letting k — 0o, we obtain that

gi(z,p) <0,i=1,...,m, that is, € F(p). Hence

lim o(p") = lim f(2*,p") = f(z.p) > ¢(p). (3.2)
—00 k—00

Combining (3.1) with (3.2) yields limy so ©(p*) = @(p). This finishes
the proof. H

Remark 3.1. The assumption (As) of Theorem 3.1 is weaker than the
uniform compactness of F(p) near p used in [36, Theorem 3.35].

The following result characterizes the stability and the Lipschitzian

stability for parametric nonconvex QCQP problem.

Theorem 3.2. Consider the problem (QP(p)). Assume that (SCQ)
and (As3) hold at p = (Q,q, Q1,q1,C1,- -, Qm,Gm,em) € P. Then, the

following four statements are equivalent:
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(a) G() is lower semicontinuous at p;

() G

1) is continuous at p;

(
(
(¢c) G(p) is a singleton and (-) is locally Lipschitz at p;

(d) G(p) is a singleton and ¢(-) is continuous at p.

Proof. Suppose that (a) holds. According to Lemma 2.1, G(+) is upper
semicontinuous at p under assumptions (SCQ) and (As). Hence the

global optimal solution map G(+) is continuous at p, that is (b) is satisfied.

Next, we prove that (b) implies (c). Indeed, suppose that the
global optimal solution map G(-) is continuous at p. From Lemma 4.3 it
follows that G(p) is a singleton. It remains to show that ¢(-) is Lipschitz
continuous around p. Since f(.,.) is continuously differentiable, there
exists 0 > 0 such that f(.,.) is Lipschitz continuous with modulus L; on
the neighborhood Us(Z, p).

By the assumption (SCQ) and Remark 2.2, the feasible set map
p — F(p) is locally Lipschitz-like around (p, Z) for some & € F(p) (see,
for instance, [30, Example 4D.3]), that is, there exist three positive real

numbers €, v, and L such that
F(p')NU(z) € F*) + Lr|p® — p'[| Be(0, 1) (3.3)
for every pl,p? € U.(p).

Without loss of generality, we may assume that (2Lr+1)e+~v < 0.
Let any p', p* € U.(p). By the assumption (SCQ) and Lemma 2.1, the
set-valued map p — F(p) is lower semicontinuous at p. This implies
F(p') # 0, for € > 0 small enough. On the other hand, from (A43) it
follows p € GG. Since S'is open, there exists € > 0 small enough such that
pt € G. By Corollary 1.3, we have G(p') # 0, for € > 0 small enough.
Thus there exists 2! € G(p!).

Since G(p) is a singleton, G(-) is lower semicontinuous at p. Hence

we can assume that € > 0 small enough to guarantee that 2! € U, (z). It
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leads to 2* € G(p') N U, (z) C F(p') NU,(z). Due to (3.3), there exists

z? € F(p*) such that

|=*

We obtain that

I(z',p") = (z,p)|| < llz' =zl + [[p' —pll <v+e<é
and
I(2*,p%) — (z, p)|| <[|2* — z|| + [|]p* — B
<||z* = 2| + ||l=* — z|| + |Ip* — Dl
<Lz|p* = p'l| +7+e
<2Lre+v+e€
=(2Lr+ 1)e+7
<0.
Then, (2!, p'), (22, p?) € Us(z, D).
Since p(p®) < f(2*,p?) and ¢(p') = f(z',p"), it implies
p(p) - w(pl) < f@*ph) - fla'ph)
< |f(=%p*) — flx ,pl)\
< Lyll(2* p%) — (=', pY)|]
< Ly(lla® = 2| + [|p* = p'])
< Lg(Lgllp* = 'l + Ip* = p')

o' < Lrllp” = o'l

Ly(Lr+1)[lp* = p'Il

Changing the role of p! and p?, one has

w(p') —e(p?*) <Lf(Lr + 1lp" —p*|.

From (3.4) and (3.5) it follows that ¢(-) is Lipschitz continuous around
p with modulus L¢(Lr+1).

Clearly, (c) implies (d).

By Theorem 2.2, we conclude that (d) implies (a).

then complete.
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Example 3.1. Consider again the problem in Example 2.1. Both (SCQ)
and (As) hold at p. It is easy to check that G(p) = {z = (—1,0)}. By
Theorem 3.2, the global optimal solution map G(-) is continuous at p

and o 15 Lipschitz continuous around p.

3.2. First-order directional differentiability

The main results in this section will describe sufficient conditions
for the first-order directional differentiability and give explicit formulas

for computing this directional derivative of the optimal value function ¢
of the problem (QP(p)).

For each A = (A1, ..., \y) € R}, the Lagrange function L(z,p, \) is
defined by
i=1
For p® = (Q% ¢, Q%,¢Y, &Y, ..., Q% ¢, ) € Pand h € R", we have

m m

VL (@0, N (h,p") = (Qz+q)"h + Z N(QiT + ¢i)"h+
i—1

+f($,p0) + Z AZgZ(japO)
=1
and

<h,p0>Tv2L<$,p><@,p,A)(h,p%=hT(Q+ 3 wi)m

i€l(z,p)
T
+2 (Q% +q"+ > M@+ q?)) h.
€l(z,p)

For € G(p), denote by A(Z,p) the set of all Lagrange multipliers

corresponding to T.

We consider the following assumption

Assumption (A ) For every ty | 0, for every x* € G(p+txp°) satisfying
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¥ — 7 € G(p), and for every A € A(Z,p), the following inequality holds

ey (Q+zmp A@)m ~ )

> 0. (3.6)
k—400 tr

Remark 3.2. If V2 L(Z,p,\) = Q+Zi€[<2’p) A Qi 1s a positive semidef-

inite matriz, then (Ay) holds. Particularly, from the assumption that Q;,

i=1,...,m, are positive semidefinite matrices it follows that (Ay) holds

of Q 1s positive semidefinite.

Remark 3.3. (Ay) holds if the sequence {||x* — Z||/t+} is bounded.

Now, we describe a general situation where (Ay) is fulfilled.

Proposition 3.1. Assume that (QP(p)) satisfies (SCQ) and

vl (Q + Z )\iQZ')U >0 YveC(z)\ {0}, YA€ A(z,p), (3.7
1€l(z,p)
where C(Z) == {v € R" : (Qz + q)Tv < 0,(Q:T + q:)Tv <0,i € I(z,p)}.
Then, (Ay) holds.

Proof. On the contrary, suppose that (A4) does not hold, that is, there
exist A € A(Z, p), a convergent to zero sequence {t;} and z* € G (p+tp°)
tending to T € G(p) satisfying

(¥ —2)" <Q + D iczp) Ain) (2" —7)
lim

< 0. (3.8)
k—+o00 Uk

By taking a subsequence, if necessary, we may assume that

(2% — 7) (Q—I— Z )\Q) ¥ —7) <0, (3.9)
i€l(Z,p)
-2

_ ko~
e T |2" — || # 0 Vk. (3.10)
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Without loss of generality, assume that (2% — z)/||2* — z|| — v # 0.
Dividing both sides of (3.9) by ||z* — Z||? and letting & — oo yields

o (Q + > )\Z-QZ)@ <0. (3.11)
icI(z,p)
For every i € I(Z,p), we have
0> gi(z", p+ t1p") — g:(Z,p)
=gi(«*,p) = gi(z, ) + trgi(«*, ")
) Qi(x" — ) + (Qix + ¢)" (2" — 7) + trgi(a",p").

Due to Q;, i € I(Z,p), are positive semidefinite, we get

(@i + )" (2" — ) + trgi(2",p") < 0. (3.12)

Dividing both sides of the last inequality by ||z* — Z|| and letting & — oo
yields

We now show that (QZ + ¢)*9 < 0. Indeed, we obtain that

p(p+tip°) — o(p)

= f(*,p+tp®) — f(z.p)

= f(a",p) — f(Z,p) + trf (¥, p°)

= @ —D)TQr —7) + <@x+q> (a* — 7) + tif (2", p").

(3.14)

By Lemma 2.1, the set-valued map F(-) is lower semicontinuous
at p. Hence there exists © € R" such that, for ¢; small enough, we have
T+t € F(p + tgp?). This implies that

e(p+tp") — o(p)
<f(x+tru,p+ typ") — f(Z,p)
=f(Z + tyu,p) — f(Z,p) + tif (T + 40, p°)

(te) 0’ Qu + t,(QT + )" u + tp f (T + tpu, p°).

1
2
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Hence

(2F = 2)TQ(zF — 7) + (Q7 + ¢)T (2% — 7) + t1.f (F, p°)

1
L) 2T O T I (3.15)
< () Qu+t(QT + q)" u + 1, f(T + tyu, p°).

Dividing both sides of the last inequality by ||z* — || and letting k — oo
yields (QZ + ¢)Tv < 0. Combining this with (3.13) yields v € C(z). By

(3.11), we have a contradiction. The desired conclusion follows. O

We say that the Mangasarian-Fromovitz under direction p° € P
Regularity Condition (M FRC'),0 holds at Z if there exists v° € R" such
that

(QiZ + qi)" 0" + gi(z,p°) < 0 Vi € I(z,p).
It follows immediately that (MFRC),0 is weaker than (MFCQ) (see,
for instance, [5,39]).

To characterize directional differentiability of the optimal value
function, Auslender and Cominetti [5] proposed Condition (SOSC)y.
Applying (SOSC),» for each global optimal solution z of (QP(p)), we

have the following condition:

For each critical direction v € C(Z), one has

SOSC),0
( )y sup{vT (Q + D itz p) )\Z-Qi)v tA € A*(:Z‘,p)} > 0,

where A*(Z, p°) is the global optimal solution set of the following problem

sup {f(ﬂf,po) + i Aigi(x,po)}-

Now we shall show that (A4) is weaker than (SOSC), applied for
(QP(p))-

Proposition 3.2. Under the assumption (M FRC),0, assume that for
an arbitrary sequence {t;} converging to zero and for a z* € G(p+t.p°),
the sequence {x*} converges to & € G(p). If (SOSC),0 holds at z, then
the sequence {||x* — z||/t;} is bounded. Furthermore, (A4) holds.
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Proof. By the assumption and by [5, Proposition 2], we deduce that the
sequence { (2% —7)/t;.} is bounded. From Remark 3.3 it follows that (A4)
holds. []

The Linear Independence Constraint Qualification (LICQ)) is sat-
isfied at = € F(p) if the vectors Q;T + ¢;,7 € I(Z,p), are linearly inde-
pendent. It is well-known that (M FCQ) is weaker than (LICQ) (see,
for instance, [64, p.103-104]).

Condition (H3) in [71] applied for the global optimal solution & of

(QP(p)) is stated as follows:
(H3): For every sequence {t;} satisfying t, | 0, and for every sequence
{a*} with 2% € G(p + tpp") such that 2* — T € G(p), the following
imequality 1s satisfied

. |l=* — z|?

lim sup ——— < +o0.

k—+o00 7%

The following proposition shows that, in some cases, (H3) is stronger
than (Ay).

Proposition 3.3. Consider (QP(p)). Assume that one of the following

conditions s satisfied:

i) (LICQ) holds;
ii) Q; =0, for everyi=1,...,m;
iir) f is convex and (SCQ) holds.

Then, (H3) implies (Ay).

Proof. Suppose that (H3) holds, i.e., for every sequence {t;},tx | 0, and
for every sequence {z*}, 2% € G(p + t;p°) such that 2* — z € G(p), the

following inequality is satisfied
=% — 2|

lim sup ———— < +o0. (3.16)
k—+o00 7%
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By taking a subsequence if necessary, we may assume that

(- 2T (@ T S wi) (et — )

lim inf
k—+o0 Lk
(¥ —2)" <Q + D iclzp) Ain‘) (2% —7)
= lim :
k—+o00 Uk

From (3.16) it follows that {||z* — Z||/(¢;)2} is bounded. Without loss
of generality, we may assume that (z* — ) /(¢;)2 — @ for some w € R™.
Since 2* € G(p + t;p°), gi(z*, p + txp°) < 0 for every i € I(z,p). By
(3.12), we get

(@QiT + ¢)" (2" — &) + trgi(z,p°) < 0.

Dividing both sides of the last inequality by (tk)% and letting £ — oo
yields
(Qit + ) @ <0, (3.17)

By (3.15), we obtain that

—_

S@ = 2)' Q" — )+ (Qz + ¢)" (" — ) + ti.f(2.1°)

<-(tp)*a"Qu +t1(Q7 + ¢)Tu + t1.f(z,p°)

[l N

(\]

for some u € R". Dividing both sides of the above inequality by (tk)%
and letting k — oo yields

(Qz +q)'w <. (3.18)

From (3.17) and (3.18) it follows w € C(Z). By the necessary second or-
der optimality condition (see [7, Theorem 1.2] and the references therein)

and assumptions (i)—(i77), we have

wT<Q+ S )\iQi)wZO.

i€l(Z,p)
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Therefore

(e — )7 (Q T S Ai@i) (et — 7

lim inf
k—+oo 17
= wT<Q + Y /\iQZ-)w > 0.
i€l (Z,p)
The proposition is proved. ]

The set-valued map G : p — G(p) is said to be upper pseudo
Lipschitzian (or calm) at a point (p,Z), where T € G(p), if there exist
neighborhoods V' (p) and V(Z) of the points p,  and a number [ > 0 such
that

G(p) NV (z) C G(p) +1|[p — pl|B(0,1)
for all p € V(p) (see [72]).

Assumption (Ay) is weaker than the assumption of the calmness of
the global optimal solution map G : p — G(p) applied for QP(p). This

is given below.

Proposition 3.4. Consider the problem (QP(p)) and assume that for
an arbitrary sequence {t;;} converging to zero and for a z* € G(p+t.p°),
the sequence {z*} converges to * € G(p). If G(-) is calm at a point
(p, ), then the sequence {||x* — Z||/t.} is bounded. Furthermore, (A4)
holds.

Proof. Since G(+) is calm at a point (p, ), there exists a number kg > 0
such that ||z% — z|| < It4]|p"|| for every k > kq. Hence

lim su M
p < 400,
k—+o00 (7%
that is, {(2¥ — Z)/t;} is bounded. From Remark 3.3 it follows that (Ay)
holds. []

To prove the main results we need the following lemmas.
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Lemma 3.1. Assume that (QP(p)) satisfies (SCQ) and (As). Then, for
each sequence {p*} C P converging to p and x* € G(p"), there exists a
subsequence {x*'} of {z*} such that z* — & € G(p).

Proof. Assume that {p*} C P converges to p and {zF} C G(p¥). Let
any © € F(p). By Lemma 2.1, the set-valued map p — F(p) is lower
semicontinuous at p. Thus there exists {y*} C F(p*) such that y* — z.

Suppose that {z*} is unbounded. Without loss of generality, we
may assume that ||2*|| — oo and z¥/||2%|| — © as k& — oo for some
v € R™. Since 2% € F(p¥), gi(a*,p*) < 0, for every i = 1,...,m. By
Lemma 1.1, we get v € (07 F(p)) \ {0}.

Since z* € G(p*), we obtain that
1 1

SR + ()T < SNTRW (@) (319)

Dividing both sides of the inequality (3.19) by ||2*||? and letting k — oo,

we get 07 Qv < 0. This contradicts the assumption (A43). Hence there

exists a subsequence {z%} C {2*} such that 2% — Z.

From (3.19) it follows that
1, 4 s . 1, s , .
§(xk])Tijxkj + (qu)TIEk] < 5(y/cj)Tcgkjyk] + (qu)Tykf
and
gi(ah ) <0, ¥i=1,... m.
Take limits in the above inequalities as j — 0o, we obtain that

1 1
E:ETQ@ +q'z < éxTQx +q'x

and
gi(T,p) <0, Vi=1,....,m.

These lead to z € G(p). O

Denote

D(z,p,p") == {v € R" : (QiT + q;) v + gi(z,p°) < 0,i € I(z,p)}.
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Next, we show that D(Z,p,p") is nonempty.

Lemma 3.2. If (QP(p)) satisfies (SCQ) then D(Z,p,p") is nonempty.

Proof. Due to Remark 2.2, (M FCQ) holds at Z. It follows that there
exists v € R" such that (Q;z + ¢;)Tv* < 0 Vi € I(z,p). For each
i € I(Z,p), there exists m; > 0 large enough such that

(QiT + ¢)" (min”) + gi(z,p") < 0.
Let m = max{m;,i € 1(Z,p)}. We have
(QiZ + ¢;)" (m®) + gi(z,p") <0 Vi € I(z,p),
i.e., D(Z,p,p") is nonempty. ]

Consider the following two linear programs

inf {(Q:T: +¢)Tv+ f(a‘:,po)} (3.20)
veD(Z,p,p°)
and .
sup {f(i‘,po) + Z )\igi(i“,po)}. (3.21)
AeA(Z,p) i—1

The global optimal solution sets of problems (3.20) and (3.21) will be
denoted by D*(Z,p,p") and A*(Z, p), respectively.

Applying [5, Lemma 2] for the problem (QP(p)) gives the following

lemma.

Lemma 3.3. If either A(Z,p) or D(Z,p,p°) are nonempty, then

inf {(fo +q)"v+ f(f,po)} = sup {f(f,po) + Emj Aigi(i"apo)}-

veD(z,p,p°) AEA(Z,p) i=1

Moreover, if both feasible sets are nonempty, then the extrema are at-

tained.
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By the results in [35] and Lemmas 3.2 and 3.3, the extrema of the
problems (3.20) and (3.21) are attained and the common value of these

programs will be denoted by ¥(z, p, p").

Denote upper and lower Dini derivatives of the function ¢ at p in

director p° by

. e +tp") — o(p
w#(p,p‘)):llmi%up ( t) )
t

9

o +1p°) —
S (p ) = i uf p(p pt) o)
respectively. The function ¢ is said to be first-order directional differen-
tiable at p in direction p° (see, for instance, [5]) if ¢/, (p,p") = ¢ (p, p°).
The common value is denoted by ¢'(p,p?) and it is called first-order

directional derivative of ¢ at p in direction p'. Then, we have

v . ep ) —o(p)
—1 .
o' (p,p") im n

Applying [5, Corollary 1] for the problem (QP(p)), we get the

following lemma.

Lemma 3.4. Assume that the problem (QP(p)) satisfies (SCQ). Then,

¢, (p,p") < min {(Qy +q)"h+ f(y,po)} < +oo.
heD(y,p,p°)

The main result in this section is stated as follows.

Theorem 3.3. If the problem (QP(p)) satisfies (SCQ), (As), and (Ay),

then ¢ is first-order directional differentiable at p in every direction
pO - <Q07 q07Q(1)7q?7C(1)7"'7 2}7 Q7(’)n7c7(’)n) e P and

!y ) : _ 0 _ 0
,p") = min max 20+ Nigi (7,1 3.29
¢ (p,p") gGG(pMGA(m{f(yp) 21: g(yp)} (3.22)

y€G(p) he D(y,p,p°)

= min_ min {(Q§+q)Th+f(ﬂ,p0)}- (3.23)
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Proof. Suppose that (SCQ), (A3), and (A4) hold. From Corollary 1.3 it
follows that G(p) # (0. Let an arbitrary § € G(p). By Lemmas 3.3 and

3.4, we have

~ heD(F.p.p°)

= max L(g,p", \).
. (7,p°,\)

¢ (p,p”) < min {(Qy +q) h+ f(y,po)}

Since the above inequality holds for any ¢ € G(p),

' (p,p’) < min max L(y,p’ \). 3.24
¢ (p,p") < Jmin | max L(g,p ) (3.24)
On the other hand, we choose a positive sequence {t;} such that

tr — 0 and .
. ppFigpT) — olp
¢ (p,p") = lim ( )= ¢lp)
—00 tr
By the assumption (SCQ) and Lemma 2.1, the set-valued map p — F(p)

is lower semicontinuous at p. This leads to F(p + t;p®) # 0 for t; small

enough.

From (Aj3) it follows p € S. Since S is open and p + t;p" — p as
k — oo, there exists ky > 0 such that p + t,p° € S, for every k > k. By
Corollary 1.3, we obtain that G(p + t;p°) # 0, for t; small enough.

Let a ¥ € G(p + t1p"). According to Lemma 3.1, there exists a
subsequence {z%} of {*} such that z;, — 7 € G(p) as i — oco. Without
loss of generality, we may assume that {z%} = {z*}. For any A € A(z, p),
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we have

o(p + tep”) — @(p)

f(@* p+ ") = f(Z,p)

L(z* p+t:p°, \) — L(Z,p, \)

L(z" . p,\) — L(z,p, \) + ty L(z", p°, \)

=V, L(Z,p, ) (2% — %) + %(xk —2)'V2 L(Z,p, \) (2" — 7)

+tpL(z", p", \)
1

:§<xk _ i‘)TVixL(i',p, )\)(xk _ j‘) + tkL(xkap07 )\)

Using condition (A4), we obtain that

'V

o(p+ tep°) — ¢(p)

¢ (p,p") = lim

k—o0 tk
s(ah — 1 + ) A
= lim L(mk,po,)\) + 2( ) (Q ZIEI (z,p) Q )( )
k—o0 ts
>L(z,p°, ).

Since A is taken arbitrarily and A(Z,p) is compact,

¢ (p,p") > max L(g,p°, ). (3.25)
AEA(Y,p)
Hence
¢ (p,p°) > min max L(7,p° ). (3.26)

yeG(p) AeA(y.p)
Combining (3.24) with (3.26) yields

'(p,p°) = min max L(g,p°, \).
go(pp) yeG(p) AeA(7.p) (@74

The proof is complete. [

We have the following corollary.

Corollary 3.1. Consider the problem (QP(p)). Assume that one of the
assumptions of Propositions 3.1-3.4 s satisfied. Then, ¢ s first-order

directional differentiable at p in every direction p° € P and (3.22) holds.
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Proof. By Theorem 3.3 and by Propositions 3.1-3.4, one gets the desired

conclusion. ]

Note that assumption (A4) of Theorem 3.3 can be dropped if the

feasible region F(p) is unperturbed. This is shown in the following result.

Theorem 3.4. If the problem (QP(p)) satisfies (As), then ¢ is first-
order directional differentiable at p in every direction p° = (QY,¢°,0) € P

and

. 1_ _ _
¢'(p,p°) = min {—yTQOy + (qO)Ty}-
yeG(p) | 2

Proof. Since p° = (Q°,¢°,0) € P, F(p) = F(p+tp°). For each T € G(p),
we have
. 0y
¢ (p,p°) = limsup,, 2lotiy)—elp)
< limsup, 10 f(@p+tp°)—f(z.p)

t
@) ttf @)~ () (3.27)

t

= limsup,,

= f(i.7p0)'

On the other hand, we choose a positive sequence {¢;} such that

tr. — 0 and

.o+ tep”) — p(p
o (p,1) = lim £ )= olp)
k—o0 tg

For every sequence {t;},t;, | 0, and for every sequence {x*},
b € G(p+ tpp°) satisfying 2¥ — Z € G(p), we have

o(p+trp") — o(p) =f (2", p + tep") — f(Z,p)
=f(z",p) — f(2,p) + trf (2", p°)
Z tkf(xkvpo)'

Hence

. tef(a, p? . . .
90/—(p7p0> > lim M > f(gj’po) > min f(yapo) (328)
k—00 Uk yeG(p)
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Combining (3.27) with (3.28) yields
! 0y . — 0
¢'(p,p’) = min f(¥,p"),
y€G(p)

which proves the theorem. ]

3.3. Second-order directional differentiability

The purpose of this section is to derive a set of assumptions which
ensures the existence of second-order directional derivative of the optimal
value function . This property has been studied in [18, Theorem 4.102],
[5, Theorem 1], [94, Theorem 4.1} and [72, Theorem 4.1]. The main

results in this section differ from those results.

Firstly, we consider the following assumption:

Assumption (A;) For every sequence {t;},tr | 0, for every sequence
{2*} satisfying 2% € G(p + tip°), 2¥ — 7 € G(p), h* = (% — 2) /s,
there exists A € A*(z,p) such that

lim inf(h*, p°)" V2, ,, L(Z, p, ) (h", p°)

k—o0

> inf b2 (5 m A (B o).
_hEDlﬁf‘@po) )\Grlr\l*%;{‘,p)( ) V(xap) (z,p, A)(h, ")

Next, we shall show some situations where (As) is satisfied.

Proposition 3.5. Assume that, for every sequence {t;},t; | 0, for every
sequence {z*}, 2% € G(p + t3p°) satisfying 2¥ — 7 € G(p), the sequence
{h* = (2% — 2)/t}.} is bounded. Then, (As) holds.

Proof. Without loss of generality, we may assume that h* = (2% — z)/t;
converges to h® for some h’ € R". Dividing both sides of (3.12) by t;
and letting k£ — 400 yields

(Qi7 + ¢))'h° + gi(z,p°) < 0 Vi € I(z,p),
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that is, h° € D(z,p, p"). From (3.14),

0y _
H(p. 1) = lim p(p+ trp”) — ¢(p)

110 t = (Qz +q)" 1’ + f(z,p).

This implies h° € D*(Z,p, p°). For any A € A*(Z, p), we have

lim lnf(hka pO)Tv%x,p)L(j7 b, )‘) (hka pO)

k—o0

=(h%, p")I VL, L@, p, M) (B0, p°).

Let

= inf h,p)IV2 L(z,p,\)(h, p°).
“ heDlaap@O)/\gfr\l"aép)( PV Vent®p A7)

Since D*(Z, p, p") is nonempty, it follows o < +o0.

If « is finite, we assume that

o = (h,p*)'VE, , L(z,p, \) (R, "),

h € D*(Z,p,p") and for some A € A*(Z,p). Then,

_ inf h 0\T' 72 L(7 N (h 0 .
heDll(%,npO) Aeril*%a}ip)( ,p) V(xap) (a:,p, )< ,p)

Hence
lim infyo0 (h*, p°)T V2, ) L(Z, p, A) (R*, p°

, o )_ (329
> 1nfheD*(5c,p,p0) maXAeA*(aE,p)(hap ) v(z,p)L<x7p7 /\)(hap )

If @« = —o0, we get immediately the inequality (3.29). The proof

is complete. ]

Remark 3.4. Both (SOSC),» and the assumption of the calmness of
global optimal solution mapping (applied for (QP(p))) are stronger than
(As). Indeed, assume that one of these assumptions is satisfied. By
Propositions 3.2 and 3.4, we deduce that the sequence {(z* — Z)/t.} is
bounded. From Proposition 3.5 it follows that (As) holds.
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For each h € D(z,p,p"), let
I(z,h,p,p°) := {i € I(z,p) : (QiT + ;)" h + gi(w,p") = 0}.
We consider the following proposition.

Proposition 3.6. Assume that, for every sequence {t;},t; | 0, for every
sequence {2*}, 2% € G(p + txp"), 2 — = € G(p), for every sequence
h* = (2% — 2)/t;, satisfying |h*|| — oo, the following two conditions is
satisfied:

(b1) (@7 + )" (z" —2) = 0 for every i € I(z,p);
(ba) (QZ+q)Tv>0Voe{uecR": (Qiz+q) u<0,icI(z h*pp")}
for every k large enough.

Then, (As) holds.

Proof For every i € I(Z,p), by the assumption (b;) and the fact that

9 i€ I(z,p), are positive semidefinite, we obtain that

5.t p") — 0., = 2 — BT QU — &) + (QU +¢!) (o —7) > 0.

o\
By (3.12), we have
(QiZ +a)" (a" = T) + trga(T, ") + tilgi(2", ") — g:(Z,p")] < 0.
This is equivalent to
(Qiz + )" (2" — 7) + trgi(2,1°) < ~ti[gi(a®, ") — gs(z. )] <0,

that is, (Q;T + ql-)T:”t ((z,p") < 0. This leads to h* € D(z, p, p°).

Let us consider the following problem

min{(Q7 +¢)"h + f(z,p") : h € D(z,p,p")} (LP)
The global optimal solution set of (LP) will be denoted by G(LP). By

the optimality condition in linear programming (see, for instance, [56]),
we deduce that h € G(LP) is equivalent to

(Qz+q)'v>0Vwe{ueR": (QiZ+q) u<0,icI(z hpp°)}
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Using the assumption (by), we have h* = (2% — z)/t, € G(LP),
that is,

(Qz+q)"h* + f(@,p") = min  {(Qz+q)"h+ f(z,7")}.
€D(z,p,p")

This implies h* € D*(z, p, p°).
Let

—  inf h,p"YIV?2 L(Z,p, \)(h, pY).
P heDl?@p,pO) /\erzrxlf%ﬁp)( ) v(fU,p) (@, A)(h, p)

Since D*(Z,p, p®) is nonempty, it follows 8 < +oo.

If /3 is finite, we assume that 3 = (i_z,pO)TV%x’p)L(:E,p, M) (h, p), for
some h € D*(Z,p,p") and for some A\ € A*(Z,p). Then, for each k, we

have
(R*, p") VL, L(E, p, M) (BE, p°)
> (h, p)7V2, ) L(Z,p. 3) (e p >
:heDig‘ﬁf@p )Aelz{lfa{p (h,p ) ($’p7 /\)(h’po)'
Hence

liminfk%oo(hk,po)TV% ») L(z,p, \)(hF )

_ g L(s (3.30)

If B = —o00, we get immediately the inequality (3.30). The proof

is complete. H

Let

where
U(y,p,p") = min {(Qy+q) h+ f(5.0°)}
heD(g,p,p°)
Denote
: op+ %) — p(p) — t¢' (p, P’
e (p.p") = hmisoup ( ) t2( ) b.2)
t 3
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V) — —to 0
¢" (p,p") = lim inf p(p +tp”) — ¢(p) — t¢'(p, p°)

2
t}0 t
+ 2

The function ¢ is said to be second-order directional differentiable
2

at p in direction p” if ¢’/ (p, p°) = ¢” (p, p"). The common value is denoted
by " (p,p") and it is called second-order directional derivative of ¢ at p

in direction p". Then,

. olp+t°) — plp) — t (p, P
‘P//(p’p()):]iﬁl ( ) tz() (p: ")
5

Let

K(Z, h,p,p") == {v € R" : (Qix + q;) v + (h, ") V?g;(Z,p)(h,p") <0,
i€ I(z,h,p,p")}.

Applying [5, Lemma 4] for (QP(p)), we get the following lemma.

Lemma 3.5. Consider the problem (QP(p)) and p’ € P. If (SCQ) holds,

then for each h € D*(z,p,p), the following two extrema are attained and

equal, 1.e.,

min | 2(Q7 +q) v + (h,p°) V2 f(Z,p)(h,1")
veK (Z,h,p,p°)

e h 0 TVQ L _ )\ h 0 .
)\GI/I\I*E};{,]))( ’p) (z,p) (xapy )( ,p)

The common value of the above programs will be denoted by
(7, h, p,p’).

The main result in this section is presented as follows.
Theorem 3.5. Consider the problem (QP(p)). If assumptions (SCQ)

and (A3)—(As) are satisfied, then ¢ is second-order directional differen-
tiable at p in direction p* = (Q° ¢, Q%,¢%, &, ..., Q% ¢" ) € P and

m

¢"(p,p’) = min inf max ){hT (Q—|— Z )\ZQZ) h+

T€G(p,p°) he D*(z,p,p°) A\eA*(Z,p =
1€I(Z,p)

T
+2(Q%+q0+ > A@-(Q?ﬂq?)) h}-

i€l (z,p)
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(3.31)

Proof. Let any § € G(p,p°) and h € D*(3,p,p"). According to Theorem
2, we obtain

#'(p,p") = Qi+ )" h+ f(7,0").
Using [5, Proposition 1], we get

¢l(p.p”) < min  [2(Qu+q) v+ (") Vf(5.p)(h,p")|.
veK (y,h,p,p°)

From Lemma 3.5 it follows immediately that ¢ (p,p°) < ®(g, h,p, p").
Since i € G(p,p") and since h € D*(y,p,p") are taken arbitrarily, we

have

"(p,p°) < min inf  ®(g, h,p,p"). 3.32
Prlpp) < min o inf (g hpp) (3.32)

Suppose that " (p,p’) be attained on the sequence t; | 0. We let
2 € G(p + tp°) such that ¥ — 7 € G(p). From(3.25) it follows that

o' (p,p°) = ¢ (p,p") > V(7,p,p").

Since ¢'(p, p") = mingeq ) ¥(7, p,p°) < (7, p,p"), we have
¢ (pp") = ¥(z,p,p").
Hence
z € Gp,p°). (3.33)
Take any A € A*(z,p). Since € G(p), V. L(Z,p,\) = 0. Hence

p(p+ ") — o(p) — teg' (0, 1°)
L(xk7p + tkp07 )\) - L(j7p7 >\)
_tkvpL<f7p7 )\)Tp() — tkvxL(fapa )‘)T(xk - 'f)

= (" =2, tip")"VE, ) LT, p, M) (2 — 7, 1),

1V

(3.34)
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Using (Aj5), there exists A € A*(Z,p) such that

o(p + trp°) — o(p) — te (p, p°)

¢" (p,p’) = lim

k—o00 i

2
ot (28 0} W2 r (B
_kl—golo tk; » D (@p) (.flf,p, ) tk; » P

> inf h 0 Tv? L(7 N (A 0
_heD%,p,pO)Aerzrxl*a(fz(,p)( ) (2,p) (. p, A)(h,p")

= inf ®(z,h,p,p°)
nep o) @D,

From (3.33) it follows that

"(p,p”) > min inf  ®(g, h,p,p"). 3.35
¢’ (p,p") > T L (7, h.p, ") (3.35)
By (3.32) and (3.35), we get the desired conclusion. O

We have the following corollary.

Corollary 3.2. Consider the problem (QP(p)) and p* € P. Assume that
(SCQ), (A3), and at least one of the following conditions is satisfied:

i) (A4) and the assumptions of Proposition (3.6) hold;

i) (SOSC)y holds at x € G(p);

iii) G(-) is calm at (p,z) € P x G(p).

Then, ¢ is second-order directional differentiable at p in direction p° and
(3.31) holds.

Proof. By Theorem 3.5, Propositions 3.1-3.4, Proposition 3.6 and Re-

mark 3.4, we have the desired conclusion. ]

The following result gives a sufficient condition for second-order

directional differentiability of the optimal value function.

Theorem 3.6. Assume that the problem (QP(p)) satisfies (SCQ) and

(A3), and ¢ is first-order directional differentiable at p in every direction
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p’ € P. Assume that there exists X € A(Z,p) and, for every t | 0,
x € G(p+tp°), 2y — = € G(p) such that

13{51 (he, ") Vi ) L(T, 0, A) (Bt 1)

exists, where hy = (vy — Z)/t, and

. Nigi(xe, p + tp?)
11m
£10 t2

= 0.

Then ¢ is second-order directional differentiable at p in direction p* and

" 0\ _ 1: T Y.0).
" (p,p) = 1551 [ht (Q+ ’E; )AZQZ> he+
el(z,p

T
+2<Q%+q0+ > Xi(Q?erq?)) ht].

i€l(Z,p)

Proof. For every t > 0 small enough, let z; € G(p + tp°), 2 — T € G(p)
and h; = (z; — ) /t. We have

o(p+tp°) — (p) — t¢' (p, ")

=Lz, p+ 1" X) = Y Nigi(ze,p+ 1p°)
i€l (z,p)
— L(Z,p, \) — tV,L(z,p, \)' p" — tV,L(z,p, \)! (2; — T)
1 _ _
=5 (w7, ")V L(E, 0, N (e — Z,t°) — > Nigilwe,p + tp").
1€l(z,p)
Hence

$2
€l(z,p)
B lgf(r)l(hh pO)Tv%%p)L(f?pa X)(htv pO),
since limy o w = 0. This ends the proof. 0
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The following two examples illustrate some applications of the
above theorems. We also show that Theorem 1 in [5], Theorems 3.1

and 4.1 in [72] could not be applied for these problems.

Example 3.2. We consider the problem (QP(p)) with

(%) ()
oi3) - (2) oo
o-(13) () oo

p = (Q q, Q17Q17cl Q? q27c2 S P a'nd
P =Ry x R* x (RY? x R* x R) x (RE* x R? x R).
This problem can be rewritten as follows
1
min{ 2.5) = 50— ). € 7 .

where F(p) = {(z1,12) € R?: 22 — 29 < 0; —x1 + 29 < 0}

Since f(x,p) = 2(z3 — x3) >0 for all x € F(p), we have

G(p) = {(z1,22) €ER?* : 5y = 25,0 < 27 < 1},

o (10 , [0
2= 5) =)

0 0) 0
Q?( ) q(l): >a C(l)zla

00 0

0 0) 0
Qg(oo , = 0>, ¢y =0,

and p” = (Q°, ¢, QY, ¢f, &}, @9, 43, 5) € P.

Let
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Firstly, it is easy to verify that (SCQ) holds and F(p) is bounded.
Thus (A3z) holds. Using Theorem 3.1, we get @ is continuous at p.

Next, we show that o is first-order directional differentiable at p in

every direction p°. One gets
Fp+tp°) = {(z1,22) € R* : 22 — 29+t < 0; —2, + 25 < 0}

and
1
fa.p+ ") = S(1+1)(af —a3) = 0,V € F(p+1p°).

For t small enough, we obtain

1—\/1—4t< <1—i—\/1—4t}

Glp+ 1) = { (o) e B L2 <y < L5
For each 1 € [0,1], we get A((z1,21),p) = {(0,21)}.
For any t, | 0, for any 2¥ = (2f,2%) € G(p + tip°) satisfying

oF — 7 = (71,71), we have

(e — )7 <Q S wi) (et — 7

lim inf
k—+o00 tk
E_ =\T k=
= lim inf (@ 1) Q= 7)
k—+o00 Tk

=liminf[(z} — 7,)* — (2} — 71)?]
k—+o00

=0.

Hence (Ay) holds. Using Theorem 3.3, it implies that ¢ is first-order

directional differentiable at p in every direction p° and
2
' 10 : 0 .
p,p ) = Imin 1max P + X b ]
A ) y€G(p) NeA(y.p) [f(y ) ; i9i(Y, p;)

. — 0
= min ,
min f(g,p")

= min —(y] —
g=(y1.51)€G(p) 2 (yl v
=0.
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We next show that ¢ is second-order directional differentiable at p
in every direction p°. Since QYT + ¢ = 0 for every i € {1,2}, it follows
(QV% + g))T (2% — Z) > 0. Hence the condition (b1) of Proposition 3.6 is
satisfied. To check the condition (by) of Proposition 3.6, we consider the
point T = (z1,11). If x1 = 0, then (QT + q)Tv = 0 for every v € R%. If
0 <2 <1, then

(Qz+q)'v=Z1(v1 —v2) > 0

for every v = (v1,v9) satisfying —vy + v < 0. Hence the condition (by)
of Proposition 3.6 is satisfied. Hence (As) holds. Using Theorem 3.5
and Proposition 3.6, we deduce that o is second-order directional differ-

entiable at p in every direction p°.

Forz = (r1,71) € G(p),0 < x1 < 1, we obtain that

D(z,p,p°) = {h = (hy, ho) : 201hy — hy +1 < 0; —hy + hy < 0}

and
(QZ 4+ q)"h = x1(hy — hy) >0 Vh = (hy, hy) € D(z,p,p°).
Hence
min  (Q7 +¢)'h=0
heD(z,p,p°)
and
D*(z,p,p°) = {(h1, 1) € R*: (221 — 1)h; +1 < 0}.

Therefore

" 0 : ] T 0
: — min min  ®(z, h, p,
# (b, ) zeG(p,p°) he D*(z,p,p°) ( Pp)

= i i hi — ho)(h h
s (= he)(hy by 4 20)

=0.

Finally, we show that both (SOSC), and the assumption of the

calmness of the global optimal solution mapping are not satisfied. Indeed,
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1 1
let 2% = (% + 17, % +t2) € G(p + t;p°). Then, we get
k 3 43
11 - t; t 1 1
xk_>a_7: a'a 7hk:u: _kn_k =\ 7> 1
22 tk tk tk t§ t§
e

|h¥|| = 400 as k — +o0.

and

By Propositions 3.2 and 3.4, we have the desired conclusion. Therefore
Theorem 1 in [5], Theorems 3.1 and 4.1 in [72] can not be applied for
(QP(p)) in this example.

Example 3.3. We consider the problem (QP(p)) with
-1 0 0
1 0 0 1
= s = , C1 = -,
1 (0 1) q1 <0> 1 5

and p = (Q,q,Q1,q1,c1) € P=RF? x R? x (RZ? x R? x R).

This problem can be rewritten as follows
1
min {f(fc,p) = 5T a T € F(p)},

where F(p) = {(z1,79) € R? : 2 + 23 < 1}.
Let

0 0 00 0
() e () @), a-(). a-o

and p" = (Q°,¢°, QY g1, 1) = (Q",¢",0) € .
We check that G(p) = {Z = (0,—1)}, and A(z,p) = {\ = 1}.

Firstly, it is easy to verify that (SCQ) holds and F(p) is bounded.
Thus (As) holds. Using Theorem 3.1, one implies that ¢ is continuous
at p.
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Next, we show that o 1is first-order directional differentiable at p in

every direction p°. Indeed, one gets
G(p+tp’) = {(\/275 —t2t—1),—(V2t — >t — 1)}.

Using Theorem 3.4, it implies that © s first-order directional duif-

ferentiable at p in every direction p° and

¢'(p,p”) = min f(7,0°) = f(z,p") = —1.
yeG(p)

Let vy = (V2t — t2,t — 1). Then,

.y 2
B = 2 x:(,/——m).
/ ¢

We have gi(x¢,p + tp°) = 0 for every t > 0 and

1gfg(ht, PV, Lz, p, N (he, 1°)
T
=lim | (@ + M@Qu)hy +2 (Q% "+ M (Ql + q?)) ht}
= 1151%1(1 —2)

= 1.

Using Theorem 3.6, we deduce that ¢ is second-order directional differ-

entiable at p in direction p° and
T
90”(]%]90) :lgf(f)l h?(@‘f‘)\lQl)ht—i—Q(QOZE+QO+)\1( ?:Z‘—l—q(f)) ht] - 1.

On the other hand, we have
D*(z,p,p°) = {h = (h,0) : by € R}
and

(h, )V, (&, p, ) (h, p” = B3 — 2hg = 0 Vh € D*(z,p,p").
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Hence

inf h,pYIV2 L(z.p. \)(h,p") = 0. 3.36
heDll(g?,p,pO) /\erz{l*%;ip)( ,p) v(JL‘,p) (a:,p, )( ,p) ( )

For every sequence {t.}, 1 | 0, for every sequence {z*}, 2% € G(p+tip?),
ot — z € G(p), h* := (2% — ) /ty, we have

ligglf(hk, P Vi, L(Z, p, A (R, ) = —1. (3.37)
From (3.36) and (3.37) it follows that (As) is not satisfied. Therefore
Theorem 3.5 can not be applied for QP(p).

Finally, from the above one has

k —
¥ —x / 2
tk < +tk’ )7

and ||h*|| — +oo as k — +oo. By Propositions 3.2 and 3.4, both
condition (SOSC)y and the assumption of the calmness of global op-

timal solution mapping are not satisfied. Therefore Theorem 1 in [5],
Theorems 3.1 and 4.1 in [72] could not be applied for (QP(p)) in this

example.

3.4. Conclusions

This chapter has presented some results on the continuity and di-
rectional differentiability of the optimal value function of (QP(p)) (The-
orems 3.3-3.6) under weaker assumptions in comparison with the results
which are implied from general theory. In some cases, (Aj3) is weaker than
the uniformly compactness of the constraint set mapping in [36, Theorem
3.3] applied for (QP(p)); both (A4) and (A5) are weaker than (SOSC),0
in [5, Theorem 1] and the assumption of the calmness of global optimal
solution mapping in [72, Theorems 3.1 and 4.1] applied for (QP(p)); in
some cases, (Ay) is also weaker than (H3) in [71, Theorem 4.1] applied
for (QP(p)). Applying Theorems 3.1 and 3.3 for LCQP problems, we
get some results which have been investigated in [56,98, 100].
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Chapter 4

Stability for extended trust region

subproblems

This chapter devotes detailed discussion to the stability for para-
metric extended trust region subproblem (ETRS), which is a class of
QCQP problems. In Section 4.1, the ETRS is stated. Some stability
results for ETRS are established in Section 4.2. In Sections 4.3, we
calculate and estimate the Fréchet and Mordukhovich coderivatives of
the normal cone mapping related to the parametric ETRS. We also use
the obtained results and the Mordukhovich criterion (see [73, Theorem
4.10]) for the local Lipschitz-like property of multifunctions to investigate
Lipschitzian stability of ETRS with respect to the linear perturbations.

The material of this chapter is taken from [76,78,79].

4.1. Problem statement

In this section, we concern to parametric ETRS as follows

min f(z,Q,q) = 52" Qr + ¢"x

ET,, (w
S~t-$€Rn3$TDZU§T,A:U—I—b§O, ( ( ))
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where ), D € R™" are symmetric, D is positive definite, ¢ € R", A €
R™" b e R™ r>0and w:= (Q,q,D,r, A,b). Denote

W=R"" x R"™" x R" x (Ry \ {0}) x R™" x R™.

Model problems of this type are widespread in real-world appli-
cations such as: nonlinear programming problems with linear inequal-
ity constraints, nonlinear optimization problems with discrete variables
[21,82] and robust optimization problems under matrix norm or polyhe-

dral uncertainty, optimal control and system theory (see [48,92]).

Without the first constraint, ETRS reduces the LCQP problem.
A survey on stability for parametric LCQP was investigated by Lee et
al. [56].

The special case of ETRS, where D is the unit matrix and m = 0,
is the well-known TRS, which plays an important role in trust region
methods for nonlinear optimization (see [24,67,70]). The stability for
parametric TRSs has been concerned by many authors. Lee et al. [61]
obtained necessary and sufficient conditions for the upper/lower semi-
continuity of the stationary solution map and the global optimal solution
map, explicit formulas for computing the directional derivative and the
Fréchet derivative of the optimal value function. The local Lipschitz-like

property of the stationary solution map was characterized in [62,85].

ETRS is a generalization of TRS and LCQP. It is a common agree-
ment that linear and pure quadratic forms are relatively easy but their
combination is not. Recently, some topics related to ETRS have been

investigated:

(i) Beck and Eldar [11], Jeyakumar and Li [48] showed the necessary and
sufficient optimality conditions for the global optimality of ETRS;

(ii) Some methods to find the global optimal solution for the general
problem of ETRS have been proposed (see [22,92,93]);
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(iii) ETRS with a linear constraint (m = 1) has been mentioned in
literatures (see [22,76,78,92]).

Stability for parametric ETRSs plays an important role because
they can be used for analyzing algorithms for solving this problem. Since
ETRSs form a subclass of nonlinear optimization problems, many inter-
esting results on stability for parametric nonlinear optimization (see for
instance, [53,54,89]) and QCQP problems (Chapters 2-3) can be applied
to parametric ETRSs. As far as we know, up to now, there have been a

few studies which approach directly the stability for parametric ETRS.

In next sections, we use the special structure of ETRS (the objec-
tive function is quadratic and the trust region intersects an ellipsoid solid
with many linear inequality constraints) to obtain deeper and sharper

results on stability of this problem.

4.2. Some stability results for parametric ETRS

In this section, we investigate in details continuity of the stationary
solution map and the optimal value function to parametric ETRS with
several illustrated examples. The obtained results herein develop and
complement the published ones in [56,61]. The approach adopted herein
is quite different from that used in [62,85].

4.2.1. Continuity of the stationary solution map

The upper semicontinuity of the stationary solution map follows
from Theorem 2.4. In this subsection, we investigate the lower semicon-
tinuity of S(-).

Let

ho(x,w) := 2" Dx — 1%, hi(x,w) == Az +b;, i =1,...,m. (4.1)
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The KKT pair of (ET,,(w)) is rewritten (x,\, ), where z € S(w),
(A, 1) € R x R™,

The following lemma is useful for proving the main results

Lemma 4.1. If the problem (ET,,(w)) does not satisfy (SCQ) then there
exists b — b such that, for each k, the set F(Q,q, D,r, A, b¥) is empty.

Proof. Let b* | b and fix any € R". Since (ET,,(w)) does not satisfy
(SCQ), we obtain that either ho(x,w) = 0 or h;i(z,w) = 0 for some
ie{l,...,m}.

If there exists an index ¢ € {1,...,m} such that h;(x,w) = 0, then
Az +bF > Ajx +b; = 0. Hence x ¢ F(Q,q,D,r, A, br).

If ho(z,w) = 0 and h;(x,w) < 0 for every i € {1,...,m}, then
there exists a sequence {z*} such that 2* — x and hg(«®,w) < 0. Thus

for s large enough, Az® + b < 0. It implies that (ET,,(w)) satisfies
(SCQ), contrary to the assumption. The proof is complete. O

The necessary condition for the lower semicontinuity of the multi-

function S(Q, ., D, T, A,.) is characterized in the following theorem.

Theorem 4.1. Consider (ET,,(w)) and w = (Q,q,D,7, A,b) € W. If A
has full rank and S(Q, ., D, 7, A,.) is lower semicontinuous at (q,b), then
(ET,,(w)) satisfies (SCQ) and S(w) is a nonempty set which contains

at most 2™ points.

Proof. We first show that (ET,,(w)) satisfies (SCQ). Indeed, if (ET,,(w))
does not satisfy (SCQ), there exists b* — b such that, for each k,
F(D,7, A bF) is empty by Lemma 4.1. Then S(Q,q,7, A, b*) = () for
all k € Nand S(Q,.,D,7, A,.) cannot be lower semicontinuous at (g, b).
This contradicts the assumption. Thus (E7T,,(w)) satisfies (SCQ).
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For each ) 2.5 C {1,...,m} and for each t € R, let
Q Ag Q+tD Ag
Ag = and Agg(t) == :
AL 0 AL 0
where Ag = (Aj)ies, j=1..m- If S = 0 then we let Ag = @ and let
Aos(t) = Q +tD.
Since D is positive definite, there exists an orthogonal matrix C

such that C~'DC = I, where I denotes the n X n unit matrix. We
denote the set of eigenvalues of C~'QC by T.

For each S C {1,...,m}, let:

Ps = {(%U) € R X RY (;;) A (55)

for some (z, ) € R" x Rm};

Pos(t) := {(u, v) € R" x R™ (11) = Aos(?) (;)

for some (z,u) € R" x Rm};

P ::U{PS S C {1,...,m},detA5:0}
U{Pos(t): SC{l,....,m},t€T}.

For each S C {1,...,m}, if detAs = 0, then Pg is a proper linear
subspace of R” x R™. If t € T then detAg(t) = 0; hence Pyg(t) is
also a proper linear subspace of R” x R". According to Baire’s Lemma
(see [20, p.15]), there exists a sequence {(¢*,b*)} C R" x R™ converging
to (g, b) such that (—¢*, —b%) ¢ P for all k.

From the assumption that S(Q,., D,

7, A,.) is lower semicontinu-
ous at (g,b), S(w) is nonempty. Fix any Z € S(w). Then, there exists a
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sequence {2*} C R" converging to Z such that 2* € S(Q, ¢*, D, 7, A, b*)
for all k. For each k, there exists (\*, u*) € R x R™ such that:

(Q+X'D)a" + ()" A+q" =0, (4.2)

Ne>0, 4F >0, (@MTDak — 7 <0, AzF +bF <0, (4.3)

MN((aMTDa? — 7)) =0, pf(Ax® +05) =0, i=1,...,m. (4.4)

Let S, = {i € {1,...,m} : uF > 0}. Then, there exists a subset
J C {1,...,m} such that Sy = J for infinitely many k. Without loss of
generality we may assume that S = J for every k. Hence (4.2)—(4.4)
reduces to
(Q+ND)ah + ALl + ¢ =0,
AyaF 4+ 0k = 0.

This can be rewritten as follows

f)-am)

Consider the following three cases:

Case 1: \¥ = 0 for infinitely many k. There is no loss of generality

in assuming \* = 0 for every k. From (4.5) it follows

()4 ()

This gives (—¢*, —b*) € P;. If det Ay = 0 then (—¢*, —b¥) € P, contrary
to the fact that (—q*, —b*) ¢ P. Hence det A; # 0 and

()= ()

follows from (4.6). It implies that u” converges to some fi; € R. Hence

() = (5)

Therefore = is defined uniquely by J.
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Case 2: \¥ € T for infinitely many k. Since T is finite, \¥ = X
for infinitely many k, for some A € T. There is no loss of generality in
assuming that A\¥ = X for every k. Then, (4.5) leads to

k k
—q _ /x
(—bk) =AY <u’“>
Combining this with A € T gives (—¢*, —b¥) € P, contrary to the fact
that (—¢*, —b*) ¢ P. Thus this case does not occur.

Case 3: X\ ¢ T U {0} for infinitely many k. There is no loss of
generality in assuming that \* ¢ T'U {0} for every k. Since A* is not an

eigenvalue of C~'QC, we obtain that
det(Q + A\"'D) = det(CT1QC + NI) # 0
and
det Ags(AF) = det(Q + N\ D) det(—AT(Q + \"D)'A)).
By the assumption that A has full rank, so is A;. Then,
rank(A7(Q + \*D)'A)) = ||,

that is, det(AL(Q + A\*D)7tA;) # 0. This leads to det Ag;(AF) # 0 for
every k. From (4.5) we get

D-wor () w

From the assumption that (ET,,(w)) satisfies (SCQ), (ET(w"))
also satisfies (SCQ) for every k large enough. According to Lemma
2.3, for each k large enough, {(A\*, %)} is bounded. Hence {(\*, %)} is
bounded. Without loss of generality, assume that (A*, %) — (X, fiy) for
some (5\, fi7) € R x RI. Then, the sequence on the right hand side of
(4.7) is convergent. Passing both sides of the equality (4.7) to the limits
as k — 0o, we deduce that 7 is defined uniquely by J.

In all above four cases, z is defined uniquely by J, for some J C
{1,...,m}. Therefore the number of elements of S(w) can not be greater

than 2™. The proof is complete. ]
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From Theorem 4.1 it follows immediately the following corollary.

Corollary 4.1. Consider the problem (ET,,(w)) and w € W. If A has
full rank and S(-) is lower semicontinuous at w then (ET,,(w)) satisfies

(SCQ) and S(w) is a nonempty set which contains at most 2™ points.

Denote

OF (w) := {x € F(w) : («" Dz — ) | [(4; =0}.

=1

The following theorem shows some sufficient conditions for the

lower semicontinuity of S(-).

Theorem 4.2. Consider (ET,,(w)) and w = (Q,q,D,7,A,b) € W. If
S(w) # 0 and at least one of the following conditions is satisfied:

(i) Q+AD is positive definite for every KKT pair (x, \, 1) and (ET,,(w))
satisfies (SCQ);

(i) S(w) is a singleton and (ET,,(w)) satisfies (SCQ);
(iii) S(w) is a singleton and @ is continuous at w;

(iv) G(-) is lower semicontinuous at w;

(v) S(w) is finite and S(w) NOF(w) = 0;

(vi) Q is nonsingular and S(w) N OF(w) = 0,
then S(-) is lower semicontinuous at w.

Proof. In oder to prove that S(-) is lower semicontinuous at w, we have
to show that for any z € S(w) and for any open neighborhood U, of z,
there exists ¢ > 0 such that

S(@)NU, #0 (4.8)

for every w € W satisfying ||@ — w|| < 6.
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We now fix any = € S(w) with the corresponding Lagrange multi-

plier (A, u). Let U, be an open neighborhood of z.
Firstly, suppose that (i) holds. Let

1=1

From system (2.4)-(2.6) it follows that VL,(x,w, A\, ) = 0. For every
T € F(w) and T # x, we have

f(jvu—)) o f(l’,U_J) > L(i‘,U_J, )‘nu) T L(Jf»w?)\a/i)

L6 )7 (Q+ AD)E — 2) + VL (o0 A, )T (5 — )

>0

by the assumption that Q+\D is positive definite. Hence z is the unique
solution of the problem (ET,,(w)) with w = w.

According to Theorem 2.1, G(-) is upper semicontinuous at w.
Hence there exists €3 > 0 such that G(w) N U, # @ for every w € W
satisfying || — w|| < €. The latter leads to (4.8).

We now suppose that (ii) holds, i.e., (ET,,(w)) satisfies (SCQ)
and S(w) = {z}. According to Lemma 2.1, there exists 6 > 0 such that
F(w) # () for every w satisfying ||[w — w|| < §. Since F(w) is nonempty
and compact, S(w) # 0 for every @ satisfying || —w|| < §. By Theorem
2.4, we have S(-) is upper semicontinuous at w. Hence S(w) C U, for
every w satisfying ||w — w|| < 4. It follows that S(w) N U, # () for every

w satisfying ||w — w|| < . Thus S(-) is lower semicontinuous at .
By (ii) and Theorem 4.3, we obtain (iii).
The assertion (iv) follows from (ii) and Theorem 2.2,

We next consider the case where (v) holds, ie., T Dz < 72
Az 4+ b < 0 and S(w) is finite. It follows that (A, x) = (0,0) € R x R™

and z is a solution of the following linear system

Qy =—q. (4.9)
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Since 27Dz < 72 and Az + b < 0, there exist ¢/ > 0 and an open
neighborhood V, C U, such that V, C F(w) for every w satisfying
|0 — o < €.

Since S(w) is finite, from (4.9) it follows that () is nonsingular and
x is a unique solution of (4.9). This gives x = —Q~'q. Then, there
exists €2 > 0 such that # = —Q~'¢ € V, for every (Q,q) satisfying
Q. 9) = (Q, D)l < [l — o] < €

Let € = min{e’, €} and let w € W satisfying ||w — w|| < e. Then,
r eV, C F(w)and (A\,u) = (0,0) € R x R™ is the unique Lagrange

multiplier corresponding to . We have
Qi+G=0, ' Di -7 <0, AT +b<0.
Hence (4.8) is satisfied for every w € W satisfying || — w]| < e.

Finally, we consider the case where (vi) holds, i.e., 27Dz < 72,
Az +b < 0 and Q is nonsingular. Repeating the previous arguments and
using the assumption that @ is nonsingular lead to (4.8). This completes
the proof of the theorem. H

By Theorem 4.2, we obtain the following corollary.

Corollary 4.2. Consider (ET,,(w)) and w € W. If (ET,,(w)) satisfies
(SCQ) and Q is positive definite, then S(-) is lower semicontinuous at

p.

Proof. Since Q is positive definite, G(p) is a singleton and G(p) = S(p).
By the part (i) of Theorem 4.2, S(-) is lower semicontinuous at p. [

We conclude this section by a simple example showing that S(-) is

not lower semicontinuous at w if it is infinite.

Example 4.1. Consider the problem (ET,,(w)) withn =2,m =1,

Q=-1, ¢g=0, D=1 =1, A =(-1,-1), b =1
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This problem has the following form
1
min {f(x,u?) = —5(93% +a3) i w € ./T"(U_))},
where
F(ZD) = {(Il,iﬁg) e R?: a:%+a:§ <li—x1—29+1< 0}

We obtain that (z,1,0) is a KKT pair for every x € {(x1,22) € R? :
22+ 23 = 1;21 > 0;29 > 0}. Hence S(w) is infinite. By Theorem 4.1,

S(-) is not lower semicontinuous at w.

4.2.2. Continuity of the optimal value function

The main result in this subsection is presented in the following

theorem.

Theorem 4.3. Consider (ET,,(w)) and w = (Q,q, D,7, A,b) € W. The

following assertions hold:

(i) @ is lower semicontinuous at w;
(ii) ¢ is upper semicontinuous at w if (ET,,(w)) satisfies (SCQ);

(iii) If F(w) is nonempty and if ¢ is continuous at w, then (ET,,(w))
satisfies (SCQ);

(iv) If F(w) is empty, then ¢ is continuous at w.

Proof. (i) Let any sequence {w*} C W such that w* — w. We have to
show that liminf; ., @(w*) > @(w).

Suppose, on the contrary, that
liminf @(w") < p(w).
k—o00

Without loss of generality, we may assume that

liminf p(w") = lim @(w").

k—o0 k—o00
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Then, there exist a real number § > 0 and an index £y such that

p(w') <6 < p(w)
for every k > ko. Since p(w*) < +o00, we obtain that F(w") # () and
G(w*) # (. Hence there exists a bounded sequence {z*} such that
oF € F(w*). We may assume that this sequence itself converges to a
vector 2 € F(w). Since z* € F(w*), we have

p(w') = f(a*,w*) <.
Letting k — oo, we get f(z,w) < 4. Hence
0 < p(w) < f(2,w) <6
This is impossible. Therefore lim infy o @(w*) > @(w).
(11) Since (ET,,(w)) satisfies (SCQ), we get F(w) # (). By Theo-

rem 3.1, we obtain that ¢ is upper semicontinuous at w
(77i) This assertion follows from Theorem 3.1.

(iv) Suppose that the set F(w) is empty. We shall show that, for
every sequence {w® = (Q¥, ¢*, D¥, r* A* b*)} C W converging to w,

lim inf p(w*) = +o0.

k—o0
Suppose that liminfj_,. p(w¥) < +oo. Then, there exist a number
B > 0 and a subsequence {w*} of {w*} such that

p(w®) < B Vs eN.
This leads to G(w?®) # (). For each s, there exists ©* € G(w?), that is,

o(w®) < B; (%) D < (r¥)% A%2° +b° < 0. (4.10)

Since {z*} is bounded, without loss of generality, we may assume that

{2} converges to 2 € R". Passing the second and the third inequalities

in (4.10) to the limits as s — +00, we obtain
"Dz <7 Az +b<0.
This follows F(w) # (), contrary to the assumption F(w) = 0. The

theorem is proved. ]
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4.3. ETRS with a linear inequality constraint

In this section, we concern the problem (ETi(w)) with D = I. By
the special structure and by using the tools from variational analysis, we

obtain some interesting results on stability of this problem.

4.3.1. Lower semicontinuity of the stationary solution map

Our main purpose in this subsection is to establish necessary and
sufficient conditions for the lower semicontinuities of the stationary so-

lution map to parametric (ETi(w)).

A necessary and sufficient condition for the lower semicontinuity
of the stationary solution map (§,b) — S(Q,§,r,a,b) is proposed below.
Theorem 4.4. Consider (ETi(w)) and w = (Q,q,7,a,b) € W. The

multifunction S(Q, .,7,a,.) is lower semicontinuous at (g,b) if and only
if (ETy(w)) satisfies (SCQ) and S(w) is a singleton.

Proof. Necessity: Repeating the argument in the proof of Theorem 4.1,
we obtain that (ETi(w)) satisfies (SCQ).
For each t € R, we set:
My(t) = Q;
M (t) = Q + tI;

(4 3)
My o(t) = (Q;;t] g>

For each J € {{1}, {1,2}}, we denote by Ty the solutions set of the
equation detM;(t) = 0 in variable t. Since 717 is the set of all eigenvalues
of Q, Ty is finite. For t ¢ T}, we have

det My 5(t) = det(Q + tI). det(—a’ (Q + tI)~'a).
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If Q=D = diag{dy, ...,d,}, dy < ... < d,, then

=2

det Ml’g(t) = H(d@—{—t)zd_l{_t
i=1 i=1 "

Otherwise, there exists an orthogonal matrix P such that

P 'QP = D = diag{d,, ...,d,}, di < ... < d,,.

Then,
det My 5(t) = det(D + tI).det(—b" (D + tI)~'b),

with b = PTa and

det M1 2( H Z

i=1 =1 di
We have b # 0 if a # 0 (since det P # 0). Hence det M;s(t) is a

polynomial of degree n — 1 in variable ¢t as @ # 0. Thus 715 is a finite
set. Let T'=T; UT} 5. Then, T is finite.

For each J € {0, {1}}, let
[y(t) = {(u,v) e R" xR :u= M;(t)x for some z € R”}.

For each J € {{2},{1,2}}, let

Ly(t) = {(u, v) €R" xR @ = M) (Z)

for some (z, ) € R" x Rm}

Let
D= J{rs(t): J c{1,2},t € T, det M,(t) = 0}.

For any J C {1,2}, if det M;(t) = 0, then I';(¢) is a proper linear sub-
space of R"xR. According to Baire’s lemma (see [20, p.15]), I is nowhere

dense in R™ x R. Hence there exists a sequence {(¢*,b*)} converging to
(g,b) such that (—¢*, —b*) ¢ T for all k. Since S(Q,.,7,a,.) is lower
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semicontinuous at (q,b), S(w) is nonempty. Fix any z € S(p). Since
S(Q,.,7,a,.) is lower semicontinuous at (¢, b), without loss of generality,
we can assume that there exists a sequence {z*} C R" converging to Z
such that 2% € S(Q, ¢*,7,a,b*) for all k. Then, for each k, there exists
(AF, %) € R? such that

(Q + ND)a* + pFa + ¢" =0, (4.11)
N> 0, pF >0, ||2F) -7 <0, a’ 2" +F <o, (4.12)
Ne(|2¥]] = 7) =0, pf(@@ 2" + ") = 0. (4.13)
For each k, let
(Q) if py, <0,

Jr = < {2} if g, > 0 and A\, < 0,
\{1;2} if g > 0 and A\ > 0.

Then, there exists a set K € {0,{2},{1,2}} such that J, = K for
infinitely many k. Without loss of generality we can assume that J;, = K

for all k. We distinguish the following three cases:
Case 1: K = (). Then, the system (4.31)—(4.4) reduces to
Qx4+ ¢F =0, (4.14)
that is,
—q" = My(t)z"

Hence (—q*, —b%) € Ty(t). If det Q = det My(t) = 0 then (—¢*, —b*) € T,
contrary to the fact that (—¢*, —0*) ¢ I'. Thus det Q # 0. From (4.14)

it follows
F = —O
Letting k — oo, we have # = —(Q~'q. Since 7 is chosen arbitrarily, S(w)

is a singleton.

Case 2: K = {2}. Then, the system (4.11)—(4.13) reduces to

Qz" + uta +¢" =0, (4.15)
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alzb 4+ b =0, (4.16)

(:Zi) = Ma(t) (ZZ) (4.17)

This implies (—¢*, —b%) € T'y(t). If det My(t) = 0 then (—¢*, —b*) € T,
contrary to the fact that (—¢*, —b*) ¢ T'. Hence det My(¢) # 0. From

(4.17) it follows that
() = (Z5.)

k

that is,

Hence 1% converges to some p’ € R. Since x* converges to z, we have

() = 0000 (5)

From this it follows that Z is defined uniquely and S(w) is a singleton.

Case 8: K = {1,2}. Then, the system (4.11)-(4.13) reduces to

(Q + NI)a* + pFa + ¢F =0, (4.18)
alzb 4+ b =0, (4.19)
that is,
(‘qk> = Mio(\b) (xk) (4.20)
_pk ) 1

Consider the following two subcases:

Subcase 3.1: \¥ & T for infinitely many k. Without loss of gener-
ality we can assume that \* ¢ T for all k. Then, det Mj»(\*) # 0 for
every k. By (4.20), we obtain

(ZZ) - (MLQ(A’C))*(:Z:). (4.21)

By Lemma 2.4, we obtain that {(\*, z*)} is bounded. Without loss
of generality, one may assume that (¥, u*) — (X, 1) for some (X, fi) €
R2 Thus the sequence on the right hand side of (4.21) is convergent.
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Taking limitation both sides of equality (4.21) as k — oo, we obtain that

7 is defined uniquely. Since Z is chosen arbitrarily, S(w) is a singleton.

Subcase 3.2: \¥ € T for infinitely many k. Without loss of gen-
erality, we can assume that \¥ € T for all k. Since T is finite, we can
assume that \* = )\ for some X\ € T, for every k. From (4.20),

(:Z:) = Mi2(}) (f;) (4.22)

Since det Mi5(A) = 0, (4.22) implies that (—¢*, —b*) € . This contra-
dicts the fact that (—¢%, —b*) ¢ I'. Hence this subcase does not occur.

Sufficiency: Suppose that (ETi(w)) satisfies (SCQ) and S(w) is a
singleton. Let U be an open set containing z € S(w). Since (ETi(w))
satisfies (SCQ), there exists &; > 0 such that F(Q,q,7,a,b) # 0 for
every b satisfying ||b — b|| < 0, (see Lemma 2.1). Since F(Q,q,7,a,b) is
nonempty and compact, S(Q, ¢, 7, a, b) # () for every pair (q, ?)) satisfying
1(3,6) = (@, 0)[| < 61

By Theorem 2.4 and by the assumption that (ETi(w)) satisfies
(SCQ), we have S(Q,.,7,a,.) is upper semicontinuous at (g, b), that is,
there exists d, > 0 such that S(Q,§,7,a,b) C U for every pair (4,Db)

(4,b) — (7,b)|| < J. Let & = min{d;;d5}. Then, we obtain
S(Q,q,7,a,b)NU # 0 for every pair (4, b) satisfying ||(¢,b) — (7, b)|| < 0.
Thus S(Q,.,7,a,.) is lower semicontinuous at (g, b). The proof is then

satisfying ||

complete. [

Theorem 4.4 leads to the following result which characterizes the
lower semicontinuity of the stationary solution map under total pertur-

bations.

Theorem 4.5. Consider (ET\(w)) and w = (Q,q, D,7, A,b) € W. The
multifunction @ — S(w) is lower semicontinuous at w if and only if

(ETy(w)) satisfies (SCQ) and S(w) is a singleton.
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Proof. Suppose that S(-) is lower semicontinuous at w. Then, the mul-
tifunction (g, 5) = S(Q, 4, f,d,g) is lower semicontinuous at (g,b). By
Theorem 4.4, (ET)(w)) satisfies (SCQ) and S(w) is a singleton.

Conversely, suppose that (ET)(w)) satisfies (SCQ) and S(w) is a
singleton. By repeating the argument in the proof of Theorem 4.4 for w

be perturbed, we have the desired conclusion. ]

The following corollary shows the closed relation between the sta-

tionary solution set map S(-) and the global optimal solution map G(-).

Corollary 4.3. Consider the problem (ETi(w)) and w € W. Assume
that (ETy(w)) satisfies (SCQ). If S(-) is continuous at w then G(-) is

continuous at w.

Proof. The desired conclusion follows immediately from Theorem 2.2
and Corollary 4.5. ]

We now give some examples to illustrate the above results.

Example 4.2. Consider the problem (ETi(w)) with n =2 and

G

—V3+2v2+1) -
fr:1,a2< V34224 ),b:2+\/§.

Qi

—V/3 -1

We can rewrite this problem as follows
: — L, 2
min | f(z,w) = =(27 —25) : v € F(w) ¢,
where

F(w) = {(z1,m5) € R*: 2% + 25 < 1;
(—V3+2V2+ )2y + (—V3 — Day + 2+ V2 < 0}
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We can check that (SCQ) holds at w. Solving the KKT condition, we

get
_ 1 V3
S(p) = {(—577>}
From Theorems 4.1 and 4.3 it follows that both S(-) and G(-) are con-

tinuous at w .

Example 4.3. Consider the problem (ETy(w)) with n =2 and

(1 0 {0 =2\ .
(1 1) () ()

This problem can be rewritten as follows
1

min {f(x, ) = 5(af = 313): v e f(w)},

where
F(w) = {(x1,x2) € R? :L'%—i—a:% <1; =2x1+x2 —2 < 0}.

It is easy to verify that (SCQ) holds at w and
3
N> 3
f(x7 w) — 2
for every x € F(w). On the other hand,

£((0,1), @) = £((0,—1),w) = _g.

Hence the number of elements of the set G(w) is greater than 1. By
Theorems 4.1 and 4.3, both G(-) and S(-) are not lower semicontinuous

at w.

4.3.2. Coderivatives of the normal cone mapping

Let us recall some facts from [73]. The Fréchet normal cone to a

set Q C R" at & € () is given by

N(z;9Q) = {x* eR": limSULp@S’ZI:—__QE> < O},
N A
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where % 7 means x — 7 with z € Q. By convention, N(E,Q) =0
when z ¢ Q. For a multifunction F': R" = R", the sequential Painlevé-

Kuratowsk: upper limit with respect to the norm topology of R" is defined
by

Limsup F(z) := {z* € R" : 3z = T and zj, — 2 with z, € F(xy),
Q _
T—T

fork:1,2,...}
If €2 is locally closed around z € (2, the cone

N(Zz;) = Limsup ]/\7'(:2’, Q)

Q _
T—T

is said to be the limiting (or basic/Mordukhovich) normal cone to ) at
e Q Ifz ¢ Q N(z;Q) =0 by convention.

The graph of a multifunction ® : R” = R™ is defined by
gph® = {(z,y) e R" x R™ : y € ®(z)}.

For every (Z,7) € gph®, we call the multifunction D*® : R™ = R™,
D*o(z,9)(y") == {z" € R": (", —y") € N((z,5); gph®)} Vy" € R”
the Fréchet coderivative of ® at (Z,y). The multifunction D*®(z,7)

given by setting
D*®(z,5)(y") = {z" € R": (2", —y") € N((z,9); gph®)} Vy € R™
is called the Mordukhovich (or limiting/normal) coderivative of ® at

(Z,7). One says that ® is graphically regular at (z,y) € gph® if

~

D*®(z,9)(y*) = D*@(z,9)(y").
The last condition can be written equivalently as

N((z,9); gph®) = N((z,7); gph®).
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The feasible region of the problem (ETi(w)) is rewritten as follows
F(r,b) :={z e R": ||lz| < r,a’z + b < 0},

which depends on the parameter (r,b).

Denote by
N(z; F(r,b) :={veR": (v,y—x) <0 Vye F(r,b)}

the normal cone to the convex set F(r,b) at x.

It is easy to see that

(

{0} if ||| <r,afz+b<0,
{0z :0 >0} if [|z]| = r,a’z +b <0,
N(z; F(r,b)) = { {ya:v >0} if ||| <r, ez +b=0,
{0x+~a:0>0,v>0} if|z]|=ralz+b=0,
\(Z) if [|z]| > r or az +b > 0.
(4.23)

For every (z,7,b) € R” x R x R, we put
N(z,r,b) = N(x; F(r,b)).

If » <0 then it is convenient to set N(x,r,b) = () for all € R". Hence
N R" x R x R = R" is a multifunction with closed convex values and

is called the normal cone mapping related to parametric (ETi(w)).

Computing coderivatives of the normal cone mapping of a system
of inequalities plays an important role in sensitivity and stability analysis
of parameterized optimization and equilibrium problems. This research
started in the 90s with the paper [29], where the authors obtained an
exact formula for the Mordukhovich normal cone in the case when the
given set is a convex polyhedron and then developed by Henrion et al. [45]
and Ban et al. [9]. Recently, many authors have studied coderivatives

of the normal cone mapping of polyhedral convex sets under linear and
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nonlinear perturbations (see, for instance, [9,29,45-47, 73, 74, 83-86]).
In [63] and [85], the coderivatives of the normal cone mapping of the
Euclidean ball with perturbed radius were estimated. Meanwhile, the
researchers started to attack a more difficult case, when the given set is

defined by many nonlinear inequalities (see [42] and references therein).

Recently, many authors have used coderivative tools to character-
ize the Lipschitzian stability of LCQP problems and of TRSs, which are
two special subclasses of the QCQP problems (see [63,85]).

In this section, we calculate and estimate the Fréchet and Mor-

dukhovich coderivatives of the normal cone mapping related to the para-
metric (ETi(w)).

Fréchet coderivative of N(-)

Fix @ := (z,7,b,0) € gphN, we compute and estimate the Fréchet
coderivative of the normal cone mapping. Before stating the main result,

we consider the following lemmas.
Lemma 4.2. The assertions are valid:
(a) If |z|| < 7 and a¥z +b < 0, then v = 0 and
D*N(@)(v") = {(Or», Or, Og) };
(b) If ||z]| = 7,a"z + b < 0, and v = 0% with 0 > 0 then

(@)(wr) if (v, 1) =0,

D*N(@)(v") =
0 if (v, 7) #0;
(¢) If |z|| = 7,aT2 + b < 0, and © = 0 then

Q(w)(v*)  if (v*,x) >0,

DN (@)(v") = , )
0 if (v, x) < 0;
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(d) If |z|| < 7,aTz + b =0, and v = va with v > 0 then

~ Qz(w)(v* iof (v*,a) =0,
D*N(w)(v*){ @I f< > O.

=
=
—
<
- *
Q
~
K
=

(e) If ||z]| < 7,aTz +b =0, and v = 0 then

BN (@) {94<w><v*> if (v°,0) 2 0,

0 if (v*,a) < 0;

where
Qq(w)(v*) ={(z",r",b") e R" x Rx R :b" =0, x*:—gf—l—ﬁv*},
Qa(@)(v*) :={(z",r",b") e R" x RxR:b" =0, r* <0, x*:—%_*.f},
Qz(0)(v*) :=={(z",r",b") e R" x RxR:r* =0, 2" =b"a},
Q(@)(*) ={(z",r", b)) e R" x Rx R:r* =0, 2" =b"a, b* > 0}.
Proof. Put:

Fi(r) :={z e R" : [lzf| < r},

Fob) :={x ¢ R":a’z + b < 0},

Ni(z,r) := N(x; Fi(r)),

No(z,b) := N(x; Fo(b)).

If a’z + b < 0, then N (@) = N(Z,7). Since N,(-) does not depend on

b, we have
DN (@)(v*) = {(z*,7*,b") e R" x R x R : b* = 0,
(¢*,r") € D' N(z,7,7)(v")}.
Similarly, if || z]] < 7, then N (&) = N5(Z, 7). Since N3(+) does not depend

on r, we obtain
D*N(@)(*) = {(z",7*,b") e R" x R x R : r* =0,
(z*,b") € D*Na(Z,b,0)(v*)}.
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Applying [86, Theorem 3.2] to F1(r) and F2(b), we deduce imme-
diately the desired results. ]

Lemma 4.3. The following assertions hold:
(1) If ||z =7,a'Z+b=0 and v = 0% + va,0 > 0,7 > 0, then

Qs(w)(v*)  if (v*,2) =0 and (v*,a) =0,

0 otherwise,

b
BN @) {Zé«u)(v*) i (07,2) = 0 and (u*,0) 2 0,

otherwise

Qi (@) (v*) := {(a*,7*,b") € R" x R x R, : (z*,Z) + "7 + b*b = 0}.
(iii) If ||z|| =7,a’Z + b =0 and v = va with v > 0, then

BN (@)(v) Q2(@)(v*)  if (v*,a) =0 and (v*,T) > 0,

0 otherwise,

where
Q2(@)(v*) := {(z*,r*,b") € R" x R_ x R : (z*,Z) 4+ 7*F + b*b = 0}.
Proof. Let (z*,7*,b*) € D*N(@)(v*). This means that

~

lim sup (x* 2 —Z)+1r*(r—7)+b*(b—0) — (v*, v — D)

@7 e |17 — [+ [F =7 + b — b + [|[v — 0]

< 0. (4.24)
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Choose 7 | 7,% = Lz and b= Lp. Since ||Z|| = 7 and al’Z+b=0,
we choose v = 0. From (4.24) it follows that

(x*, 22 — )+ r*(F —7) + b*(5b—b) (2", 2) + "7 + b*D
LF — ||+ [F — 7| 4 |Lb — b 1Z]] + (7] + [b]

0 > limsup :
7| |

which gives (x*, ) + r*F + b*b < 0.
Repeating the preceding arguments for the case where r T 7, we
get
(x*,Z) + 7" +b*b > 0.

From the last two inequalities, we have

(x*,2) +r*F + b*b = 0. (4.25)

~
~

Choose & = Z,b = b,7 =7, and 0 = v + tv for t € R. From (4.24),

—(*, tv) (v, )

B T
and
0 > lim sup _<U*_’ tv) = — <U*_’ U>.
£10 |20 7]
Hence
(v*,0) = 0. (4.26)
(i) Let T = Z,b = b,7 = 7, and © = 0 4 tZ,¢ > 0. Then, (4.24)
gives
(v*, ) > 0. (4.27)
Choose ¥ = Z,b = b,7 = 7 and ¥ = & + ta,t > 0. According to (4.24),

(v*,a) > 0. (4.28)

By (4.26), (4.27), and (4.28), we obtain that (v*,Z) = 0 and (v*,a) = 0.
(ii) From (4.26) it follows (v*,z) = 0.
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~

Choose T = Z,b = b,7 =7, and ¥ = v +ta with ¢t | 0. Then, (4.24)
yields
_ * t *
0 > limsup (v,a)z_(v,@.
wo  tall el

This leads to (v*,a) >

)

~

7, b1 band U =9 = 0z. From (4.24) it follows

Choose T =z, 7
b*(b— b

0 > limsup g —b*.

e |b—

S

Hence b* > 0.
(iii) From (4.26), we have (v*,a) = 0.

~

Choose T = Z,b = b,7 =7, and ¥ = ¥ + tZ with ¢ | 0. From (4.24)
one has - .
0 > limsup _<U_’ 7) = —<U _’x>,
no - |lt@]] 1z

which implies (v*,z) > 0.
Choose 7= 2,7 | 7, b=band o = v = va. Then, (4.24) gives
0> limsupw = r*.
U

The proof is complete. []
Denote pos{z,a} := {0 +va:0 > 0,7 > 0}.

Lemma 4.4. If ||z|| =7,a'Z+b=0 and v =0, then

~ Qg(w)(v* of (v, x) >0 and (v*,a) > 0,

oo ¢ [ 2@ 07320 md 7.0)

0 otherwise,

where

Qg (@) (v*) := {(z*,7*,b*) e R"XR x R : (z*, ) + r*F + b*b = 0,
x* € pos{z,a}, b* >0, r* <0}.
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Proof. Let (z*,r*,b*) € D*N(@)(v*). Then, (4.24) holds.

Choose T = Z,b = b,7 = 7 and ¥ = tZ with t | 0. According to
(4.24),

—(v* t1 * 4
OthSUp <U Y 'CC> _ <U 7'CU>

wo ezl =l

This implies (v*,Z) > 0.

~

We now choose r = Z,b = b,r = 7 and v = ta with t | 0. Then,
(4.24) becomes

_ * t *
O Z 111’11 Sup </U ) a/> — _ <U U a/> ,
o lta] la]

that is, (v*,a) > 0.

Choose 7 | 7, = % b= ;5 and ¥ = ¥ = 0. Then, one has (4.25).
Next, choose & = z,7 [ 7, b=>band ¥ = v = 0. From (4.24),
0> hmsup(r—__r) ="
e T

Choose T = Z,7 =7, b1 band v = 0. Then, (4.24) yields

b*(b—10b
0> hmsupQ —b",
oo [b—0l
which means b* > 0.
Finally, choose 7 = 7,b = b, ¥ U ¢ and v =15 = 0. By (4.24)
lim sup <x~’$ —_x} <0 (4.29)
e Tl
Let any 7y %70 & such that
Tp — T

lim
k—o00 ka — CCH

Then, u € T'(z,0F(7,b)). By (4.29), we have (z*,u) < 0 for every u €
T(z,0F(r,b)). This gives 2* € pos{Z,a}. This finishes the proof. ]

= Uu.
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By Lemmas 4.2-4.4, we get the following main theorem of this

section:

Theorem 4.6. For every @ = (z,7,b,0) € gphN, the assertions are

valid:
(a) If ||Z|| <7 and a¥Z +b < 0, then v = 0 and
D*N(@)(v") = {(0g», Og, 0z) };

(b) If ||z|| =7,aT2+b <0, and v = 0% with § > 0 then

(¢) If ||Z||=7,a"Z+b<0, and v =0 then

0 Zf <U*75E> < 0;

(f) If ||z|| =7, 0Tz +b=0, and v = 0% + vya with § > 0, > 0 then

Qs(w)(v*) if (v*,2) =0 and (v*,a) =0,

0 otherwise
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=0, and v = 0x with 0 > 0, then

b
{Qg(w)(v*) if (0. T) = 0 and (v*,a) > 0,

0 otherwise

Q2(w0)(v*)  if (v*,Z) =0 and (v*,T) >0,

0 otherwise

(i) If ||z]| =7,a’2+b=0, and v = 0 then
ﬁ*N(@)(U*) C ;26((’0)(7}*) Zf <U*73_7> > 07 and <U*,CL> > 07

otherwise.

Mordukhovich coderivative of N ()

To estimate the Mordukhovich coderivative of N(-), we consider

some lemmas.

Lemma 4.5. For every & = (z,7,b,0) € gphN, the following assertions

are valid:
(a) If |z|| < 7 and a¥z +b < 0, then v = 0 and
D*N(@)(v*) = {(Og», Or, Or) };
(b) If ||z]| = 7, a'2 + b < 0, and © = 0%, with § > 0 then
O (@)(v) i (v, 7) =0,
0 if (v*, ) # 05
(¢) If ||Z]| =T, aTZ +b <0, and © = 0 then
((Omnsa}  if (0, 7) <0,
DN(@)(v") = { Q(@)(v")  if (v*,7) >0,
(B@)() if (o,7) =0

DN (@)(") =
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(d) If |z|| < 7,aTz + b =0, and v = va with v > 0 then

(e) If ||z]| < 7,a'z +b =0, and v = 0 then

D'N@)(0) = { Qu@)(v")  if (v, a)

where
(@) (") = {(@", " b") ER"x Rx R: b =0, a* = —%i‘}.

Proof. Repeating the arguments in the proof of Lemma 4.2 and using [86,

Theorem 3.3], we get the required conclusions. ]

Lemma 4.6. Assume that ||z|| = 7, a’2 +b = 0 andv # 0. The

following assertions hold:
(i) If v = 0z with 6 > 0, then

Qs(w)(v*) U Q(w)(v*)  if (v*,7) =0,

DN(@)(v") T
0 if <U*7$> # 0;

(ii) If v = ya with v > 0, then

Qs(w)(v*) U Qs(w)(v*)  if (v*,a) =0,

DN (@)(v*) ,
] if (v*,a) # 0;

(ili) If v = 0% + va with 6 > 0 and v > 0, then

DN (@)(w*) C
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Proof. For any (z*,7*,b*) € D*N (@) (v*), there exist wy = (zg, Tk, bk, Uk )
satisfying wy, whN o — (z,7,b,9) and (x5, 77, b5, v5) — (¥, r*,b*,v*) such
that

(xf, 75, b5, v5) € DN (wy) (v)). (4.30)

From v # 0 it follows v, # 0 for every k. We distinguish the following

two cases:

Case 1: ||zg|| = 7k for every k large enough. Then, we may assume

that ||zx|| = 7 for every k. We next consider the following two subcases:

Subcase 1.1: a’xy, + by = 0 for every k large enough. Then, we
can assume that a’xz;, + b, = 0 for all k. By Lemma 4.3, we have
(x5, 77, b%) € Q5(wg) (v), that is,

(xy, ) + rire + brby = 0, (vy, ) = 0 and (v}, a) = 0.
Letting k — oo, one has
(x*,Z) +r*F +b*b =0, (v*,z) = 0 and (v*,a) = 0.
This leads to (z*,7%,b%) € Q5(w)(v*). Hence

DN (@) (v) € Q5(@)(v").

Subcase 1.2: there exists {k;} C {k} such that a®xy, + by, < 0 for
all I. Then, vy, = Oz, with 0 < 0, — 0. By Lemma 4.2, we have
(le, T b,*;l) c Ql(pkl)(v};), that is,

*

-

* * k; * *

w =025, = L + O, vy, and (vy,, v3,) = 0.
Ky

Letting [ — oo, one gets

*

b* =0,2" = L %4 6v* and (v*, )y = 0.
T

This means (z*,r*,b*) € Qy(w)(v*). Thus

D*N (@) (v*) € Q1(@)(v").
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Case 2: there exists {ks} C {k} such that ||xy || < 7k, Since
vp, # 0, 'z, + b, = 0 for every s. Then, vy, = y.a with 0 < v, — 7.
By Lemma 4.2, we have (x_, 7, 05 ) € Q3(pr,)(vy,), that is,

7., =0, 23, = by a and (v, 73,) = 0.
Passing the latter to limits as s — oo, we have
r* =0, 2" =b"a and (v*,a) = 0.
Hence (z*,7*,0%) € Q3(w)(v*), and

DN (w)(v*) C Q3(@)(v").
By the above arguments, we now prove (i), (ii) and (iii).
(i) If v = 0z with 6 > 0, then Case 2 does not occur. Hence

DN o) € d BRI UVA@E) i >=8,

x
0 if (v*, T)

RN

(ii) If v = ya with v > 0, then Subcase 1.2 does not occur. Thus

Qs(w)(v*) U Q3(w)(v*) if (v*,a) =0,

D*N (@) (v*
e 0 if (v*;a) # 0.

(iii) If v = 0% + ya with 6 > 0 and v > 0, then both Cases 1.2 and 2

do not occur. Therefore

D*N(w)(v*) C

The proof is complete. []
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Lemma 4.7. If ||Z|| = 7,a’2 +b =0 and v = 0, then:

{(Ogn,Og,0r)} if (v*,Z) <0 and (v*,a) <0,
Q@) (v) if (', %) <0 and (v*,a) >0,
D*N'(@)(v*) =  Q(@)(v) if (. 7) >0 and (v*,a) <0,
QL (@) (v*) if (v, ) =0 and (v*,a) <0,
(@) (") if (0. 7) <0 and (v*,a) = 0:
and
(Q@)(v")  if 0,2 >0 and (v*,a) >0,
RS LOIC %f (W Z) =0 and (v*,a) >0,
Q@)  if 0", 7) >0 and (v*,a) =0,
Qo(@) (") if 0", 7) =0 and (v*, a) = O;

where

Proof. We consider the following nine cases:

Case 1: (v*,%) < 0 and (v*;a) < 0. Let any (z* 7% 0%) €
D*N(@)(v*). Then, (4.30) holds. Since (v*,z) < 0 and (v*,a) < 0,

we may assume that (v}, z;) < 0 and (v}, a) < 0 for every k. Fix any k.

If ||zx]| = 7 and vy # 0, then D*N(w;)(v) = 0, by Lemmas
4.2 and 4.3. If ||zx|| = rr and vy = 0 then, by Lemmas 4.2 and 4.4,
D*N (wi)(v}) = 0. From Lemmas 4.2 and 4.3, D*N (wy) (v7) = 0 if o+
b = 0 and v, # 0. If a’ 2, 4+ b, = 0 and v;, = 0 then, by Lemmas 4.2 and
4.4, E*N(wk)(v,’;) = (). Hence ﬁ*N(wk)(UZ) # 0 if ||z < rp and a2y, +
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by < 0. From Lemma 4.2 it follows B*N(wk)(UZ) = {(Ogr», Og, Og) }. This
gives ; = 0, r; = 0 and b;, = 0. Letting £ — oo, one has 2* = 0,7* = 0
and b* = 0. Hence D*N (@) (v*) C {(Ogn,Og, Or)}.

Conversely, let r, = 7,0y = (1 — k™ )b — (k) Lz, = (1 — k Dz
and vy = 0. Then, ||z < ¢, ala, + by = —(k*)7! < 0 and v, = 0.
Let 27 = 0,r; = 0,b; = 0. Then, we have (4.30) by Lemma 4.2. Hence
{(Ogn, Or, Or)} C D*N(@)(v*). The first conclusion is proved.

Case 2: (v*,Z) < 0 and (v*;a) > 0. For any (z*,7*0%) €
D*N (@)(v*), we have (4.30). Since (v*,Z) < 0 and (v*,a) > 0, we may
assume that (v*,z;) < 0 and (v}, a) > 0 for every k. Fix any k. From
Lemmas 4.2 and 4.3, if ||| = 7 and v # 0 then ﬁ*N(wk)(UZ) = (. If
|xk|| = rx and vy = 0 then, by Lemmas 4.2 and 4.4, E*N(wk)(vZ) = 0.

Therefore, in order to get that D*N(w;)(vi) # 0, we must have

|zk|| < 7. Consider the following two subcases:

Subcase 2.1: a'z), + b, = 0. By Lemma 4.2, if v, # 0 then
D*N(w)(w}) = 0. If v, = 0 then we have (zf,75,b5) € Qu(wr)(v)),
that is,

r. = 0,21 = bra, by > 0 and (v;,a) > 0.

Passing to the limits as £ — oo, we have
r*=0,2" =b"a, b* > 0 and (v*,a) > 0,

which mean (z*,r*, b*) € Qu(@)(v*).

Subcase 2.2: a’xy + b, < 0. Then E*N(wk)(vZ) = {Ogn+2} from
Lemma 4.2. It implies z;, = 0,7, = 0 and b; = 0. Letting & — oo, one
has x* = 0,7* = 0 and b* = 0. Hence D*N(@)(v*) C {(Og~, O, Or)}-

By Subcases 2.1 and 2.2, we have D*N (@) (v*) C Qu(@)(v*).

Conversely, for any (z*,r*,b*) € Q4(w)(v*), we obtain that r* = 0,
b* > 0 and (v*,a) > 0. Choose rp = 7, b, = (1 — k™Y)b, 2 = (1 — k™).
Then, ||zg|| < rk, a’zp + by = 0 and v, = 0. We choose r; = 0,
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bi = b*, 2§ = bja and vj = v*. By Lemma 4.2, we have (4.30). Hence
(z*,7*,b*) € D*N(@)(v*). Then, we get the assertion (ii).

Case 8: (v*,Z) > 0 and (v*,a) < 0. Let (x*,r*,0*) € D*N(@)(v*).
Then, (4.30) holds. Since (v*,Z) > 0 and (v*,a) < 0, we may assume
that (v*, ;) > 0 and (v},a) < 0 for every k. Fix any k. If a’zy + by = 0
and v # 0 then D*N(wp)(v}) = 0 by Lemmas 4.2 and 4.3. If aZxj, +
br = 0 and v, = 0 then, by Lemmas 4.2 and 4.4, D*N (wi)(v) = 0.
Consequently, to get ﬁ*N(wk)(v};) # (), we must have a®xj, +b, < 0. We

now consider the following two subcases:

Subcase 3.1: ||zx|| = r¢. From Lemma 4.2, ﬁ*./\f(wk)(v,’;) = 0 if
v # 0. If vy, = 0 then, by Lemma 4.2, we have (27,7}, b5) € Qa(wi)(vy),
that is,

*

.
by =0,2; = —ixk,rz <0 and (vg,xg) >0

Letting k — oo, we obtain b* = 0, z* = —%a‘:, r* < 0and (v*,z) =0,
which imply (z*,7%,b*) € Qq(w0)(v").

Subcase 8.2: aTxy, + b < 0. We have D*N (wy,)(v]) = {Ognsz} by
Lemma 4.2, i.e., 2 = 0,r; = 0 and b; = 0. Passing the latter to limits
as k — oo, one has z* = 0,r* = 0 and b* = 0. By Subcases 3.1 and 3.2,
we have D*N (@) (v*) C Qo(@)(v").

Conversely, let any (z*,r*,b*) € Qy(@)(v*), i.e., b* =0, 2" = —’;T*i',
r* < 0 and (v*,z) = 0. Choose 7, = (1 — k17, b, = (1 —k~Hb— (k*)71,
zp = (1—k™1)Z. Then, ||zx|| = rx, a’zp+br < 0 and vy = 0. Let rj = r*,
by =0b%, x = —:—Exk and v} = v*. From Lemma 4.2, we get (4.30). This
gives (z*,r*,0*) € D*N(@)(v*). The assertion (iii) is shown.

Case 4: (v*,Z) = 0 and (v*,a) < 0. For any (z*,7%0%) €
D*N(w)(v*), we get (4.30). Since (v*,a) < 0, we can assume that
(vi,a) < O for every k. Fix any k. By Lemmas 4.2 and 4.3, if
a’z, + b, = 0 and v, # 0 then ﬁ*N(wk)(vZ) =0.If a’z), +b. =0
and v, = 0 then, by Lemmas 4.2 and 4.4, D*N (w;)(v}) = 0. Conse-
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quently, to get E*N(wk)(v;';) # (), we must have a’ z; + b, < 0. Consider

the following three subcases:

Subcase 4.1: ||zi|| = ri and vy = 0. To obtain E*N(wk)(v;;) # (),
by Lemma 4.2, we must have (v}, x) > 0. Then,

r*
b, =0, 2, = —T—Zxk,rz <0 and (vg, zg) > 0.

Passing the latter to limits as K — oo, we obtain

*

b* =0, % = —Tff, r* <0 and (v*,z) > 0.
T

Hence (z*,7%,b%) € Qy(w)(v*) C Q5(w)(v*).

Subcase 4.2: ||xk|| = rr and v # 0. This implies vy = Oz with
0 = (lze] "YJoel]) L 0. To obtain that D*N(w;)(v}) # 0, by Lemma
4.2, we must have (vy,z;) = 0. Then,

,
b = 0,2, = =~y + v and (v, 2x) = 0.
k

Letting k£ — oo, we get b* = 0, 2" = —7;7*3? and (v*,Z) = 0. This leads to
(x*,r*,0%) € Q4(w)(v*).

Subcase 4.5 ||xx|| < re. By Lemma 4.2, D*N (wy,)(v]) = {(Opns2)},
ie., x; = 0,77 = 0 and b; = 0. Letting £ — oo yields z* = 0, " = 0
and b* = 0. Thus (z*,7%,0*) € Q,(w)(v*).

Conversely, we let any (z*,r*,0*) € Q)(w)(v*), that is, b* = 0,

xt = —%*3_6 and (v*, %) = 0. Choose 1, =7, ¥y = T, by = b — k~'. Then,
HZL‘kH = T, CLTZCk + by = —k=1 < 0 and v = Opx, with 6, | 0. Let
rr=r* b = b1 = —%xk + 0xv; and vi = v*. Then, we obtain (4.30)

by Lemma 4.2, which follows (x*,r*,0*) € D*N(@)(v*). This gives the
assertion (iv).

Case 5: (v*,Z) < 0 and (v*,;a) = 0. Let (x*,r*,0*) € D*N(@)(v*).
Then, (4.30) holds. Since (v*,Z) < 0, we may assume that (v}, z;) < 0
for every k. Fix any k. If ||zz|| = 7 and vy # 0 then, by Lemmas 4.2
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and 4.3, lA)*/\/'(wk)(v;;) = (). If ||zx]| = r+ and vx = 0 then, by Lemmas
4.2 and 4.4, D*N (wy)(v}) = 0. To get D*N (wy,)(v}) # 0, we must have

|zk|| < 7. Consider the following three subcases:

Subcase 5.1: a’x, + by, = 0 and v, = 0. To get E*N(wk)(UZ) # 0,

by Lemma 4.2, we must have (v;,a) > 0. This gives

r. = 0,25 = bra, by > 0 and (v;,a) > 0.
Passing to limits as k — oo yields

r*=0,2" =b"a, b* > 0 and (v*,a) > 0,
which means (z*,7*,b*) € Qq(@)(v*) C Q3(w)(v*).

Subcase 5.2: a’ x4+ b, = 0 and v # 0. This implies v, = Ora with
0r = (|la||"|vk]]) 1 0. To get that B*N(wk)(v;;) # (), by Lemma 4.2, we
must have (v}, a) = 0. Then,

ry = 0,z; = bra and (v}, a) = 0.
Letting &k — oo,

r*=0,2" =b'a and (v*,a) > 0.
Hence (z*,7%,0%) € Q3(w)(v*).

Subcase 5.3: a'xp + b, < 0. By Lemma 4.2, it follows that
D*N(wi)(v}) = {(Ogn,0g,0g)}, that is, 27 = 0,77 = 0 and b} = 0.
Letting £k — oo, one has z* = 0,7* = 0 and b* = 0, which gives
(x*,r*,0%) € Q3(w)(v*).

Conversely, for any (z*,r*,b*) € Q3(w)(v*), we obtain that r* = 0,
o* = b*a and (v*,a) > 0. Choose 1, =7, 7, = (1—k~ 1)z, by = (1—k~1)b.
Then, ||zx|| < 7%, alxp + by = 0 and vy = yra with 5, | 0. Let rj = r*,
bi = b*,x; = bja and vi = v*. Then, we have (4.30) by Lemma 4.2,
Hence (z*,r*,b*) € D*N(@)(v*). The assertion (v) follows.

Case 6: (v*,Z) > 0 and (v*,a) > 0. For (z*,r* b*) € D*N(@)(v"),
(4.30) follows. Since (v*,Z) > 0 and (v*,a) > 0, we may assume that
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(vp,zx) > 0 and (vi,a) > 0 for every k. Fix any k. If vy # O then,
by Lemmas 4.2 and 4.3, ﬁ*/\/(wk)(v};) = (). To get ﬁ*N(wk)(vZ) £ (),
we must have vy, = 0. Hence (x},77,b;) € Qa(wy)(vy) U Qy(wy)(vy) U
Q6(wr)(vy) by Lemmas 4.2 and 4.4. This follows

(¥, r*,0%) € Qo(w)(v") U Qy(w)(v*) U Qs(w0)(v"),

which leads to the assertion (vi).

Case 7: (v*,Z) = 0 and (v*,a) > 0. For (z*,r*,b*) € D*N(@)(v*),
(4.30) holds. Since (v*,a) > 0, we may assume that (v;,a) > 0 for every
k. Fix any k. By Lemmas 4.2-4.4, we have (z},r},b;) € Q(wg)(vy) U
Qo (wr) (V) U Qq(wi) (v) U Q3 (wr) (v5) U Qg(wy) (vF). This gives

(z*, 7%, b%) € Q@) (v*) U Qu(@)(v*) U Qi (@) (v*) U Qg(@) (v*).

The assertion (vii) is proved.

Case 8: (v*,Z) > 0 and (v*,a) = 0. For (z*,r*,b*) € D*N(@)(v*),
one gets (4.30). Since (v*,Z) > 0, we may assume that (v}, z;) > 0
for every k > 1. Fix any k. From Lemmas 4.2-4.4 it follows that
(25, 71,55) € Da(en) (07) U Q) (0) U () (0) U Qo) (). Letting
k — oo, one has

(z*,7%,b%) € Qy(@)(v*) U Q3(@) (v*) U Q2(@) (v*) U Qg(@) (v*).

The assertion (viii) is proved.

Case 9: (v*, %) =0 and (v*,a) = 0. For (z*,r*,0*) € D*N(0)(v*),
(4.30) holds. Fix any k. By Lemmas 4.2-4.4, we have

(g, 7y, b7) € (Ql(wk) U Qo (wr) U Qs(wi) U Qy(wi) U Qs (wy) U Q6(wk)) (vg)-
Passing the latter to limits as k — oo yields
(2", 77,0%) € (@) (v") U Qs(@)(v") U Q5(@) (v7) U Qg(@) (v7).

The conclusion of the assertion (ix) is shown. The proof is then complete.
[
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By the above arguments, we get the main result in this subsection

as follows.

Theorem 4.7. For every & = (z,7,b,0) € gphN, the assertions are

valid:
(a) If |z|| < 7 and aTz + b < 0, then v = 0 and
DN (@) (v*) = {(Opr, Or, Or)};
(b) If |z|| = 7,aT2 + b < 0, and v = 07 with 6 > 0 then
(@) (w) if (v, 7) =0,
0 if (v*, ) # 0;
(¢) If ||z]| = 7,a'z +b < 0, and v = 0 then

((Opee} i (0%, 7) < 0,
DN (@) (%) = { Q(@)(v*)  if (v, &) > 0,
@) o 7)< 0,

DN (@) (") =

() If |7]| < 7,aT% + b

0, and v = ya with v > 0 then
Q3(w)(v*)  if (v*,a) =0,
0 if (v*,a) # 0;

(e) If ||z]| < 7,a¥z +b =0, and v = 0 then

{0z} i (7,0)

DN(@)(v") = § Q@) (v*)  if (v*.a)

@) 7

DN (@)(v") =

<
S

0
0,
0

= 0x + vya with 8 > 0,7 > 0 then

d
Q5(@)(v7)  if (v*, ) =0,
0 if (v, 0) # 0;
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(h) If |z|| = 7,aT2 + b =0, and v = vya with v > 0 then

{(Ogn,Or,0r)}  if (v*, %) <0 and (v*,a) <0,
Qu(@)(v*) if (v*,2) <0 and (v*,a) > 0,
D*N(@)(v*) = § Qa(@)(v*) if (v*,z) >0 and (v*;a) <0,
Qf(w)(v*) if (v, Z) =0 and (v*,a) <0,
\Qg(d))(v*) if (v*,z) <0 and (v*,5a) =0;
and
(@) if (0", 7) >0 and (v, a) > 0,
D)) € | BEET T a) =0 nd 07 >,
Qo(w)(v*)  if (v*,2) >0 and (v*,a) =0,
Quo(w0)(v*)  if (v, Z) =0 and (v*,a) = 0.

4.3.3. Lipschitzian stability

In this subsection, we use obtained results and the Mordukhovich
criterion (see [73, Theorem 4.10]) for the local Lipschitz-like property
of multifunctions to investigate Lipschitzian stability of (ETi(@)) with
respect to the linear perturbations. We always assume that (E7T7(w))
satisfies LICQ.
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The stationary solution set of (E7T}(w)) is rewritten by S(Q, ¢, 7, b).
Recall that (see, for instance, [32, Proposition 1.3.4]), under LICQ, z is
a stationary solution of (ET)(w)) if and only if

(Qr+q,y—x) >0 Vyec F(rb),
i.e., x is a global optimal solution of the generalized equation

0€ Qx+q+ N(x; F(r,b)). (4.31)

We can rewrite (4.31) as follows
y € H(x,z)+ M(x, z), (4.32)
where y := —q, 2 := (Q,r,b), H(x, 2) :== Q and M(z,2) := N(x,r,b).
Denote by R?*" the linear subspace of symmetric n x n matrices

in R and put Z := R?*" x R x R. Then, S(:) can be interpreted as
the multifunction S : Z x R” = R" defined by

~

S(z,y) ={xreR":ye€ H(x,z) + M(z,z2)}. (4.33)

Then, we have

~

S(z,y) = 5(Q,¢,71,b).

The following lemma is used to prove the main theorem.

Lemma 4.8. The set gphN is closed in P :=R™ x (0,400) x R x R".

Proof. Suppose that w, = (g, rg, by, vg) L G (z,7,b,0) € P. We
now prove @ € gphN, that is, © € N(z; F(7,b)). Indeed, we consider

the following four cases:

Case 1: ||zZ|| < 7 and a2 + b < 0. For every k large enough,
lzel| < 72, aTap + b < 0 and v, = 0. It follows & = 0. Therefore
v € N(z; F(7,b)) = {0}.

Case 2: ||z|| =7 and a’z +b < 0. Then, N(z; F(7,b)) = {07,0 >
0}. For every k large enough, we have a’xy, + b, < 0. Fix such a index

k. Consider the following subcases:
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Subcase 2.1: ||x|| < rr. Then, v, =0, and v =0 € N(z; F(7,b)).
Subcase 2.2: ||x|| = rg. Then, vy = Opxy, with
0 < O = okl orll = 0 = [|z] 7 ]|7]-
This yields © = 0z € N(z; F(7,b)).
Case 3: ||z|| < 7 and a’z+b = 0. Then, N(z; F(7,b)) = {va,vy >

0}. For every k large enough, we have ||x;|| < rx. Fix such a index k.

Consider the following subcases:
Subcase 3.1: a’xy+b, < 0. Then vy = 0and v = 0 € N(z; F(7,b)).

Subcase 3.2: a’x;, + by, = 0. In this case, we obtain that v, = ya,
where 0 < v = |la||7"|Jok]] — 7 with 5 := ||a]|"1.||o]|. It follows that
v = ~a € N(z; F(7,b)).

Case 4: ||z|| =7 and a’z +b = 0. Then, N(z; F(7,b)) = pos{z,a}. Fix

any k. Consider the following four subcases:

Subcase 4.1: ||zy| < rp,a’xy, + by < 0. Then, vy, = 0. This gives
that v = 0 € N(7; F(7,b)).

Subcase 4.2: ||zi|| = 7, a’xp + b < 0. Then, v, = Oy, with
0 < 0 = |||~  |Jokl| — 0 := ||z]|~".||7|| and © = Oz € N(z; F(7,b)).

Subcase 4.3: ||xi|| < rr,alzp + by = 0. Then, v, = ypa with
0 <y = llall ™ JJoxll = 7 = [lal|~"]|o[|. Thus v =Ja € N(z; F(r,b)).

Subcase 4.4: ||xr|| = ri, aTxp + b = 0. Then, v, = Opxy, +yra with
QkEOand%ZO.

If ||vx|] < 400 then we can assume that v, — 5 > 0. One has

I T N L N
(B [
Thus © = 0z + Ja € N(z; F(7,b)).
If ||v%|| = oo then
0
e ta (4.34)
T Tk



If {0/} is bounded then we can assume that 0y /v; — p. From (4.34)
it follows 0 = pZ+a, contrary to the fact that (E7T)(w)) satisfies (LICQ).
Otherwise, if ||0; /x| — +oo then (4.34) gives

Ok : % =T+ <@>_1a.

Tk Uk Tk
Letting k — oo yields 0 = Z. This contradicts the fact that ||Z|| = 7 > 0.

The lemma is proved. ]

The following theorem estimates the Mordukhovich coderivative
of S(-).

Theorem 4.8. Consider the problem (ETi(w)) and (Z,§,Z) € gphsS.

For each x* € R", if (y*, 2*) € D*S(Z,9y,%)(x*) then:

(z*,r*,0*) € D*N(z,7,b,0)(—y");
where Z = (Q,7,b), v = § — H(%,2) = —q — Qx, z* = (Q*,r*,b*) and
;i is the (i, j)th element of Q*.
Proof. By Lemma 4.8, we have N is locally closed around (z,7,b) €
gphN'; hence M is locally closed around (Z, z) € gphM.

With similar analysis the proof of [63, Lemmas 4.1-4.3|, we obtain
that

D*M(z,z,0)(v") = {(a", Ognxn, 7, 0) = (2", 7", b%) € D*N(w0)(v")}
(4.35)
and
VH(z, 2) (o) = {Qu} x (u]75) x {0s), (4:36)
where (v7Z;) is the n x n matrix whose (7, j)th element is vZ;.

From [62, Theorem 4.3] it follows that

D*S(2,5,7)(z") C Qugla*),
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where
Qug(a*) = | {(z",y") € Z" xR : (=a*, 2", y") € VH(Z, 2)"(v")
v*eR?

x {—v*} + D*M(z,z,0)(v*) X {Ogn}}.

~

For each z* € R", if (y*,2*) € D*S(Z,y,%)(«*) then (y*,2%) €
Qp 5(z*), that is,

’

_y* = U*v
) —r* = QU* + 2%,
= U T,
| (@, b) € D*N (z,7,b,0)(v").

The latter system is equivalent to
(

Qy* = 2x7,
\ ;’kj - _y;jja

| (2,77, b") € D*N (z,7,b,0)(—y").
This establishes the desired formula. ]

The Mordukhovich criterion (see [73, Theorem 4.10]) for the lo-
cal Lipschitz-like property of multifunctions shows that S (+) is locally
Lipschitz-like around (Z,7,Z) € gphsS if and only if

D*S(z,7,7)(0) = {0}. (4.37)
Since D*S(z,7,7)(0) = {0} is equivalent to D*S(z,7,7)(0) = {0}, we

conclude that S (+) is locally Lipschitz-like around (z, 4, Z) € gphsS if and
only if S is locally Lipschitz-like around (Q, ,7, b, z) € gphS.

From Theorem (4.8) it follows that (4.37) holds if the following

system
(

Qy* =0,
Q5 = —yiay, (4.38)

(0.7.b) € D'N(@)(~y").
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has a unique solution (Q*,r*,b*, y*) = 0, which is equivalent to that

Qy* =0,

(4.39)
(0,7%,b%) € D*N(@)(—y"),

has a unique solution (r*,b*,3*) = 0. If detQ # 0 then (4.39) reduces to
that
(0,7*,0") € D*N(w)(0), (4.40)
has a unique solution (r*,b*) = 0.
The following theorem shows some sufficient conditions for the

local Lipschitz-like property of S(-).

Theorem 4.9. The multifunction (@,Z], 77,5) > S(@,@, ?,E) is locally
Lipschitz-like around (Q, q,7,b,T) € gphsS if at least one of the following

conditions s satisfied:

i) |z]| < 7, a’Z +b < 0 and detQ # 0

(ii) [|Z]| = 7, a2+ b < 0 and QT + g = 07,0 > 0;

(iii) ||z]| = 7, a’Z + b < 0, Qz + ¢ =0, rank(Q;Z) = n and (z,u) =0
for every u € Null(Q);

(iv) ||| < 7, a2 +b=0, QT + g =~va,7y > 0, and rank(Q;a) = n;

V) |1zl < 7,a’2 +b =0, Qz + ¢ =0, rank(Q;a) = n and {(a,u) = 0
for every u € Null(Q);

(vi) [|Z]| = 7,aTZ + b =0, b is unperturbed and detQ # 0.

Proof. (i) Since ||Z]| < 7 and a’Z + b < 0, we have D*N(@)(—y*) =
{(Ogn, Og, Og)}. Hence (4.39) has a unique solution (r*,b*,y*) = 0 and
S(+) is locally Lipschitz-like around (Q, ¢, 7, b, 7).

(ii) By the assumption that ||Z|| = 7,a’Z +b < 0 and Q7 + § =
0z,6 > 0, one gets D*N(p)(v*) = Qi (@0)(—y*) if (—y*,Z) = 0. Then,
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(4.39) yields

{7 T (4.41)

\ (y*,z) = 0.
Combining —=z — fy* = 0 with (y*, Z) = 0 we have (y*,r*) = 0. Hence
(4.39) has only one solution (r*,0*,y*) = 0. This leads to the desired

conclusion.

(iii) By the assumption that ||Z|| = 7,a’Z+b < 0, and Qz+q = 0,

we obtain

H\
vV A

r{(ORmOR;OR)} if (—y*, )
Q2 (@) (—y") if (—y*, 7)
| (@) (=y") if (—y", )

Y

0
D*N(@)(=y") = 0, -
0

7\

9

Then, (4.39) follows that

(4.42)

and

< (4.43)

\(y*,f) = 0.

Since (z,u) = 0 for every u € Null(Q), (4.42) gives that Qy* = 0
and hence (y*,7) = 0. It follows that (4.42) has no solution. Combining
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Qu* = 0 and (y*,Z) = 0 with the assumption rank(Q;z) = n, it implies
y* = 0. Hence (4.43) has unique solution (%, 6%, y*) = 0. Consequently,
in this case, (4.39) has only one trivial solution and the conclusion fol-
lows.

(iv) Since ||Z]| < 7,aTZ + b =0 and Q% + ¢ = va,v > 0, we have

D*N (p)(v*) = Q3(@)(—y*) if (—y*,a) = 0. Then, (4.39) gives
( _

Qy* =0
0 —

Y
b*a,

(", a) = 0.

From assumption rank(Q;a) = n, we get y* = 0. Hence (4.39) has a

unique solution (r*,b*,y*) = 0 and S(-) is locally Lipschitz-like around
(@Q.q.7,b, 7).
(v) Since ||z|| < 7,a’Z + b= 0, and Qz + g = 0, we obtain

p

{(Ogn,Og,0r)} if (v*;a) <0
D*N((D)(U*) = 94(@)(1)*) if <U*,a> O,
@) i (g = 0.

<
>

Then, (4.39) yields
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and

X (4.45)

(¥, a) = 0.

By the assumption that (z,u) = 0 for every u € Null(Q), (4.44)
follows Qy* = 0. Hence (y*,a) = 0. This gives that (4.42) has no solu-
tion. Since rank(Q;a) = n, (4.45) has a unique solution (r*,b*,y*) = 0.
Hence in this case, (4.39) has only one solution (r*,b*,y*) = 0 and the

desired conclusion follows.

(vi) From the assumption that ||Z|| = 7 and a’Z + b = 0 it follows
that D*N(@)(v*) is computed and estimated as in parts (vi)—(ix) of
Theorem 4.7.

Since detQQ # 0, we now show that (4.40) has unique solution
(r*,b*) = 0. Indeed, from the assumption that b is unperturbed it implies
b* = 0. Substituting b* = 0 and v* = —y* = 0 into the formulas in parts
(f)—(i) of Theorem 4.7 yields r* = 0.

Consequently, in this case, (4.40) has only one trivial solution,
and S(-) is locally Lipschitz-like around (Q, g, 7,b, ). The theorem is
proved. ]

4.4. Conclusions

In this chapter, we have presented some conditions for the continu-
ity of the optimal value function (Theorem 4.3); the necessary condition
for the lower semicontinuity of the stationary solution map (Theorem
4.1); some sufficient conditions for the lower semicontinuity of the sta-
tionary solution map (Theorem 4.2); the necessary and sufficient condi-

tions for the lower semicontinuity of the stationary solution map (The-
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orems 4.4 and 4.5). The Fréchet and Mordukhovich coderivatives of
the normal cone mapping related to the parametric ETRS have been
computed and estimated (Theorems 4.6 and 4.7). We have used the
obtained results and Mordukhovich criterion for the local Lipschitz-like
property of multifunctions to estimate the Mordukhovich coderivative
of S (-). Some sufficient conditions for the local Lipschitz-like property
of the stationary solution map of parametric ETRS with respect to the

linear perturbations have been proposed (Theorems 4.8 and 4.9).
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General Conclusions

Our main results for the parametric quadratic programming prob-

lems with non-convex objective function include:

1. A Frank-Wolfe type theorem and an Eaves type theorem for solution

existence;

2. Conditions for upper and lower semicontinuities of the global and

local optimal solution map;
3. Some stability results for the stationary solution set;

4. Conditions for the continuity, Lipschitz property and directional

differentiability of the optimal value function;

5. Upper estimations for the Mordukhovich coderivative and conditions
for the local Lipschitz-like property of the stationary solution map

in parametric extended trust region subproblems.
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